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PBEFACE, 

♦ 

lif March. 1879 Clifford died%t Madeira; sis 
afterwards a posthumous work is for 'Sie firs*t time 
placed before the public. Some explanation of this 
delay must be attempted in the present preface.^ 

The original work as planned'^by Clifford was to 
have been entitled The First Principles of the Mathe^ 
matical Sciences Explained to the Mon’-Mathematicaly and 
to hJtve contained sis chapters, on Number^ Spa^e, 
Quantity, Position, Motion, and Mass respectively. Of 
the projected work Clifford in the year 1875 dictmted^ 
the chapters on Number and Space completely, the 
first portion of the chapter on Quantity, and somewhat'^ 
later nearly the entire chapter on Motion. The first 
two chapters were afterwards seen by him in proof, but 
never finally revised. Shortly before^ his death\e ex« 
pressed a wish that the book should only be published 

1 A still more serious delay seems likely to attend tke publication of 
the second and concluding part {Kinetic) of Clifford’s Ekment^f B^amic^ 
the manuscript of vhieh was left in a completed state, I venture to 
think the delay a calamity to the mathematicnil world. 
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after very carefcl revision, and ^liat its title should'* be 
change^ to^The Common Sense of the Exact Sciences. 

. ^TJpon Clifford's death the labour -nf revision ana 
completi^on was entnisted to Mr. E. C. Eowg, ^then 
Ihefessof of Pure Mathematics at University College, 
London. That Professor Eowe fully appreciated fhe" 
difficulty and at the same time the importance of the 
he Jiad undertakeiris very amply evidenced by fiie 
tinie and caro he devoted to the matter; Had he lived 
to complete the labour of editing, the work as a whole 
-^^wvould have undoubtedly been better and n^ore* worthy 
of Clifford than it preseut stands. On the sad death 
of Professor Eowe, in October 1884, 1 was requested by 
Messrs. Kegan Paul, Trench, & Co. to take up the 
tpbsk of editing, thus left incomplete. Tt was w^h no 
light heart, but v^ith a grave sense of responsibility that 
I undertook to see through the press the labour of two 
men for whom I held the highest scientific admiration 
and personal respect. The reader will perhaps appre- 
ciate my difficulties better when I mention the exact 
state of the work when it came into my hands. 
Chapters I. and K., Space and Number ; half of Chapter 
IIL, Quantity (then erroneously termed Chapter IV.) ; 
and Chapter V., Motion^ were in proof. With these 
^roo^ X had only some half-dozen pages of the 
^corresponding mani?«cript, all t&e rest having un- 
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fo^unately been considered . of no |urtber use, and 
accordingly destroyed/ How far the contents *p£ the 
'^ater proofs may^baye represerij^ed wbat Clifford dictated 
I have had na mean^ of judging except from the few 
pages of imnuscript in my possession. In revising^the 
' proofs of the first two chapters, which Clifford himself 
had seen, I have made as little alteration as possible, 
only adding an occasional fQi)t-Bote where ic seeme 4 
necessary. From page 65 onwards, •hwever,* I am, 
with three exceptions in Chapter V., I’esponsible for 
all the figures in the book. 

After examining the work as ,^t was'placed^in my 
hands, and consulting Mrs. Clifford, I came to the 
conclusion that the chapter on Quantity had been 
misplaced, and that the real gaps in the work were from 
the middle of Chapter III. to Chapter V., and again at 
the end of Chapter V. As to the manner in which 
these gaps were to be filled I bad no definite information , 
whatever 5 only after my work bad been completed was'* 
an early plan of Clifford’s for tbe book discovered. It 
came too late to be of use, but it at least confirmed our 
rearrangement of tbe chapters. 

For tbe latter half of 'Chapter III. and for tbe t^bole 
of Chapter IV. (pp. 118-226) I am alone responsible. 
Yet whatever there is in them of value I owe ti>Clj^rdJ 
whatever is feeble obscure is own. 
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With Chaptp V. my task -has heen by no m^ns 
light./ It was written at a tune when • Clifford was 
much occupied with his Jheory of / Graphs/ and found 
it impossible to concentrate his mind on anythiiig ehe ; 
par^^s of dt are clear and ^ccinct^ parts ‘^were such 
as the author would nev6r have allowed to go Ho' 
press. I feft it injpossible to rewrite the whole without 
dep;rivin% the work of i^s right to be called Cliffor(¥’s, 
and yet at the Same time it was absolutely necessary 
to make considerable changes. Hence it is that my 
^|•evision of this chapter has been much more extensive 
than m the case o^ the first two. With the result I 
fear many will be dissatisfied; they will, however, hardly 
be more conscious of its deficiencies than I. am, I can 
but plead the conditions under which I have hgjd to 
work. One word more as to this chapter. Without 
any^otice of mass or force it seemed impossible to close 

fir 

a discussion on motion; something I felt must be added. 

have accordingly introduced a few pages on the laws 
of motion. L have since found that Clifford intended 

(n 

to write a concluding chapter on mass. How to express 
^ the la'^s of moticp in a form of which Clifford would 
nave approved was indeed an insoluble riddle to me, 
because I was unawai’e of his naving written anything 
^n tag subject, I have accordingly expressed, although 
with* great hesitatioi]^ my own vieVs on the subject; 
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may be concisely described as ^ strong desire to 
see tbe terms matter and force, togetber with th^ ideas 
associated with^ them, entirely removed from scierftifi^ 
terminology — So reduce, in fact^ all dynamia to tine- 
^matic. I ^should hardly have ventured to put forl^ard 
these views had I not recently discovered that they have 
(allowing for certain minor differences) the weighty 
authority of Professor Mach, oi^Prag.^ But since writing ’’ 
these pages T have also been referred a discourse 
delivered by Clifford at the Eoyal Institution in 1873, 
some account of which appeared in Nature, June 
1880. Therein it is stated thatt^no mathematician 
can give any meaning to the language about matter, 
force, inertia used in current text-books of mechanics.’ ^ 
Thi.% fragmentary account of the discourse undoubtedly 
proves that Clifford held on the categories of matter 
and force as clear and original ideas as on ah subjectg^ 
of which he has treated; only, alas! they have not' 
been preserved. 

In conclusion I must thank those frfends who have 
beeh ever ready with assistance and advice. Without 
their aid I could not have accompi^hed the little that 

^ See his recent booh, Bid MechaniJc ioi ihrer Entwiekelung, Leipzig,. 
1883 . 

^ Mr. E. Tucker, who has kindly searched Clifford's r^te-bot^LS fcv 
anything on the subject, sends me a slip of paper with the lollowiffg 
words in Clifford’s handwriting: ‘Force is^jot a fact at all, but an idea 
embodying what is approximately the fact/ 
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has been done, lily sole -desire 4ias been to give to vibe 
pnblicr as s®on as possible another work of one whose 
j^efiaory will be revered by all .who? have felt th^ 
invigorating inflnenca of his thought. '^Had this work 
been published as a fragment, even as many of jas 
wished, it would never have reached those for whom' 
Clifford had intended it. Completed by another hand, 
■v7e nan only hope that "It will perform some, if but*a 
small part, ofothe service which it would undoubtedly 
have falfilled had the master lived to put it forth. 

K. P. 

Univ^ity Coudege, L<tjsrDON: 

February 26. 
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CHAPTER I. 

NUMBER. 

§ 1. Number is Independent of the order of Counting ^ 

The wQrd which stands at the head of this chapter, 
contains six letters. In order to find out that there 
are six, we count them ; n one, two, m three, h four, 
e five, r six. In this process we have taken the letters 
one by one, and have put beside them six words which 
are the first six out of a series of words that we always 
carry about with us, the names of numbers. After putting 
these six ^vords dne to each of the letters of the word 
number] we found that the last of the words was six ; and 
accordingly we called that set of letters by the name six. 

If we counted the letters in the word ‘ chapter ’ jn 
the same way, we should, find that the last of the 
numeral words thus used would be seven*, and accor- 
dingly we say that there are seven letters. 

But now a question arises. Let^is suppose that tiJs* 
letters of the word number are printed upon separate 

B 



•2 THE COMMCTN' SENSE OF THE eSa^ SCFIENCeS. 

sinall pieces of ^"Ood belonging to a box of letters ; that 
we p'ot these into a bag and sb^ke them up and bf ing 
them'* out, ^putting them down in any other order, and 
. th&n count them again we shall, still find that theje 
are six of tnem. For examplej^ if thpy come otlt in 
the alphabetical ord^r Z> c m ^ r ^6, and we put- each 
of these one of rthe names numbers that we Ij^av^ 
before used, we ^shall still nnd that the last name Will 
be six. In'* the assertion that any group of filings con- 
sB^sists of six things^ it is implied that the word six will 
be the last of ^the ordinal words used, in whatever 
order we take up this group of things' to count them. 
That is to say, the number of any set of things is the 
^ same in whatever order we count them. 

Upon this fact, which we have observed Vith regard 
to tSe particular number six, and which is true of all 
numbers whaterver, the whole of the science of number 
is based. We shall now go on to examine some 
theorems about numbers which may be deduced from it. 

r r 

§ 2. Sum is Inde'pendent of the order of Adding, 

Suppose that we have two groups of things ; say the 
letters in the word ^ number,^ and the letters in the 
word ^ chapter.’ We may count these groujis separately, 
and find th<at they come respectively^ to the numbers 
six and seven. We may then put them all together, and 
we fend in this case that the aggregate group which is 
so formed consists of thirteen letters. 

ITow this operation of putting the things all together 
may be conceived as taking jplace in two different ways. 
W^,ji:vi^y first of all take the six things and put them in 
>.heap, and then we may add the seven things to them 
one by one. The ]process of counting, if it is performed 
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in this order, 'amonnrs to counting more ordinal 

worSs^after the word ^ix. t* We ,may however take the 
seven things firsthand put them into a hea|), and then 
add the six thing.^ one by one them. In this case the^ 
process of counting namounts to counting six more 
ordina? words after the word seveA. . 

, ^But from what we obs^ved before^^that if we count 
any set of things we come to the sam^number in what- 
ever order we count them, it follows^'that the number 
we arrive at, as belonging to the whole group o? things^ 
must be the same whichever of these l^wo processes we 
use. This number is called the sum of the two numbers 
6 and 7 ; and, as we have seen, we may arrive at it either 
by the first process of adding 7 to 6, or by the second’' 
process of adding 6 to 7. 

The process of adding 7 to 6 is 'denoted by a short- 
hand symbol, which was first used by Leonardo da Vinci. 
A little Maltese cross ( + ) stands for the Latin plus, 
or the English increased hy. Thus the words six increase^ 
by seven are written in shorthand 6 4* 7. Now we 
have arrived at the result that six increased by seven is 
the same mimber as seven increased by six. To write this 
wholly in shorthand, we require a symbol for the words, 
is the same number as. The symbol for these is = ; it was 
first used by an Englishman, E-obert Eecorde. Our 
result then may^sbe finally written in this way : — 

6 + 7=74-6. 

The. proposition which we have written in this 
symbolic form states that the sum of two numbers 6 
and 7 is independent of the order in which they are 
added together. But this remark which we havc>«.ade ^ 
about two particular numbers is equally true of a'ny 
two numbers whatever, in consequence of our funda- 
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mental assumpt,i6]i that the number of 'things in any 
groupi is independent of the or^er in which we^ dbiint 
them.” Fof by the sum of any two numbers we mean 
. ^ fiumber which is arrived at by taking a group /of 
things containing the first number of 4^idividuals/and 
^ding to them one^by one another group of things 
containing the second numb^ of individuals ; or, if^ we 
like, by taking a^roup of things containing the second 
number of individuals, and.adding to them one by one 
stlie grSup of things containing the first number of 
individuals. Npw, in virtue of our fundamental 
assumption, the results of these two operations must be 
the same. Thus we have a right to say, not only that 
r6 4- 7 = 7 + 6, but also that 5 + 13 = 13 -f 6, and 
so on, whatever two numbers we like to take, 

"This we may re^Dresent by a method which is due to 
Yieta, viz., by denoting each number by a letter of the 
alphabet. If we write a in place of the first number 
in either of these two cases, or in any other case,^and b 
in place of the second number, then our formula will 
stand thus ; — 

By means of this representation we have made a 
statement w^hich is not about two numbers in particu- 
lar, but about all numbers whatever. The letters a and 
h so used are something like the nameC which we give 
to things, for example, the name horse. When ^e say 
a ho?se has fomit legs, the statement will do for any 
particular horse whatever, ^t says of that particular 
horse that it has four legs. Jf we said ‘ a horse has as 
many legs as an ass,^ we should not be speaking of any 
^part^^tuar horse or of any particular ass, but of any 
teTrse whatever and/)f any ass wl^tever. . Just in the- 
^me way^ when we assert that a + 6 + a, we are 
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not s|)eaking of any two particular nuiibers, but of all 
number’s whatever. 

We may ^xtehd this rule to more numbers than 
twO;^ Suppose Ive udd to iSie sum a -f & a tiSr^,* 
numbei;, c, then^’we sliall have an aggregate group of 
things which is formed by pitting together three groupS, 

the number of the ag^egate group’ is got by adding 
together the numbers of the three separate gj’oups. This 
number, in virtue of our fundamental assum;^tion, is 
the same in whatever order w^ add the three groups-^ 
together, because it is always the same^set of 4hings 
that is counted. Whether we take tl^e group of a 
things first, and then add the group of h thinga^to it 
one by one^ and then to this compound group of a + 
things add the group of c things one ' by onej^ or 
whether we take the group of c things, and add to it 
the group of b things, and then to the compound group 
of c + b things add the group of a things, the sum 
inust^n both cases be the same. We may write this 
result in the symbolic form c6 + 6-|-c = c+ & + a, or 
we may state in -words that the sum of three numbers is 
indejiendent of the order in ivhich they are added together, ’ 

This rule may be extended to the ease of Sbxiy 
number of numbers. However many groups of things 
we have, if we put them all together, tlje number of 
things in the resulting aggregate group may be counted 
in various ways. We may start with counting an^ one 
of the original groups, thQii we may tollow it with any 
one of the others, following’ these by any one of thpse 
left, and so on. In whatever order we have taken these 
groups, the ultimate process is that of counting tlie^ 
whole aggregate group of things ; and conse^ently* 
the numbers that arrive at in'^these different ways 
must all be the same* 
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§ 3. APro(kiGt is Independent of the order of Multiplying ^ 

Now let us suppose^ that we^ tal:e six groups t)f 
things vihich all con|}ain the same number, say^5, and 
tliat we want to count the ^aggregate groi?.p which is 
made by putting' all these K^gether. We may coi)uDi 
the six groups of^five things one after another, which 
amounts to the samp thing as adding 5 five times over 
5. 6r if we like we-- may simply mix up the whole 
of the 'six grqiaps", and count them without reference to 
their previous^ grouping. But it is convenient in this 
case io consider the six groups of five things as arranged 
In a particular way. ^ 

J^t us suppose that all these things are dots which 
are made upon paper, that every group of five things is 
five dots arranged in a horizontal line, and that the 
six groups are placed vertically under one another as in 
the figure. 

• # • • • 

• 9 • • e 

• • « • • 

• • # • • 

• • # • # 

• # # # • 

We then haVe the whole of the dots of these six 
groups arranged in the form of an oblong which con- 
tains six rows of five dots each. Under each of the five 
^dots belonging to the top group there are five other dots 
^Deloiiging to the remaining groups ; that is to say, we 
Kave not only six rovti containixag fl?ve dots each, but five 
^columns containing six dots each. Thus the whole set 
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of dots can be arranged^ in groups ^of six eacb, just' 
as as in six groups dof five each. The whole number 
of things contained in six groups of fiive eaSh, is called 
sf^ times five. iWe. learn ini^this way therefore that^ 
six times five is, the s^me number as five times six. 

As before, the remark that we%ave here made abotTfc 
tw<^ particular numbers n^y be extended to the case of 
any two njimbers whatever. If we take anj number of 
groups of dots, containing all of them the same number 
of dots, and arrange these as hQrizontal lines one under- 
the other, then the dots will be arrai^ged not Quly in 
lines but in columns ; and the number of dots in every 
column will obviously be the same as the numl^r of 
groups, while the number of columns will be equal to* 
the number of dots in each group. Consequentl^he 
number of things in a groups of h *lhings each is equal 
to the number of things in b groups of a things each, 
no matter what the numbers a and b are. 

Tjie number of things in a groups of b things each 
is called a times b ; and we learn in this way that a 
times b is equal to b times a. The number a times h 
is denoted by writing the two letters a and b together, 
a coming first ; so that we may express our result in the 
symbolic form = 

Suppose now that we put together seven such com- 
pound groups arranged in the form of ah oblong like 
that we constructed just now. They cannot now be repre- 
sented on one sheet of paper, but we-»may suppose that 
instead of dots we have little cubes which can be j)ut 
into an oblong box. Oi?. the floor of the box we shall 
have six rows of five cubes each, or five columns of six 
. cubes each ; and there will be seven such layeriT^^ 
the top of another.^ Upon every ^ube therefore whfeh 
is in the bottom of the box there will be a pile of six 
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• ■ cubes, and we slyall have altoge;ther five times six such 
piles, That is to say, we have ^ve times six gro’^ps of 
seven"'cubeS‘ each, as well as seven groups of five times 
six<"cubes each. The whple number ofir cubes is indepQu- 
3ent of the order in which they O/re CQ^unted, and con- 
s^.quently we may sa^ that seven times five^times six is 
the same thing as five times "'^ix times seven. ^ - 

But it is here very important to notice tha|i when we 
say seven times i^ve times .six, what we mean is that 
^seven lasers have been formed, each of which contains 
five tiig.es six things ; but when we say five times six 
times seven, tve mean that five times six columns have 
been formed, each of which contains seven things, 
Jler^t is clear that in the one case we have first multi- 
plied the last two numbers, and then multiplied the result 
by SS first mentioned (seven times five times six = seven 
times thirty), while in the other case it is the first two 
numbers mentioned that are multiplied together, and 
then the third multiplied by the result (five times six 
tunes seven = thirty times seven). Now it is quite 
evident that when the box is full of these cubes it may 
be i^et upon any side or upon any end; and in all cases 
there will be a number of layers of cubes, either 5 or 6 
or 7. . And whatever is the number of layers of cubes, 
that will also be the number of cubes in each pile. 
Whether therefore we take seven la/ers containing 
five times six cubes each, or six layers containing 
seven^iimes five oqbes each, or five layers containing six 
times seven cubes each, it cdmes to exactly the same 
thing. ^ 

We may denote five times six by the symbol 5x6, and 
'^fhen ^J^may write five times six times seven, 6x6x7. 

^K^ut now this forai does not -j^ell us whether we 
are to multiply together 6 and 7 first, and then take 5 
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times the result, or whether we are to^multiply 5 and ‘6' 
first^N^^nd take that numhei; of' sevens. « The distinction 
between these tw.o operations may be poiifted out by 
means of parentheses or br|.ckets ; thus, 5 x (6 #< 7) 
me^s that the^ 6 and. 7 must be first multiplied to-*^ 
gether^ and 5 times the result tajsen, while (5 x 6) x«7 
means tha*? we are to mij^iply 5 and,6 and then take 
th*^ resulting number of sWens. 

We may now state two facts that we have learned 
about multiplication. ' *• ^ 

First, that the brackets make no difference in the 
result, although they do make a differenct^ in the pro- 
cess by which the result is attained; that is to say, 
5x(6x7) = (5x6)x7. 

Secondly, that the product of these three numbers 
is independent of the order in wlSch they are ilmlti- 
plied together. 

The first of these statements is called the associa-- 
tive law of multiplication, and the second the commuta- 
tive law. 

Now these remarks that we have made about the 
result of mulbiplying together the particular three 
numbers, 5, 6, and 7, are equally applicable to any 
three numbers whatever. 

We may always suppose a box to be made whose 
height, length, ^nd breadth will hold any three num- 
bers x)f cubes. In that case the whole number of 
cubes will clearly be independent of the position cff the 
box ; but however the box is set down it will contain a 
certain number of layers, each layer containing a cer- 
tain number of rows, and each row containing a certain 
number of cubes. The whole number of cube?^ the>^ 
box will then be the product of these three numba*^; 
and it will be got at by taking any two of the three 
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•n-ambers, multiplying them together, and then multi- 
plying^ the result; by th^ third nymber. ^ 

This pi^perty of any three numbers whatever may 
be stated symbolica^y. , e ^ 

In the first place it is true that aQ}c):=^{ah)ci Chat 
it comes to the safie thing whether we multiply the 
product of the second and ti|ird numbers by. the fipst^ 
or the third number by thi* product of the^ first and 
second. 

In the next place it is true that ahc^acl^ica^ &c., 
and we^may say that the product of any three numbers 
is independe’ict of the order and of the inode of group- 
ing in which tlie multiplications are performed. 

^ ‘W'e have thus made some similar statements about 
two numbers* and three numbers respectively. This 
nafurally suggests to us that we should inquire if cor- 
responding statements can be made about four or five 
numbers, and so on. 

We have arrived at these two statements by con- 
sidering the whole group of things to be counted as 
arranged in a layer and in a box respectively. Can 
we%o any farther, and so arrange a number of boxes as 
to exhibit in this way the product of four numbers ? 

' It is pretty clear that we cannot. 

Let us therefore now see if we can find any other 
sort of reason for believing that what f^e have seen to 
be true in the case of three numbers — viz., that the re- 
sult f>f multiplying them together is independent of 
the order of multiplying — is also true of four or more 
numbers. ^ 

In the first place we will show that it is possible to 
*^intera^nge the order of a pair of these numbers which 
aa^next to one another in the process of multiplying, 
without altering the product. 
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Consider^ for exairipje^ the product* l>f four numbers, ‘ 
alcd'^We will endeavcffir 1?o show that^fchis is the same 
thing as the product add. The symbol ifbcd means 
th^ we are to take^ groups d things and theiJ 
groups like the aggregate so formed, and then finally a 
groups of bq/I things. 

• iNow, by what we already proved, h groups of 
cd^lhings ^ome to the sam'e number a§ c groups of Id 
things. Consequently, a groups of l>cd things are the 
same as a groups of dd things; that is to say^ abed=: 
add. ^ * 

. It wiU be quite clear that this reasoi^g will hold 
no matter how many letters come after d. Supj^ose, 
for example, that we have a product of six numbers** 
ahcdef. This means that we are to multiply /by e, the 
result by d, then def by c, and so on. 

Now in this case the product def simply takes the 
place which the number d had before. And h groups of 
c timgs clef things come to the same number as c groups 
of h times de/ things, for this is only the product of three 
numbers, 6, c, and def Since then this result is the 
same in whatever order I and c are written, there can 
be no alteration made by multiplications coming after, 
tliat is to say if we have to multiply by ever so * 
many more numbers after multiplying by a. It follows 
therefore that no matter how many numbers are multi- 
plied* together, we may change the places of any two of 
them which are close together without altering the 
product. 

In the next place let^us prove that we may change 
the places of any two which are not close together* 
For example, that abcdef is the same thing ei^ecdlfy 
where h and e have* been interchanged. We may'^io 
this by jfirst making the e march backwards, changing 
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■places successively witli d ai>d c and h, when the 
product is cliaiiged into aibcdfi and then mahSig h 
marcli forwards so as to change places successively with 
a&d whereby we have now gob e ii^to the place (^b. 

Lastly, I say that by such Interchanges as these 
-^e can produce any alteration in the order that we like. 
Suppose for exannple that I j^ant to change abedef mi6 
defhea. Here I rwill first get d to the beginning 5 I 
therefore interchange it with a, producing dbcaef, 
Next, I^must get c second ; I do this by interchanging 
it with th^ g^Ves dchaef. I must now put f third 
by interchai'iging it with 6, giving defaeb, next put b 
four^ by interchanging it with a, producing defbea, 
'This is the form required. By five such interchanges 
at most, I Can alter the order of six letters in any 
way I please. Ifc has now been proved that this alter- 
ation in the order may be produced by successive in- 
terchanges of two letters which are close together, 
i^ut these interchanges, as we have before showiu, do 
not alter the product ; consequently the product of six 
numbers in any order is equal to the product of the 
I same six numbers in any other order ; and it is easy to 
' see how the same process will apply to any number of 
^ numbers. 

But is no^ all this a gi^eat deal of trouble for the 
sake of proving what we might have guessed before- 
hand ? It is true we might have guessed beforehand 
that a product was independent of the order and group- 
ing^of its factors ; and we might have done good work 
by developing the consequences of this guess before we 
^were quite sure tbat it was true. Many beautiful 
•theor^s have been guessed and widely used be- 
. they were conclusively proved ; there are some 

even now in that state. But at some time or other the 
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inquiry lias to be undertaken^ and it Always clears up • 
our ii^eas about the n^atu^e of, the theorem, besides 
giving us the right to say that it is true. An(J this Is not 
all ; for in most <^ses the samg mode of proof or of in- 
ve^gation can ^e applied to other subjects in such a* 
way as to increase our knowledge# This happens, with 
thej^roof we have just gor^ through ; b^^t at present, as 
%ve^have qnly numbers w deal with,^we can only go 
backwards and not forwards in its ^applicfation. We 
have been reasoning about multiplication ; let tSfe see if 
the same reasoning can be applied to addition. ^ 

What we have proved amounts to thif?^ A certain 
result has been’ got out of certain things by taking 
them in a definite order; and it has been shown ^at. 
if ive can interchange any two consecutive things without 
altering the result^ then we may maheany change whdi^er 
in the order without altering the result. Let us apply 
this to counting. The process of counting consists in 
taking certain things in a definite order, and applying 
them to our fingers one by one ; the result depends on 
the last finger, and its name is called the number of the 
things so counted. We learn then that this result will 
be independent of the order of counting, provided only 
that it remains unaltered when we interchange any two 
consecutive things ; that is, provided that two adjacent 
fingers can be (Srossed, so that each rests on the object 
previously under the other, without employing any new 
fingers or setting free any that are akeady employed. 
With this assumption we can prove that the number of 
any set of things is independent of the order of counting ; 
a statement which, as we have seen, is the foundation 
of the science of number. 
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§ 4. TKe Distributive Law* 

. There is another la\\^ of multiplicration which if 
possible, still more important fhan the two we have 
already considered. Here is a particular^ case of it : 
the number 5 is the sum of 2 and 3, and 4 times <6 is 
the sum of 4 tim^s 2 and 4 times 8. We cai 5 .make this 

visible by an arrangement of dots as follows : — 

r 


• • 



^ # • • • • 

• • • # • 

Here we have four rows of five dots each, and each row is 
divided into two parts, containing respectively two dots 
and three dots. It is clear that the whole number of 
dots may be counted in either of two ways ; ajS' four 
rows of five dots, or as four rows of two dots together 
with four rows of three dots. By our general principle 
the result is independent of the order of counting, and 
therefore 

4 X 5 = (4 X 2) + (4 X 8) ; 
or, if we putcn evidence that 5 = 24-3, ^ 

4 (2 4- 3) = (4 X 2) •+ (4 x 3). 

me 

The process is clearly applicable to any three num- 
bei^ whatever, and not only to the particular numbers 
4, 2, 3. We may construct an oblong containing a rows 
*^^of 4v^dots ; and this may be divided by a vertical line 
into a rows of b dots and a rows of c dots. Counted 
in one way, the whole number of dots is a{b + c) ; 
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counted in another way^, it is a&4*ac..jHence we must, 
alwaj^ have * ^ ^ 

a {h +* o) = a&‘4- ac. 

This is the first fi^rm pi the distributive law, 

^!JTow the result of ^multiplication is independent oY* 
the order of the factors, and therefore 

a (b -{- c)*^ (b + c) 
ab 4 ha, ^ 
ac = ca; * 

so that our equation may be written in the form 
' {b c) a = ba + ca? 

o 

This is called the second form of the distributivejaw. 
Using the numbers of our previous example, we say thab 
since 5 is the sum of 2 and 8, 5 times 4 is the sum of 2 
times 4 and 3 times 4. This form may be arrived at in- 
dependently and very simply as follows. We know that 
2 things and 3 things make 5 things, whatever the things 
are ; Jet each of these things be a group of 4 things ; 
then 2 fours and 3 fours make 5 fours, or 

(2x4) + (3x4)=:5x4. 

The rule may now be extended. It is clear that our 
oblong may be divided by vertical lines into more parts 
than two, and that the same reasoning will apply. This 

99 • 99I9090 


i • 9 • • 

figure, for example, makes visible the fact that^ust as. 
2 and 3 and 4 make 9, so 4 times 2, and 4 times 3, and 
4 times 4 make 4 tflnes 9. Or g€!nerally — 
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f 

a (6 Ih c €ic 4- cid, 

{b +*,c 4- cZj a =» ca 4- cla; ^ 

and tTie safhe reasoning applies to tlie addition of any 
^niifaber of numbers and tjkeir subseque«it multiplicat]^. 

^ 5. On Powers, 

When a nuinlaer is multi/iied by itself it is said!lto 
be squared. The'* reason of this is that if we'^arrange a 
numberrof lines of equally distant dots in an oblong, the 
number of lines being ^qual to the number of dots in 
each line, th^obiong will become a square. 
f If the square of a number is multiplied by the 
nunsfeer itself, the number is said to be mhed ; because if 
. we can fill a box with cubes whose height, length, and 
br^E^dh are all eqiyil to one another, the shape of the 
box will be itself a cube. 

If we multiply together four numbers which are all 
. equal, we get what is called the fourth power of any one 
of them ; thus if we multiply 4 3’s we get 81, Jf we 
multiply 4 2’s we get 16. 

Jf we multiply together any number of equal num- 
" bers, we get in the same way a power of one of them 
^ which is called its fifth, or sixth, or seventh power, and 
so on, according to the number of numbers multiplied 
together. r 

Here is a table of the i3owers of 2 and 8 ; — 

Index 123456 7 8 

Powers of 2 ... 2 4 8 16 32 64 128 . 256 

^ 3 ... 3 9 27 81 243 729 2187 6561 

r 

The number of equal factors multiplied together is 
Ijialled Mxe index^ and it is written as a small figure 
ajjose the line on the right-hand side of the number 
whose power is thus expressed. To write in shorthand 
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file statement tliat if jop multiply seven tlirees togetlier 
you giet 2187, it is only jiee^ful to put down : — 

* 3 = 2187, 

-J[t is to be observed that every number is its owi> 
first jjoiver ; thus 2^ = 2, 3^ = 3, an,(^ in general a, 

§ 6. Square o/a+l. ' 

We may illustrate tlie properties of square n ambers 
by means of a common aritlirnetical puzzle, in ^wliich 
one person tells the number another has tuVight of by 
means of the result of a round of calculations per- 
formed with it. 

Think of a number . . • say 3 jjS 

Square it 9 (K 

Add 1 to the original number . . . 4 ’ 

Square that jkS 

Take the difference of the two squares . 7 "7“ 

This last is always an odd number, and the number 
thought of is what we may call the less half oi it; vh., 
it is the half of the even number next below it. Thus, 
the result being given as 7, we know that the number 
thought of was the half of 6, or 3. 

We will now* proceed to prove this rure. Suppose 
that the square of 5 is given us, in the form of twenty- 
five dots arranged in a square, how are we to form-the 
square of 6 from it? We may add five dots on the 
right, and then five dots along the bottom, and thbn 
one dot extra in the corner. That is, to get the square 
of 6 from the square of 5, we must add one more than . 
twice 5 to it. Accordingly — 

36 = 25 + 10 

c 
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« 

■ • And, conversely, tlie number 6 is tbe less half of tbe 
difference between its square and the square of 6.^ 

t a 


» 9 • e 

# e • 0 

% 0 0 0^ 0 

0 0 0 0 0 

0 0^00 

- Tj - - - 

0 

0 

0 

0 

0 


0 


^IThe form’ of this reasoning shows that it holds good 
for any number whatever. Having given a square of 
dots, we can make it into a square having one more 
dot in each side by adding a column of dots on the 
»ight;, a row of dots at the bottom, and one more 4ot in 
the corner. That is, we must add one more than twice 
the number of dots in a side of the original square. 
If, therefore, this number is given to us, we have only 
to take one from it and divide by 2, to have the num- 
ber o’f dots in the side of the original square. 

We will ^ow write down this result in shorthand. 
Let cb be the original number ; then a-h 1 is the number 
next^above it ; and what we want to say is that the square 
of a+lj that is (a+l)^ is got from the square of 
which is a^, by adding to* it one more than twice a, 
that is 2a 4" 1* Thus the shoifthand expression is 

^ . (a + 1) ^ 4- 2a + 1. 

^ -JThis theorem is a particular case of a more general 
one, which enables us to find the square of the sum of 
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any two numbers in terms of , tbe sqnares of the two' 
numbers and their predu(?fc. We wiH. first illustrate 
this by means of -the square of 5, which is the sum of 
2 and 3, * . • 


• 

• 

• • • 

• 

• • % 

# • * 

• 

• # 

• 

• • • 

• • • 

• 

# • • 

1 

1 

• • 


The square of twenty-five dots is here ’divided ii^o 
two squares and two oblongs. The squares are respec- 
tively the squares of 3 and 2, and each oblong is the 
product of 3 and 2 . In order to make the square of 3 
into "^e square of 84 - 2 , we must add two columns 014 
the right, two rows at the bottom, and then the square 
of 2 in the corner. And in fact, 25 = 94-2x64 4. 

§ 7. On Potvers of a 1 . 

To generalise this, suppose that we have a square 
with a dots in essch side, and we want to tncrease it to 
a squai^e with o. + h dots in each side. We must add h 
columns on the right, h rows at the bottom, and 4 Iieri 
the square of b in the corner. But each column and 
each row contains a dots. Hence what we have to 
is twice ah together with 5^, or in shorthand : — 

{a 4 hf = 4 2ah 4 

The theorem we pre^ously arrived^ at may be got firom"» 
this by making 6 = 1 . 
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■ Now this is‘ quite completely and satisfactorily 
proved ; nevertheless WQ are going to prove it again in 
another way. The reason is that we want to extend 
the proposition still further ; we. wa^t to find an ex- 
pression not only for the square nf but for any 

other power of it, in'^terms of the powers and products 
of powers of a and h. And for this purpose the mode 
of proof we have hitherto adopted is unsuitable. We 
might, it is^ true,. find the cube of a-i-6 by adding the 
proper ^pieces to the cube of a; but this would be some- 
v/hat cumbrous, while for higher powers no such repre- 
sentation ca^i be used. The proof to which we now pro- 
ceed depends on the distributive law of multiplication. 

According to this law, in fact, we have 

(cL.-h h)^ = (a + (ct -f 6) == a (c6 + &) 4* 6 (ct 4- 5) 

=z aa + ah + ha 4 - hh 
= a^ 4- 2a6 4- h^- 

It will be instructive to write out thi§ shorthand at 
length. The square of the sum of two numbers means 
that sum multiplied by itself. But this product is the 
first number multiplied by the sum together with the 
second number multiplied by the sum. Now the first 
number multiplied by the sum is the same as the 
first number multiplied by itself together with the first 
number muMplied by the second nnrfiher. And the 
second number multiplied by the sum is the same as 
the j?;econd number multiplied by the first number to- 
gether with the second number multiplied by itself. 
Patting all these together, we find that the square of 
the sum is equal to the sum of the squares of the two 
■^numbers together with twice their product. 

^wo things may be observed on this comparison. 
Pirst, how very much the shorthand expression gains 
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in clearness from its brevity. Secondly, that it is only ’ 
shorthand for something' which is just straightforward 
common sense and nothing else. We may always 
depend upon it that algebra, which cannot be translated , 
into good Englkh anS sound common sense, ^ is bad 
algebra. ^ ^ % 

©ut now let us put this process into a graphical 
shape whi«h will enable tfs to extend it. We start 
with two numbers, a and h, and we are to multiply eadh 
of them by a and also by 6, and lo add all the results. 

-a + 5 • • n . 

/\ /X - ^ 

aa ta ah hh 


Let us put in each case the result of multiplying by a 
to the left, and the result of multiplying by h to tiJe 
right, under the number multiplied. The process is 
then shown in the figure. 

If we now want to multiply this hj a -hh again, so as 
to make (a + 5)^, we must multiply each part of the 
lower line by a, and also by fc, and add all the results, 
thus ; — 


a 



X\ * /\ 

aaa haa aha, hha 


+ 



aah hah 


•/\ 

ahh hhh 


Here we have eight terms in the result. The^rst 
and last are a® and V respectively. Of the remaining 
six, three are aha, aq/?, containing two a^s and one 
&, and therefore each equal to j and three are bha, 
ha\ abhy containing one a and two b% and therefore#^ 
each equal to ab\ '^hus we have 

(p, “b zz -h ScL^h -f- 3(lh^ "t* b\ 
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For example; 11^ = 13B1. Sere a = 10; 6 = 1. and 

I (lb -h ly = 103 + 3 X 102 + 3 X 10 + 1, 

for it-^.s clear that any power of 1 is 1. 

We shall (jarry 41iis process one 
sCep furtlaer, before malting rema.rks 
wliieh will enable ns to dispens'e 
with it. ' 

In this case there are sixteen 
ternj-s, the first and last being and 
V respectively. Of the rest, some 
have three and one h, some two 
a’s and two Vs, and some one a and 
three 6’s. There are four of the 
^first kind, since the h may come first, 
second, third, or fourth; so also 
there are four of the third kind, for 
the a occurs in each of the same four 
places ; the remaining six are^f the 
second kind. Thus we find that, 

(a + 4- 4a,3& + + 4a&3 

We might go on with this process 
as long as we liked, and we should 
get continually larger and larger 
trees. But it is easy to see that the 
process of classifying and counting 
the terms in the last line would 
become very troublesome. Let us 
then try -to save that trouble by 
making some remarks upon the 
process. 

r If we go -down the tree last 
figured, from a to alaa^ we shall find that the term 
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olaa is built up from right to left as v:e descend. The- 
a that ^ve begin with i^ the last Jetter of ahaa ; then in 
descending we move to the right, and piit^ another a 
before it ; then ^?iove to Jhe left and put h before 
that; lastl}" mo'^'e to the right and put in thfe 
first a. From this there are ti^o conclusions to be 
•di’Q.wn. ' * 

* First, terms at the knd are all ^liffererd- for any 
divergence in the path by .which we descend the jaree 
makes a difference in some letter of the result. ** 

Secondly, every jyossihle a^Tangement of four letters 
vjhicli are either ats or b’s is 'produced, Fc?: if any such 
arrangement be written down, say ahah^ we have only 
to read it backwards, making a mean ^ turn to th^ 
left ’ and h ^ turn to the right,’ and it • will indicate 
the path by wdnch we must descelid the tree to fSid 
that arrangement at the end. 

We may put these two remarks into one by saying 
that every sxich possible arrangeraent is produced once and 
once only, 

jSTow the problem before us was to count the 
number of terms which have a certain number of F'3 in 
them. By the remark just made we have shown that 
this is the same thing as to count the number of 
possible arrangements having that number of 6’s. 

Consider* for example the terms conlainiiig one b, 
Wh^ there are three letters to each term, the number 
of possible arrangements is 3, for the b may beMirst, 
second, or third, haa^ aba, a ah. So -when there are four 
letters the number is 4, for the b may be first, second, 
third, or fourth ; haaa, ahaxi, aaha, aaah. And generally 
it is clear that whatever be the number of letters in each’ 
term, that is also tl^e number of places in 'which J;he ^ 
can stand. Or, to state the same thing in shorthand. 



.24 THE COMMON SENSE OP THE EXACT S'CIENC^S. 

-if- n be the number of letters,^ there are n terms con- 
taining* one 6, -A-nd then, of course, there are n terms 
contarning^one a and all the rest 5’s. ' 

-"And these are the teri^s which cpmo at the beginning 
^nd end of the ^^th power of a -f ; vii^. we must have 
(a 4 - ?>) "p CL + -f other terms + nab 4 - b^. 

The meaning of this shorthand is that we have n'^ 
{a 4 * hy& multiplied together, 'T.nd that the result of that 
m^tiplying" is the sum of, several numbers, four of 
which vv^e have written down. The first is the product of 
n a’s multiplied together, or ; the next is n times the 
product of 6^' by 1) a’s, namely, The last 

but one is n times the product of a by Z>’s, namely, 

naP ’''^ ; and the last is the product of n b’s multiplied 
together, which is written If. 

"'The problem tKat remains is to fill up this state- 
ment by finding what the ‘ other terms ^ are, containing 
each more than one a and more than one 6. 


§ 8. On the Number of Arrangements of a Group of Letters. 

This problem belongs to a very useful branch of 
applied arithmetic called the theory of ^ permutations 
and combinations,’ or of arrangemerit and selection. 
The theory trils us how many arrangements may be 
made with a given set of things, and how many s^lec- 
tions^can be made from them. One of these questions 
is made to depend on the other, so that there is an 
advantage in counting the number of arrangements 
first. 

^ With two letters there are clearly two arrangements, 
a6 and ha. With three letters there are these six : — 

acbj tea, bac, cab, eba, 
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namely, two witli a at tjie beginning, two with h at the • 
beginning, and two with c at .the b^jginningj three 
times tw^o. It would not be much troublS to ’write 
down all the arrangements that can be made with £ 3 air 
letters abed. But we* may count the number of theuf 
without taking that trouble ; foiyf we write cC before 
each of the sis arrangenieifts of ahe, shall have six 
arrangements of the fou7| letters be«*inning with 
and these are clearly all the arrangements? which 
begin with d. Similarly, there must be six beijinning 
with a, six beginning with h, and six beginning ^dth c 5 
in all, four times six, or tiventy-four. ^ 

Let us put these results together : 

With two letters, number of arrangements is two = 2 ' 
„ three ,, three times tyo . , S 

„ four „ four times three times two = 24 

Here we have at once a rule suggested. To find the 
number of arrangements which can be made vjith a given 
group of letters, midtiphj together the numbers tioo, three, 
four, &c,, up to the number of letters in the group. We 
have found this rule to be right for two, three, a?id 
four letters; is it right for any number whatever of 
letters? 

We will consider the next ease of five letters, and 
deal with it by a*method which is applicable to all cases. 
Any erne of the five letters may be placed first ; there are 
then five ways of disposing of the first place. Bor C^ch 
of these ways there are four ways of disposing of the 
second place ; namely, ai^y one of the remaining four 
letters may be put second. This makes five times four 
ways of disposing of the first two places. For each of 
these there are three ways of disposing of the ttird. 
place, for any one of the remaining three letters may 
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. be put third. This makes fiy^ times four times three 
ways of disposuig* of the &;st three places. Tor each 
of these there are two ways of disposiug of the last 
Uvo places; in all, five^times four jtimes three times 
i:w 05 or 120 ways of arranging tl>e five fetters. 

ITow this method of counting the arrangements will 
clearly do for any number ydiatever of letters ; so fhat 
our rule must be right for a^l numbers. 

-^We may state it in shorthand thus : the number of 
arrangements of n letters is 1 x 2 x 3 x ... x 7^; or 
putting dots instead of the sign of multiplication, it is 
1.2.3...'??'/ The 1 which begins is of course not 
wanted for the multiplication, but it is put in to in- 
^ clQde the extreme case of there being only one letter, 
in which ease, of course, there is only one arrange- 
luent. 

The product 1 . 2 . 3 ... 7^, or, as we may say, the 
product of the first n natural numbers, occurs very often 
in the exact sciences. It has therefore been found 

^ n 

convenient to have a special short sign for it, just as 
a parliamentary reporter has a special sign for ^ the 
remarks which the Honourable Member has thought 
fit to make/ Different mathematicians, however, have 
used different symbols for it. The symbol \n is very 
much used in England, but it is difficult to print. 
Some continental writers have used aliote of admira- 
tion, thus, n ! Of this it has been truly remarked that 
it has the air of pretending that you never saw it 
before. I myself prefer a symbol which has the weighty 
authority of Gauss, namely a^Greek 11 (Pi), which may 
be taken as short fox product if we like, thus, Tin. We 
^may now state that — 

. IU = 1, n 2 = 2 , n3^=6, n4=24,^n5 = 120 , n6 = 720, 

and generally that 
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n {71 + i) = K + 1) 

for tlie product of tlie ffrst n-{-l iiumbers is {^uatto tlie 
product of the first 7i numbers multiplied bj 1. 

§ 9. 071 a Theorem co7ice7'7iing miy Poiver of^ai-h, 

‘ -.We will now apply tliis rule to* the problem of 
eoiinting tJie terms in (a-f and fcj: clearness’ sake, 
as usual, we will begin with a j)arti^ular case, nag^y 
the case in which ?i=5. We ]j:now that here ^here is 
one term whose factors are all a’s, and one ^ whose 
factors are all fc’s ; five terms which are the product of 
four a’s by one h, and five which are the product of one 
a and four 6’s. It remains only to count the number 
terms made by multiplying three a's by two &’s, which 
is naturally equal to the number inade by multiplying 
two a’s by three The question is, therefore, hoiv 
many different arraiige-ments can he made with three a's 
and t^ijo &’s ? ^ 

Here the three a’s are all alike, and the two Vs are 
alike. To solve the problem we shall have to think of 
them as different; let us therefore replace them for the 
present by capital letters and small ones. How many 
different arrangements can be made with three capital 

letters ABC and two small ones cZc? 

* *• 

In this question the capital letters are to be con- 
sidered as equivalent to each other, and the small 
letters as equivalent to each other; so that the arrt^ge- 
ment A-PCde counts for the same arrangement as 
C A B 0 rZ. Every arrangement of capitals and smalls 
is one of a group of 6 x 2 = 12 equivalent arrangements; 
for the 3 capitals may be arranged among one 
another in 113, = 6» ways, and the 2 smalls maiy b< ^ 
arranged in 112, = 2 ways. How it is clear that Jdj 
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taking all tlie arrangements respect of capital and 
small lettejs, an^l then' penhiating the capitals among 
themselves ,and the small letters among themselvesj we 
shall get the whole number of arrangements of the 
five letters ABC^^e; namely 115 or 120. But since 
each arrangement in'^respect. of capitals aii-d smalls is 
here repeated twelve times, and since 12 goes into 120^e?f 
times exactly, it appears thafthe number we- require is 
ten^ Or the number of arrangements of three a’s and 
two &’sls 115 divided by^IIS and 112. 

The arrange iiixents are in fact — 

^bhaaa, hahaa, iaaba, baaah 
abhaa^ abaha, abaab 
aabba^ aabab 
aaabh 

The first line has a 6 at the beginning, and there are 
four positions for the second b ; the next line has a 6 in 
the second place, and there are three new positions for 
the other 6, and so on. We might of course hafe ar- 
rived at the number of arrangements in this particular 
ca^ by the far simpler process of direct counting, 
which we have used as a verification ; but the advantage 
of our longer process is that it will give us a general 
formula applicable to all cases whatever. 

Let us stop to put on record the result just obtained ; 
viz. we have found that c 

(a 4^6)® = a® 4 4 10a%^ 4 10a%^ 4 Ba¥ 4 5^ 

Pbserve that 1 4 5 4 10 4 10 4 5 4 1 = 32, that is, we 
have accounted for the whole of the 32 terms which 
^would be ill the last line of the tree appropriate to this 
Case. 

^ We may now go <on to the solution of our general 
problem. Suppose that p is the number of a’s and q is 



‘ISfUMBER. 


29 


the number of Vs whict. are multiplied together in a 
certain term ; we want Jo find the number of possible 
arrangements of these p o/s and q Vs, Let us r^jlace 
them for the mo]a;ient hyp Cf^ital letters and ^ small 
ones, making p ^ letters altogether. Then any ar- 
rangement of these in respect oi^ capital letters and 
smajl ones is one of a group*of equivalent arrangements 
got* by perjmuting the ea];jtais amongii themselves and 
the small letters among themselves. ]Sr5w by 
muting the capital letters we can make ITp ai?"ange- 
ments, and by permuting the small letters TT^ ar- 
rangements. Hence every arrangement in respect of 
capitals and smalls is one of a group of Hp x n<2 
equivalent arrangements. How the whole number of ^ 
arrangements of the p + 2 letters is 11 (p -f g) ; and, as 
we have seen, every arrangement inT:espect of capitaTs 
and smalls is here repeated ITp x Ilg times. Conse- 
quently the number we are in search of is got by di- 
viding n (p -h 2 ) by Up X 112. This is written in the^ 
form of a fraction, thus : — 

n (y + g) 
lly . llg ’ 

although it is not a fraction, for the denominator always 
divides the numerator exactly. In fact, it would be 
absurd to talk about half a quarter of a way-*of arranging 
letters. 

We have arrived then at this result, that the number 
of ways of arranging p a’s and q Vs is 

n (y + q) 

Up . 112 

This is also (otherwise expressed) the number of ways -i 
of dividing p + 2 P^ces into p of one sort and^ of 
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another ; or again, it is the nuD?.ber of ways of selecting 
things out of + 2 things^ 

A|)pljfng this now to the expression of (<x we 
fiifd that each of our otl^r terms is of the form 




where + s.nd that^we shall get them all' by 

gi^ng to ^ successively the values 1, 2, 3, &c., and to 
p the Values got by subtracting these from n. For 
example, we shajl find that 


(a -i- hy z= + 


no 

04. 02 


4 - 


no 

03 . 03 




, + 


m 

n^-n4 


a^¥ -h + 6®. 


The calculation of the numbers may be considerably 
shortened. Thus we have to divide 1.2. 3. 4. 5. 6 by 
1 . 2 . 3 . 4 ; the result is of course 5 . 6. This has to 
fee further divided by 2, so that we finally get 5^ 3 or 
15. Similarly, to calculate 


ne 

03. 03’ 


we have only to divide 4.5.6 by 1 . 2 . 3 or 6, and we 
get simply 4^5 or 20. 

To write dowm our expression for {a-{-hy we re- 
quire another piece of shorthand. We have seen that 
it consists of a number of terms which are all of the 
foriji 


Tin 

Op . 




but ssrhich differ froi^ one another^in having for p and 
2 different pairs of numbers whose sum is n. Now just 
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as we used tlie Greek letter 11 for a product so we use ' 
tlie Greek letter S (Si^ma)* for .a sun?. Namely, the 
sum of all such terms will he written down thus 


Du* 


jQp .*112 


a%% 


[jp + g =n]. 


Now we may very reasonably include tlie two 
extreme terms a” and 6’^ ir^ the general shape of these 
terms. FoV suppose we niade jp = *and .g = 0, 
corresponding term would be : — 


Tin 


■ah\ 


1192 , . rio 

and this will be simply a if 110 = 1 ancl &^=1, Of 
course there is no sense in ^ the product of the first no ^ 
numbers ^ ; but if we consider the rule 
IT {jh -j- 1) — “t 1) 


which holds good when n is any number, to be also 
true when n stands for nothing, and consequently 
+ 1 1, it then becomes 


ni = no, 

and we have already seen reason to make HI mean 4* 
Next if we say that If means the result of multijplying 
1 hy h q times, then must mean the result of multi- 
plying 1 by & no times, that is, of not multii>lying it at 
all ; and this result is 1. • 

Making then these conventional interpretations, 
we may say that 

it being understood that p is to take all values from n 
down to 0, and q all values from 0 up to n. 

This result is called the Binomial Theorem^ and^^was 
originally given by Sir Isaac Newton. An expression 
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containing two terms, like is sometimes called 

binomial ; and -^lie name Binomial Theorem is an abbre- 
viatidn for theorem concerning any poiuer of a binomial 

expression. 

« 

§ 10. On Operations which appear to he ioithout Meaning^ 

We have so Sar considered the operations by which, 
■^5^n two numbe^rs are given, two others can be deter- 
mined %'om them. ^ 

Fi];st, we ^an add the two numbers together and get 
their sum. ^ 

Secondly, we can multiply the two numbers together 
»and get their product. 

To the questions what is the sum of these two 
numbers, and what is the product of these two numbers, 
there is always an answer. But we shall now consider 
questions to which there is not always an answer. 

^ Suppose that I ask what number added to ^ will 
produce 7. I know, of course, that the answer to this 
is 4, and the operation of getting 4 is called subtracting 
8 ftrom 7, and we denote it by a sign and write it 
7 -^ 3 -= 4 . 

But if I ask, what number added to 7 will make 3, 
although this question seems good English when ex- 
pressed in words, yet there is no answer to it ; and if I 
write down in symbols the expression 3 — 7, 1 am asking 
a qi:^stion to which there is no answer. 

There is then an essential difference between adding 
and subtracting, for two numbers always have a sum. 

If I write down the expression 3 -I- 4, I can use it 
‘es meaning something, because I know that there is 
^ niwmber which is d^oted by thai expression. But if 
I jvTite down the expression 3 *- 7, and then speak of it 
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as meaning something,* I shall be talking nonsense, 
because I shall have pu-Utogether. symbo^ls the realities 
corresponding to which will not go together. T& the 
question, what is the. result wiieii one number is takhii 
from another, there ?s only an answer in the case* 
where the second number is greatej than the fir.st. 

• • In the same way, w^hen I multiply together two 
numbers I, know that thei^v^ is always •a product, and 
I am therefore free to use such a ^symbol as 4 
because I know’ that there is^ some number -Sfiat is 
denoted by it. But I may now ask^ question; I 
may say. What number is it which, beii^ multiplied 
by 4, produces 20 ? The answer I Imow in this case 
is 0 , and the operation by which I get it is called - 
dividing 20 by 4. This is denoted again by a symbol^ 
20--4 = 5. " ' 

But suppose I say divide 21 by 4. To this there is 
no answ’er. There is no number in the sense in which 
w-e arj at present using the w’ord — that is to say, there^ 
is no whole number — which being multiplied by 4 will 
produce 21 ; and if I take the expression 21 ~4, and 
speak of it as meaning something, I sliall be talkhl^ 
nonsense, because I shall have put together symbols 
wdiose realities will not go together. 

The things that we have observed here will occur 
again and again in mathematics : for every operation 
that we can invent amounts to asking a question, 
and this question may or may not have an answer 
according to circumstances. 

If we wu'ite down the s^ymbols for the answer to the 
question in any of those cases wdiere there is no answer 
and then speak of them as if they meant something, w^e 
shall talk nonsense. , But this nojiseiise is not td- be 
thrown away as useless rubbish. We have learned bv 
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very long and yaried experience that nothing is more 
yalua.ble than "file nonsenserwh^ch we get in this way; 
only it is to be recognised as nonsense, and by means 
.of that recognition made into sense. - 

turn the nonsense into "sense- by giving a new 
meaning to the words or symbols which shall enable the 
question to ha^e an answer that previously had nb' 
answer. oi f , 

‘^Let us now consider in 3)articu]ar what meaning we 
can give to our symbols so as to make sense out of the 
at present nonsensical expression, 8 — 7. 

§ 11 . 8te2)s. 

The operation of adding 8 to 5 is written 5 + 3, 
and the restilt is 8. We may here regard the +3 as 
a way of stepping from 5 to 8, and the symbol + 3 
may be read in words, ste^ forward three. 

In the same way, if we subtract 3 from 5 and get 2, 
^w'e write the process symbolically 6 — 3 = 2, and the 
symbol —3 may be regarded as a step from 5 to 2. 
If the former step was forward this is backward, and 
w^e may accordingly read — 3 in words, dej^ backwards 
three, 

A step is always supposed to be taken from a 
number which is large enough to make sense of the 
result. This restriction does not affect steps forward^ 
because from any number we can step forward as far as 
we^like ; but backward a step can only be taken from 
numbers which are larger than the step itself. 

The next thing we "have =to observe about steps is 
that when two steps are taken in succession from any 
" number, it does not matter which of them comes first. 

• If the two steps are^taken in the ^ame direction this is 
olear enough, +3 + 4, meaning step forward 3 and 
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then step forward 4, directs ns to Step forward by 
the number which is the sum of the numbers in the 
two steps; and in the same way -—3—4 directs us to 
step backward the^sum of 3 and. 4, that is 7. 

If the stepsi are *in opposite directions, as, fur 
example, +3 — 7, we have to s|ep forward, 3 and 
•then backward 7, and the result is that we must step 
backwards ,4. But the safne result 'TOuld have been 
attained if we first stepped backward 7 an<^ tkia 
forward 3. The result, in fact,^s always a step which 
is in the direction of the greater of thj^ %o steps, and 
is in magnitude equal to tlieir difference. , 

We thus see that when two steps are taken in suc- 
cession they are equivalent to one ste];), which is inde- 
pendent of the order in which they are take‘n. 

We have now supplied a new meaning for our 
symbols, which makes sense and not nonsense out of 
the symbol 3 — 7. The 3 must be taken to mean +3, 
that is^ step forward 3 ; the — 7 must be taken to mean^ 
step backward 7, and the whole expression no longer 
means take 7 from 3, but add 3 to and then subtract 
7 from any number which is large enough to mal?e 
sense of the result. And accordingly we find that the 
result of this operation is —4,. or, as we may write it, 
+ 3 — 7== — 4. ^ 

From this it follows by a mode of proof precisely 
analogous to that which we used in the case of multi- 
j>lication, that any number of steps taken in succession 
have a resultant which is independent of the order jn 
which they are taken, and we may regard this rule as 
an extension of the rule already proved for the addition 
of numbers. 

A step may be miiltiplied or ta4:en a given nuiffber 
of times, for example, 2 ( — 3) = — 6; that is to say^ 
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if two backward steps of 3 be possible;, they are equiva- 
lent to a 5tep backwards oir6. ^ 

^ 111 this operation of multiplying’ a stej) it is clear 
that wliat we do is to multiply the ^ number which is 
stepped, and to retain the character of the step. On 
multiplying a step rforwards we still have a step for- 
wards, and on multiplying a step backwards we still' 
have a step backwards. T 

"^'^^liis multiplying may be regarded as an operation 
by -which we change one step into another. Thus in 
the emmple^we. have jnst considered the multiplier 2 
changes the step backwards 3 into the step backwards 
But this operation, as we have observed, will only 
change a step into another of the same kind, and the 
question naturally, presents itself, Is it possible to find 
an operation which shall change a step into one of a 
different kind ? Such an operation we should naturally 
call reversal. We should say that a step forwards is 
^reversed, when it is made into a step backwards ;«and a 
step backwards is reversed when it is made into a step 
forwards. 

If we denote the OjDeration of reversal by the letter 
r, we can, by combining this with a multiplication, 
change —3 into +6, a step backwards 3 into a step 
forwards 6^ viz. we should have the expression 
_ 3 ^ = -p 6. Now the operation, which is performed on 
one step to change it into another, may be of two kinds : 
either it keeps a step in the direction which it originally 
had, or it reverses it. If to make things symmetrical 
we insert the letter h wheai a step is kept in its 
original direction, we may write the equation ^2 (—8) 
— 6 to express the operation of simply multiplying. 
Of course it is ipossible to ps^rforni on any given 
step a succession of these operations. If I take the 
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step -f-4, treble it, an<? reverse it, I* get —12. If I 
double this and keep tt, I* get * — 24,^and 4^Ms. may 
be written, ^2(r:5)(H-4) = — 24. But this is *equal 
to 7*6(H-4), which tells us that 4ilie two successive opera- 
tions which we have performed on this step, ti’ebling 
and reversing it, doubling ^nd kei^ping it, are equiva- 
lent to the single operation of multiplying by 6 and 
reversing it. It is clear alfo that whatever stej) we had 
taken the two first operations performed succqgsiir-a^’' 
are always equivalent to the third, and we may thus 
write the equation h2{rB) = r6, , ^ « 

Suppose however we take another step and treble 
it and reverse it, and then double it and reverse^it 
again ; we should have the I’esult of multiplying it by 
six and keeping its direction unchanged. * 

This may be written r2(r3) = . 6. 

If we compare the last two formulae with those 
which we previously obtained, viz. fc2(— 3) = —6 and 
r2(— 8) = +6, we shall see that the two sets are alike.* 
excej)t that in the one last obtained h and r are written 
instead of + and — respectively. 

The two sets however express entirely different 
things. Thus, taking the second formulas of either set 
on the one hand, the statement is. Double and reverse 
the step backward 3, and you have a step forward 6 ; 
on the other hand, Treble and reverse and then double 
and reverse any step whatever, and you have the effect 
of sextuflmg and keeping the step. We shall findlhat 
this analogy holds good in general, that is, if we wjdte 
down the effect of any nirmber of successive operations 
performed upon a step, there will always be a correspond- 
ing statement in which this stepping is replaced by a n' 
operafion ; or we may say, any operation which coiTv^erts 
one step into another will also convert one operation into 
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another where the converted oj^eration is a multiplying 
by the n?ambe/’ expre'ssing^ th^ step and a keeping or 
reversing according as the step is forward or backward. 

.fl 

"§ 12. Extension of the Meaning of Symbols, 

We now proceed to do something which must appa"-' 
rently introdnce'^the greater confusion, but which, on 
t&cother hand, increases enormously our powers. 

Having two things which we have so far quite 
rightly denoted ^by different symbols, and finding that 
we arrive ah. results which are uniform and precisely 
similar to one another except that in one of them one 
• set of symbols is used, in the other another set, we alter 
^le meaning of our symbols so as to see only one set 
instead of two. We make the symbols + and — mean 
for the future what we have here meant by h and r, 
viz. keep and reverse. We give them these meanings 
-4n addition to their former meanings, and leave it the 
context to show which is the right meaning in any 
particular case. Thus, in the equation (—2) ( — 3) = + 6 
there are two possible meanings ; the — 3 and 6, may 
both mean steps, in this ease the statement is : Double 
and reverse the step backwards of 3 and you get the 
step forwards- 6. But the —3 and the +6 may also 
mean not steps but operations, and in this case the 
meaning is triple and reverse and then double and 
reverse any step whatever, and you get the same result 
as if you had sextupled and kept the step. 

Let us now see what the^^reason is for saying that 
these two meanings can always exist together. Let us 
"first of all take the second meaning, and frame a rule 
-for fmding the result of any number of successive 
operations. 
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First, the number ivhieh is the multiplier in the * 
result must clear! j be i;he |;)roduct of all the numbers 
ill the successive operations. * 

Next, every p£vir Qf reverses cancel one another^ so 
that, if there i^. an ^ven number of them, the result 
must be an operation of retaining. ^ 

This then is the rule : Multip]y together the 
numbers in the several o^oerations, p.yefixing to them 
-f if there is an even number of minus 6v revei^i*^ 
operations, prefixing — if there is an odd number. 

In the next place, suppose that many successive 
operations are ‘performed upon a step. The number 
in the resulting step will clearly be the product of all 
the numbers in the operations and in the original step. 

If there is an even number of reversing operations, 
the resulting step will be of the '^ame kind as tlie 
original one ; if an odd number, of the opposite 
kind. Now let us suppose that the original step 
were^a step backwards ; then if there is an even number 
of reversing operations, the resulting step will also be a 
step backwards. But in this case the number of (—) 
signs, reckoned independently of their meaning, willibe 
odd ; and so the rule coincides with the previous one. 

If an odd number of reversing operations is. per- 
formed on a negative step, the result is a positive step. 
But here the whole number of (— ) signs, irrespective 
of tlieir meaning, is an even number ; and the result 
again agrees with the previous one. ^ 

In all cases therefore by using the same symbols 
to mean either a forward ’ and a ^ backward ^ step 
respectively, or ^ keep ^ and ^ reverse ^ respectively, we 
shall be able to give to every expression two interpreta-Ti 
tions, and neither o:^ these will ev$r be untrue. 

In the process of examining this statement we have 
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' shown by the way that the result of any number of 
■ succes„siTe«, operations on a -^tep is independent of the 
order of them. For it is always a step whose magnitude 
is. the product of the numbers in the original step and 
in the ^operations, and whose chfi.racter is determined 
by the number of rev^^rsals. 

1^' r 

T 

13. Addition and Multiplication of Oiperaiions^ 

We may now go on^ to find a rule which connects 
together the multiplication and the addition of steps. 

If T multiply separately the steps + 3 and —7 by 4, 
and then take the resultant of the two steps which I so 
obtain, I shall get the same thing as if I had first 
formed the resultant of -f 3 and — 7 , and then multi- 
plied it by 4. In 'fact, -f 12 - 28 — 16, which is 
4(— 4). This is true in general, and it obviously 
amounts to the original rule that a set of things comes 
to the same number in whatever order we count them. 
Only that now some of the counting has to be done 
backwards and some again forwards. 

"“But now, besides adding together steps, we may 
also in a certain sense add together operations. It 
seems natural to assume at once that by adding toge- 
ther 4- 3 and — 7 regarded as operations, we must needs 
get the operation —4. It is very important not to 
assume anything without proof, and still more impoi't- 
ant "Hiot to use words without attaching a definite 
meaning to them. 

The meaning is this. If Intake any step whateveiy 
treble it without altering its character, and combine 
the result with the result of multiplying the original 
^step by 7. and reversjbig. it, then I^shall get the same 
refult as if I had multiplied the original step by 4 and 
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reversed it. This is pe:i;fectly tru'e, and we may see it 
to be true by, as it wer^, performing oi^r operations in 
the form of steps.. Suppose I take the step ’ + Si and 
want to treble it and keep its character unchanged. ^ I 
can do this by taking tliree steps of five numbers each ili 
the same direction (viz. the forward direction) ^as the 
. original step was to be takSn. Siinilarly, if I want to 
multiply it by — 7, this means that I njust take 7 steps 
of five numbers each in th^. opposite or bacWard dire"?- 
tion. Then finally, what I have to do is to tak^ tSree 
steps forwards and seven steps backwards, each of these 
steps consisting of five numbers ; and if appears at once 
that the result is the same as that of taking 4 steps 
backwards of five numbers each. 

We have thus a definition of the i?um of t^vo 
operations ; and it appears from ttfe way in which w^ 
have arrived at it that this sum is independent of the 
order of the operations. 

We may therefore now write the formula: — 

a -f 5 = 6 + a 
a {hi- c) = ah + ac 
{a+h)c = ac -f 
ah = &a, 

and consider the letters to signify operations performed 
upon steps. In virtue of the truth of these ISws the whole 
of that reasoning which we applied to finding a power 
of the sum of two numbers is applicable to the finding 
of a power of the sum of two operations. If it did not 
take too much time and sjpace, we might go through it 
again, giving to all the symbols their new meanings. 

It is worth while, perhaps, by way of exam|)]e, to. 
explain clearly what is meant by the square of the_suni 
of two operations. 
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We will take for example, 5 and —3. 

The formnla tells ns « that (■|'5“8)^is equal to 
(4-5)‘'H-(— 3)2 + 2( + 5)(— 3). This means that if we 
a]jply to any step twice gver the of the operations 
"-4- 6 and — 3, that is to say, if 'we mujtiply it by 5 and 
keep its direction, and combine with this step the result 
of multiplying the originar step by 3 and reversing ik, • 
and then apply the same process to the result so obtained, 
^^hall get a stej) which might also have been arrived 
at by combining together the following three steps : — 

First, the^orlginal step twice multiplied by 5, 

Secondly,^ the original step twice multiplied by 3 
and twice reversed; that is to say, unaltered in 
direction. 

Thirdly, twice the result of tripling the original step 
and reversing it, aJid then multiplying by 5 and retain- 
ing the direction. 


§ 14. Division of Operations, 

We have now seen what is meant by the multipli- 
cation of operations; let us go on to consider what' 
sei't of question is asked by division. 

Let us take for example the symbolic statement 
— 3(H-o) = — 15 ; and let us give it in the first place 
the meaning that to triple and reverse the step forward 
5 gives the"" step backward 15. We may ask two 
questions upon this statement. First, What opefation 
is it?which, being performed on the step forwards 5, will 
give the step backwards 16? The answer, of course, 
is triple and reverse. Or w§ may ask this question. 
What step is that, which, being tripled and reversed, 
«will give the step backward 15? The answer is, Step 
forwards 6. But w^ have only one word to describe 
the process by which we get the answer in these two 
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cases. In tlie first cas^ we saj that we divide the step' 

— 15 by the step -f5^ in* the second* case say we 
divide the step —15 by the operation —3. 

The word divide 4hus geis two distinct meaning^. 
But it is very important to notice that symbolically tlie 
answer is the same in the two^cases, although the 
Interpretation to be given to it is different. 

'The step —15 may be|got in two ways ; by tripling 
and reversing the forward step H- 5,. or by quiii^iijpllng 
the baclnvard step — 3. In sypibols, 

(-3X + 5) = (+5) (-3) =. ^%15. 

Hence the problem. Divide —15 by —3 may mean 
either of these two questions ; What step is that which, 
being tripled and reversed, gives the step —15? Or, 
What operation is that which, pen%)rmed on the st^ 

— 3, gives the step —15? The answer to the first 
question is, the step 4- 5 ; the answer to the second is 
the operation of quintupling and retaining direction, 
that is, the operation 4-5. So that although the wor9 
divide, as we have said, gets two distinct meanings, yet 
the two different results of division are expressed ^by 
the same symbol. 

In general we may say that the problem, Divide 
the step a by the step 5, means, Find the operation (if 
any) which will convert 1 into a, But^the problem. 
Divide the step a by the operation 5, means, Find the 
step (if any) which 5 will convert into a. In both aases, 
however, the process and the symbolic result are the 
same. We must divide the number of a by the number 
of h, and prefix to it + if the signs of a and h are alike, 

— if they are different. 

We may also give to our original equation 

(-8) X (45) = -15 
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its otlier meaning, in wliicli botE — 3 and -i- 5 are ope- 
rations, btA —15 is the operation -which is equivalent 
to ;^er6)rming one of them after the other. In this case 
the problem. Divide the operation — by the operation 
—8 means, Find the operation which, being succeeded 
by the operation — 3,iiwill be^equivalent to the operation 
— 15. Or geiiemlly, Divide the oj^eration a by the' 
operation 6, niea^s, Find the operation which, being 
simo^t^ded by 5, will be equivalent to u. 

Now it is worth noticing that the division of step 
by steprand the division of operation by operation, have 
a certain likeness between them, and a common differ- 
ence from the division of step by operation. Namely, 
the result of dividing a by 5, or, as we may write it, 

when a and I both steps or both operations, is 

an operation which converts I into a. This we may 
write in shorthand, 



But when a is a step and h an operation, the result of 
di^sion is a step on which the operation h must be 
performed to convert it into a ; or, in shorthand, 



The fact that the symbolic result is the same im the 
two ^ases may be stated thus : — 



and in this form we see that it is a case of the commu- 
tative law. So long, then, as the commutative law is 
true, <i:here is no occr.sion for dist^nguishing symboli- 
cally between the two meanings. But, as we shall see 
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bj-and-bj, there is occasion to deal with other kinds ■ 
of steps and operationsb in which the commutative law 
dbes not hold ; and. for these a convenient notatibn has 

been suggested hf Professor Cayley. Namely, y mear^ 

the operation which mak^ b iiito ai but L repre- 
serrts that jvhich the operation h will cojivert into a. So 


. 6 = u, but 1^ = a, 

\h ftl 

t % • • 

It is however convenient to settle beforehand that when- 

ever the symbol ~ is used without warning it is to have 

the first meaning — namely, the operation -which makes 
h into a. 


§ 15 . General Results of our Extension of Terms, 

will be noticed that we have hereby passed from 
the consideration of mere numbers, with which we 
began, to the consideration first of steps of addition or 
subtraction of number from number, and then » of 
operations of multiplying and keeping or multiplying . 
and reversing, performed on these steps ; and that we 
have greatly widened the meaning of all the words that 
we have employed. 

To addition^ which originally meant the addition of 
two numbers, has been given the meaning of a comSina- 
tion of steps to form a resultant step equivalent in effect 
to taking them in succession. 

To midti]?Iicationy which was originally applied to 
two numbers only, has been given the meaning of si 
combination of operfitions upon stjpps to form a re^iltant 
operation equivalent to them successive performance^ 
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We have found that the i^ame properties which 
characterise th^ addition ai\d multiplication of numbers 
belong also to the addition and multiplication of steps 
and of operations. An^ it was thi^ very fact of the 
similarity of properties which led u^ to use our old 
words In a new sense. We shall find that this same 
process is carried on in tne consideration of thoser* 
other subjects w^ich lie before us ; but that the precise 
similarity which we have here observed in the pro- 
perties of more simple and more complex operations 
will not in every case hold good; so that while this 
gradual extension of the' meaning of terms is perhaps 
the most powerful instrument of research which has 
yet been used, it is always to be employed with a cau- 
tion proportionate to its importance. 
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CHAPTEE la 

SPACE. 

§ 1. Boundaries take tip no Boom, 

Geometey is a physical science. It dgals with the 
sizes and shapes and distances of things.^ Just as we 
have studied the number of things by making a simple 
and obvious observation, and then using this over and 
over again to see where it would bring us % so we shall 
study the science of the shapes and ?listances of things 
by making one or two very simple and obvious obser- 
vations, and then using these over and over again, to 
see \vhat we can get out of them. 

The observations that we make are : — 

First, that a thing may be moved about from one 
place to another without altering its size or shape. 

Secondly, that it is possible to have things of the 
same shape but of different sizes. 

Before we can use these observations to draw any 
exact conclusions ft’orn them, it is necessary to consider 
ratheV more precisely what they mean. 

Things take up room. A table, for example, trikes 
up a certain part of the room where it is, and there is 
another part of the room where it is not. The thing 
makes a difference between these two portions of space. 

Between these two there is what we call the surface^ 
of the table. ^ ^ ^ , 

We may suppose that the space all round the table 
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is filled with air. The surface of the table is then 
somethh^ just between the and the wood, which 
separates them from one another, and which is neither 
life one nor the other. ^ ^ 

It is a mistake to suppose that the surface of the 
table is a very thin piece of wood on the outside of it. 
We can see that this is a mistake, because any reasoii^ 
wdiich led us to^say so, would lead us also to say ‘that 
•Sie^surfaee was a very thin layer of air close to the 
tabie."^ The surface in fact is common to the wood and 
to the air, and takes up itself no room whatever.^ 

Part of the surface of the table may be of one colour 
and part may be of another. 

On the surface of this sheet of paper there is drawn 
a round black spot. We call the black part a circle. 
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It divides the surface into two parts, one where it is and 
HDne where it is not. 

This circle takes up room on the surface, although 
the surface itself takes up no’ room in space. We are 
thus led to consider two difPerent kinds of room ; space- 
room, in which solid bodies are, and in which they 
move about ; and surface-room, which may be regarded 

^ It is eertain'^tliat however smooth a nahiral surface m&j a^ppear to be, 
it could be magnified to roughness. Hence, in the ease of the surface of 
the table and the air, it would seem probable that there is a layer in which 
particles of wood and air are mingled. The boundary in this case of air 
and table would not be what we ‘ see and feel ’ (cf. p. 48), nor would it 
correspond to the surface of the geometer. We are, I think, compelled to 
consider the surface of the geometer as a',.; ‘ idea or imaginary conception,* 
drawn from the apparent (not real) boundaries of physical objects, such as 
the writer is describing. Strongly as I feel the ideal nature of geometrical 
conceptions in the exact sciences, I have thought it unadvisable to alter 
.the text. The distinction irmade by Clifford himself (Ess^rys, I. pp. S06- 
321).--K.P. 
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from two different poiniis of view.* From one point of 
view it is tire boundary ];>etw^en two adjacent j)ortions 
of space, and takea up no space-room whatever. From 
the other point of yiew it is itgelf also a kind of i’ooln 
which may be taken up by parts of it. 

These parts in turn have their boundaries. 

> Between the black surface of^the circle and the 
white surface of the paper round it th§re is a line, the 
cii'cumference of the circle. This line is neither part o^ 
the black nor part of the white, but is Tbetween the two. 
It divides one from the other, and takes up no surface - 
room at all. The line is not a very thin Strip of snrface, 
any more than the surface is a very thin layer of solid. 

Anything which led us to say that this line, th^ 
boundary of the black spot, was a thin strip of black, 
would also lead us to say that it was a Miin strip of white.* 

We may also divide a line into two parts. If the 
paper with this black circle upon it were dipped into 
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water so that part of the black circle were sub- 
merged, then the line surrounding it would be partly in 
the water and partly out. 

The submerged part of the line takes up room on it. 
It goes a certain part of the way round the circum- 
ference. Thus we have to consider line-room as well^as 
space-room and surface-room. The line takes up 
absolutely no room on the surface; it is merely the 
boundary between, two aoijacent portions of it. Still 
less does it take up any room in space. And yet it has 
a certain room of its own, which may be divided 
into parts, and taken* up or filled by those parts. 
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These parts again have boundaries. Between the 
submergs’ed portion of the , circumference and the other 
part" there are two points^ one at each end. These 
points are neither in the water nor out of it. They are 
"in the surface of the water, just^as they are in the sur- 
face of the paper, and on the boundary of the black spot. 
Upon this line the/ take up absolutely no room at all.^ - 

A point is not a very small length of the line) any 
^mw^than the line is a very thin strip of surface. It is 
a division between two parts of the line which are next 
one another, and it takes up no room on the line at all. 

The important thing to notice is' that we are not 
here talking of ideas or imaginary conceptions, but 
only making common-sense observations about matters 
of every-day experience. 

The surface Of a thing is something that we con- 
stantly observe. We can see it and feel it, and it is a mere 
common- sense observation to say that this surface is com- 
mon to the thing itself and to the space surrounding it. 

A line on a surface which separates one part of the 
surface from another is also a matter of every-day 
<5?.xperience. It is not an idea got at by supposing a 
string to become indefinitely thin, but it is a thing 
given directly by observation as belonging to both por- 
tions of the surface which it divides, and as being there- 
fore of absolutely no thickness at all. The same may be 
said of a point. The point which divides the part of 
our circumference which is in water from the part which 
is out of water is an observed thing. It is not an idea 
got at by supposing a small particle to become smaller 
and smaller without any limit, but it is the boundary 
between two adjacent parts of a line, which is the 
boundary between Jwo adjacent j)ortions of a surface, 
which is the boundary between two adjacent portions of 
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space. A point is a tliiag whicli we can see and know, 
not an abstraction which we^build np m«onr thoughts. 

When we talk ef drawing lines or points on a sheet 
of paper, we use t^e language ipf the draughtsman and., 
not of the geometer. •Here is a picture of a ^ cube* 
represented by lines, in the draughtsman's, sense, 
'"^ach of these so-called ^ lines ^ is a black streak of 
printer’s ink, of varying breadth, taking up a certain 
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amount of room on the paper. By drawing such ^ lines 
sufficiently close together, we might entirely cover up 
as large a patch of paper as we liked. Each of these 
streaks has a line on each side of it, separating the 
black surface from the white surface •, these are true 
geometrical lines, taking up no surface-room whatever. 
Millions of millions of them might be marked out 
between the two boundaries of one of our streaks, and 
between every two of these there would he room foi? 
millions more. 

Still, it is very convenient, in drawing geometrical 
figures, to represent lines by black streaks. To avoid 
all possible misunderstanding in this matter, we shall 
make •a convention once for all about the sense in 
which a black streak is to represent a line. When the 
streak is vertical, or comes straight down the page, like 
this I , the line represente(J by it is its right-hand boun- 
dary, In all other cases the line shall he the npptr 
boundary of the streak. 

So also in the case of a pointy Wheu we tr^ to 
represent a point by a dot on a sheet of paper, we^ 
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make a black patch of irregular shape. The boundary 
of this black patch is a line. '->When one point of this 
boundary is higher than all the -other points, that 
..highest point shall be the one repr^^sented by the dot. 
"^Wheji however several points 6f tha boundary are at 
the same height, but none higher than these, so that 
the boundary has a flat piece at the top of it, then the”" 
^right-hand exfe*emity of this fiat piece shall be the 
po^ represented by the dot. 

This determination^ of the meaning of our figures 
is- of mo practical use. We lay it down only that the 
reader may. not fall into the error of taking patclies 
and streaks for geometrical points and lineSu 


§ 2. Leng%s can he Moved without Change^ 

Let us now consider what is meant by the first of 
our observations about space, viz., that a thing can be 
moved about from one place to another without altering 
its size or shape. 

First as to the matter of size. We measure the size 

a thing by measuring the distances of various points 
on it. For example, we should measure the size of a 
table by measuring the distance from end to end, or the 
distance across it, or the distance firom the top to the 
bottom. The measurement of distance is only possible 
when we have something, say a yard measure oy% piece 
of tape, which we can carry about and which does not 
alter its length while it is carried about. The measure- 
ment is then effected by holding this thing in the place 
of the distance to be measured, and observing what 
part of it coincides with this distance. 

5Pwo lengths orc'distances are^said to be equal when 
^the same part of the measure will fit both of them. 
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Thus we should say tha^ two tables are equally broad^ 
if we marked the breadtii of •one ©f them on apiece of 
tape, and then carried the ta|)e over to the other table 
and found that itg breadth eacae up to just the same, 
mark. Now thef>iece^f tape, although convenient, is' 
not absolutely necessary to the finding out of this fact. 
We might have tuxmed one table up aud put it on top 
of the other, and so found out that the two breadths 
were equal. Or we may say generally that two leii^hs 
or distances of any kind are eqqal, when, one of them 
being brought up close to the other, the^ <5p.n be jnade 
to fit witliout alteration. But the tape i^ a thing far 
more easily carried about than the table, and so in prac- 
tice we should test the equality of the two breadths by 
measuring both against the same piece of* tape. We 
find that each of them is equal to th^ same length of 
tape ; and we assume that hvo lengths vjhich are equal to 
the same length are equal to each other. This is equiva- 
lent to saying that if our j)i^ce of tape be carried 
round any closed curve and brought back to its original 
position, it will not have altered in length. 

How so ? Let us assume that, when not used, ou? 
piece of tape is kept stretched out on a board, with one 
end against a fixed mark on the board. Then we know 
what is meant by two lengths being equal which are 
both measured along the tape from that end. Now take 
three "tables, A, B, C, and suppose we have measured 
and found that the breadth of A is equal to that of 
and the breadth of B is equal to that of C, then we 
say that the bz'eadth of \ is equal to that of C. This 
means that we have marked off the breadth of A on 
the tape, and then carried this length of tape to B, and 
found it fit. Then -vje have carried the same length 
from B to C, and found it fit. In saying that the 
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breadth of C is equal to thatlof A, we assert that on 
taking* 14ie tap^ from C to^A, Vvhether we go near B or 
not, it will be found to fit the breadth of A. That is, 
.if we take our tape froifi A to B/ then from B to C, and 
then hack to A, it will still fit A^if it- did so at first. 

These considera-j^ions le^d us to a very singular con- 
clusion. The reader will probably have observed tha't 
^we have define length o^’ distance by means'hf a 
measure which can be carried about without changing 
its length. But how^ then is this property of the 
measure to tested? We may carry about a yard 
measure in the form of a stick, to test our tape with; 
but all we can prove in that way is that the two things 
are always of the same length when they are in the 
_^same place ; not that this length is unaltered. 

The fact is that everything would go on quite as 
well if we supposed that things did change in length 
by mere travelling from place to place, provided that 
(1) different things changed equally, and (2) anything 
which was carried about and brought back to its original 
position filled the same space.^ All that is wanted is 
that two things which fit in one place should also fit in 
another place, although brought there by different 
paths ; unless, of course, there are other reasons to the 
contrary. A piece of tape and a stick which fit one 
another in London will also fit one another in New 
York, although the stick may go there across the 
Atlantic, and the tape via India and the Pacific. Of 
course the stick may expand from damp and the tape 
may shrink from dryness; puch non-geometrical cir- 
cumstances would have to be allowed for. But so far 
' as the geometrical conditions alone are concerned — the 

’ These remarks refer to the geometrical, ::nd not necessarily to all the 
physical properties of bodies, — K, P 
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mei^e carrying about anS change of place — two things 
which fit in one place wSl fii?iii another.# ^ 

Upon this fact* are founded, as we hare seeifj the 
notion of length «is measure<ij, and the axiom that^ 
lengths which are eqiJal to the same length ai*e equal* 
to one another. 

♦ f • 

'Is it possible, however, that lengths do really 
change by mere moving about, without ^ur knowing it 9 
Whoever likes to meditate seriously upoii thisjgjiies-^ 
tion will find that it is wholly devoid of meaning. But 
the time employed in arriving at that cqpclusiqn will 
not have been altogether thrown away. 


§ 3. The Characteristics of Shape. 

We have now seen what is mean^ by saying that a"^ 
thing can be moved about without altering its size; 
namely, that any length which fits a certain measure in 
one position will also fit that measure when both have 
been moved by any paths to some other position. Let^ 
us now inquire what we mean by saying that a thing 
can be moved about without altering its shape. 

First let us observe that the shape of a thing 
depends only on its bounding surface, and not at all 
upon the inside of it. So that we may always speak 
of the shape of the surface, and we shall mean the 
same* thing as if we spoke of the shape of the thing. 
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Let us observe tljen some characteristics of sur- 
face of things. Here are a cube, a cylinder, and a sphere# 
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Tke surface of tlie cube bas flat sides, with, edges 
aud corners. The cylinder h%8 two flat ends and a 
round surface between them; the flat ends being 
divided from the round^'part by- two circular edges. 
The sphere has a round smooth s^urface all over. 

We observe at once a great distinction in shape be- 
tween smooth parts of the surface, and edges^ and corners.'. 
An edge being a line on the surface is not any fdft of 
it, iejhe sense taking up surface room ; still less is 
a corner, which is a mere point. But still we may divide 
the points of^the surface into those where it is smooth 
(like all the points of the sphere, the round and flat parts 
of the cylinder, and the flat sides of the cube), into 
points on an edge, and into comers. For convenience, let 
us speak of 'these points respectively as smooth-points, 
edge-points, and corner-points. We may also put the 
edges and corners together, and call them rough- 
points. 

Now let us take the sphere, and put it upon flat 
face of the cube (fig. 5). The two bodies will be in con-®^ 
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tact at one point ; that is to say, a certain point on the 
surface of the sphere and a certain point on the surface 
of the cube are made to coincide with one another and 
-'to be the same point. And these are Doth smooth-points. 
. Now.^e cannot move the sphere ever ^o little without separ- 
ating these points. If we roll it a very little way on the 
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face of the cube, we slih^ll find that a different point of 
the sphere is in contact ^ith^a different point oJHhe cube. 
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And the same thing is tAe if we place thS splwe hi 
contact with a smooth-point on the cylinder (fig. 6). 
Next let us put the round part of the cylinder on 

the flat face of the cube. In this case there will be 

♦ 

contact all along a line. At any j^oint of this line, a 
certain point on the simface of the cylinder and ^a 
certain point on the surface of the cube have been made 
to coincide with one another and tol^e the same point? 
And these are both smooth-points. It is just as true 
as before, that we cannot move one of these bodies ever 
so little relatively to the other without separating the 


Pig. 7. 

points of their surfaces which are in contact. If we 
roll the cylinder a very little way on the face of the 
cube, we shall find that a different line of the cylii^er 
is in contact with a different line of the cube. All the 
points of contact are changed. 

Now put the flat end of the cylinder on the face of 
the cube. These two surfaces fit throughout and make* 
but one surface ; we^ have contact-* not (as before^ at a^ 
point or along a line, but over a surface. Let us fix 
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our attention upon a particular ;^oint on tlie flat surface 
of the^ cylinder ^nd the point (/xi the face of the cube 
with which it now coincides ; these two being smooth- 
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points. We observe again, that it is impossible to move 
onp of these bodies ever so little relatively to the other 
without separating these two points.^ 

Here, however, something has happened which will 
give us further instruction. We have all along sup- 



Fig. 9. 


posed the flat face of the cylinder to be smaller than 
the flat face of the cube. When these two are in con- 

^ In all these eases (figs, d-8) the relative motion spoken of must be 
either motion of translatimi or of tilting] one body might have a B^in 
abont a vertical axis without any separation of these two points. The true 
distinction between the contact of smooth- points and of smooth and rough- 
points seems to be this : in the former case without separating two points 
tiiere is only one degree of freedom — nanfeiy, spin about an axis normal to 
the smooth surfaces at the points in question ; in the latter c-’se there are 
/at least two (edge-point or smooth-point) and may be an infinite number of 
degrees of freedom — ^namely, spins about two or more axes passing through 
the roupi-point. The reader will understand iiese terms better after the 
cl^pter on Motion. — K. P. 
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tact, let the cjlindeP Stand on the middle of the cube, 
as in fig. 85 the circle being -wholly ^nclos^ by the 
square. Then when we tilt the cylinder over wh shall 
get it into the position of fig. 9 . We have already 
observed that iia, this^case no smooth-points which wefe 
previously in contact remain in contact. But there are 
‘two points which remain ^in conliact; for in the tilted 
position a point on the circular edg« of the cylinder 
rests on a point on the fale of the cube ; and th^ two 
points were in contact before. ^We may tilt the cylinder 
as much or as little as we like — provided^we tilt alway s 
in the same direction, not rolling the cylinder on its 
edge — and these two points will remain in contact. 
We learn therefore that when an edge-point is in cordact 
ivith a smootli’point^ it may he possible to mvve one of the 
two bodies relatively to the other loitHout separating those 
tvjo points* 

The same thing may be observed if we put the 
rouj^d or fiat surface of the cylinder against an edge 
of the cube, or if we put the sphere against an edge of 
either of the other bodies. Holding either of them 
fast, we may move the other so as to keep the same two 
points in contact ; but in order to do this, we must 
always tilt in the same direction. 

If, however, we put a corner of the cube in contact 
with a smooth point of the cylinder, as in fig. 10, we 



Pig. 10. 

shall find that we can keep these^two points in contact 
without any restriction on the direction of tilting. We 
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' I* 

may tilt the cube any way we llb.e^ and still keep its 
corner in Contact with the smooth-point of the cylinder. 

TVlien we put two edge-points together, it makes a 
difference whether the edges are in the same direction 
at"" the^ point of contact or wheiSier .they cross one 
another. , In the former case we may be able to keep 
the same two points in contact by tilting in a particular, 
dmection ; in the^ latter case we may tilt in any direc- 
tion. -^0 if a corner is in cektact with an edge-point 
there is no restriction oi;^ the direction of tilting, and 
much more if s?. corner is in contact with a corner. 

The upshot of all this is, that in a certain sense all 
surfaces are of the same shape at all smooth-points ; for 
when we put two smooth-points in contact, the surfaces 
fit one another at those points that we cannot move 
one of them relatively to the other without separating 
the points.^ 

It is possible for two edges to fit so that we cannot 
move either of the bodies without separating the pQ?.nts 
in contact. For this it is necessary that one of them 
should be re-entrant (that is, should be a depression in 
the surface, not a projection), as in fig. 11 j and here 
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we can seethe propriety of saying that the two surfaces 
are of the same shape at a point where they fit in 
this way. The body^plaeed in contact with the cube 

•B 

^ See, however, the footnote, p. 58. — K. P. 
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is formed by joininAfogether two spheres from which* 
pieces have been sliced offe IfronlywBry sd% 11 pieces 
have been sliced ‘off, the re-entrant edge will iSe very 
sharp, and it -wil^ be-impossiMe to bring the cube-edge 
into contact with it* (fig. 12) ; if nearly half of each 

fi) 

Pig. 12. Pig. 13. Pig. 14. ^ 

sphere has been cut off the re-entrant edge will be wide 
open, and the cube will I’ock in it'’(fig. 13). There is 
clearly one intermediate form in which the two edges 
will just fit (fig. ‘ 14) ; contact at the edge will be 
posgible, but no rocking. Now in this case, although 
one edge sticks out and the other is a dint, -we may 
still say that the two surfaces are of the same shape 
at the edge. For if we suppose our twin-sphv?re 
body to be made of wood, its surface is not only sur- 
face of the wood, but also surface of the surrounding 
air. And that which is a dint or depression in the 
wood is at the same time a projection in the air. In 
just* the same way, each of the projecting edges and 
corners of the cube is at the same time a din^ or 
depression in the air. But the siirface belongs to one 
as much as the other ; it knows nothing of the differ- 
ence between inside and outside; elevation and depres- 
sion are arbitrary terms to it. So in a thin piece of 
embossed metal, elevation on one^side means dep.fessioTi 
on the other, and vice versa ; but it is purely arbitrrijrj' 
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whicli side we consider tlie ri^ii one. (Observe that 
the thin> piece of metal is in n4 sense a representation 
of^a siirface ; it is merely a thin solid whose two surfaces 
are very nearly of the sai^e shape*.) 

Thus we see that the edge of wood in our cube is 
of the same shape as the ed^e of air in the twin-sphere 
solid 5 or, which is the same thing, that the two surfaces 
are of the same ohape at the edge. 

Sow this twin-sphere solid is a very convenient one, 
because we can so modify it as to make an edge of any 
shape we like. ^Hitherto we have supposed the slices 
cut off to be less than half of the spheres ; let us now 
fasten together these pieces, and so form a solid with a 
projecting edge, as in fig. 15. The two solids so formed, 
^ne with a re-entrant edge from the larger pieces, the 
other with a proj&ting edge from the smaller pieces, 
will be found always to have their edges of the same 
shape, or to fit one another at the edge in the sense 
Just explained. 



Fig. 15 . 


Now suppose that we cut our spheres ver}" nearly in 
half. (Of course they must always be cut both alike, 
or the flat faces would not fit together.) Then when 
we Join together the larger pieces and the smaller 
pieces, we shall form solids with very wide open edges. 
The projecting edge will be a very slight ridge, and the 
re-entrant one a very slight depression. 

- If we now go a step further, and cut our spheres 
actually in half, of course each of the new solids will 
be again a sphere; and there will be neither ridge nor 
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depression ; the surfat^s will be smooth all over. But 
we have arrived at thil^resiijt by. coiisi(|eriiig project- 


*(i) (ii) 



ing edge as gradually widening out until the ridge dis- 
appears, or by considering a re-entrant edge as gradualh^ 
widening out until the dint disappears. Or we may 
suppose the projecting edge to go on widening out till 
it becomes smooth, and then to tur?i into a re-entrant 
edge. We might represent this process to the eye by 
putting into a wheel of life a succession of pictures like 
tliatjn fig. 16, and then rapidly turning the wheel. 
should see the two spheres, at first separate, coalesce 
into a single solid in (ii) and (iii),then form one sphere as 
at (iv), then contract into a smaller and smaller lens 
(v), (vi), (vii). The important thing to notice is that the 
single sphere at (iv) is a step in the process ; or, -what 
is the same thing, that a smooth-point is a particidar ca.^e 
of an edge-iyoint coming between the projecting and the re- 
entrard edges. As being this particular case of the 
edge-point, say that at all smooth-points the Sur- 
faces ai'e of the same shape. 

§ 4. The Characteristics of Siirface Boundaries, 
Eeraarks like these that we have made about solid 

t ^ * 

bodies or portions of s^^ace may be made also about 
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■ portions of surface. Only we <5^nnot now say ttat tlie 
sliape of^ a piece of surface defends wholly on that of 
tKe curve which bounds it. Still the only thing that 
remains for us to consider is the shape of the boundary, 
because we have already discussed (so^far as we profit- 
ably can at present) the shape of the included surface. 

We shall find it' useful to restrict ourselves still 
further, and only consider those boundaries which have 
no rAugh points of the surf&e in them. Thus on the 
surface of the cube we will only consider portions which 
are entirely included in one of the plane faces ; on the 
surface of the cylinder, only portions which are entirely 
included in one of the flat faces, or in the curved part, 
or which include one of the fiat faces and part of the 
^curved portion. 

This being sof the characteristics which we have to 
remark in the boundaries of pieces of surface may be 
sufficiently studied by means of figures drawn on paper. 
_We may bend the paper to assure ourselves th%t the 
same general properties belong to figures on a cylinder, 
and to make our ideas quite distinct it is worth while 
to draw some on a sphere or other such surface. 

In fig. 17 are some patches of surface ; a square, a 
three-cornered piece, and two overlapping circles. For 



Fig. 17 . 


distinctness, the part where ^the circles overlap is left 
•white, the rest being made black. 

Attending now specially to the boundary of these 
. patches, we observe -that it consists of smooth parts and 
of corners or angles. Some of these corners project 
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and some are re-entraite The pieces of surface are not 
solid moveable things ‘taie #the portions of space we 
considered before, but we can in a measure imitafe our 
previous experiments bj cuttii^g out the figures with a 
penknife^ so as to .leavS their previous positions m?p:ke(I 
by the holes. We shall then find, on applying the cut- 
out pieces to one another, or to t?ie liples, that at all 
smooth-poi'ats the boundaries fit one aJtother in a cer-^ 
tain sense. iSfamely, if wJ place two smooth-points in 
contact we cannot roll one figur^ on the other without 
separating these points ; wdiereas if we pV^ce a ^harp- 
point (or angle) on a smooth-point we can ivli one ligure 
on the other without separating the |)oints. If we 
attempt to put two angles together without letting the 
figures overlap, the same things may happen that we ^ 
found true in the case of the edge^ of solid bodies. 
Suppose, for example, that we try to put an angle of the 
square into one of the re-entrant angles of the figure 
madejDv the two overlapping circles. If the re-entrant ^ 
angle is too sharp, we shall not be able to get it in at 
all; this is the case of fig. 12. If it is wide enough, 
tlie square will be able to rock in it ; this is the case o? 
fig. 13. Between these two there is an intermediate 
case in which one angle just fits the other; actual 
contact takes place, and no rocking is possible. In 
this case w-e say that the two angles are of the same 
shape, ’or that they are equal to one another. 

From all this we are led to conclude that shaj)e i^a 
matter of angles^ and that identity of shape depends on 
equality of angle. "We deg.lt with the size of a body by 
considering a simj>le ease of it, viz. length or distance, 
and by measuring a sufficient number of lengths in dif- 
ferent directions could find out all that is to be kui^wn 
about the size of a body. It is, indeed, also true that a 
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knowledge of all the lengths'^hich can be measured 
in a bo'^^y would carry Vvitb. it f ^knowledge of its shape; 
but ^still length is not in itself an element of shape. 
That which does the rame for-ns^^in regard to shape 
that length does with regard to size^.is angle. In other 
words, just as we say that two bodies are of the same 
size if to any line Chat can be drawn in the one there 
corresponds amexactly equal line in the other, so we say 
that two Bodies are of the Came shape, if to every angle 
that can be drawn on one of them there corresponds an 
exactly equ^l angle on the other. 

Just as we measured lengths by a stick or a piece of 
tape so we measure angles with a pair of compasses ; 
ai»d two angles are said to be equal when they fit the 
same opening of the compasses. And as before, the 
statement that Z, thing can be moved about without 
altering its shape maybe shown to amount only to this, 
that two angles which fit in one place will fit also in 
another, no matter how they have been brought from 
the one place to the other. 

§ 5. The Plane and the Straight Line, 

„We have now to describe a particular kind of surface 
and a particular kind of line with which geometry is 
very much concerned. These are plane surface and 
the straight line. 

^ The plane surface may be defined as one which is of 
the same shape all over and on both sides. This pro- 
perty of it is illustrated by the method which is practi- 
cally used to make such a surface. The method is to 
take three smTaces and grind them down until any two 
will^fit one another all over. Suppose the three surfaces 
to be A, B, c ; then, since A will fit b, it follows that the 
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space outside a is of tli^*s|ine shape as the space inside 
B ; and because b will fiv c, that ‘the spaqp insidii b is of 
the same shape as the space outside c. It follows tliei’e- 
fore that the space»outside Aist)f the same shape as the. 
space outside o.*.But* since a will fit o when we^ pin? 
them together, the space inside a is of the same shape 
as the space outside c. But the Ipac^ outside c was 
shown to be of the same shape as the space outside a ; 
consequently the space out^de a is of the same shape as 
the space inside ; and so, if thr^e surfaces are ground 
together so that each pair of them will fit, ^ach of thqni 
becomes a surface which is of the same shape on both 
sides : that is to say, if we take a body which is partly 
bounded by a plane surface, we can slide it all over this 
surface and it will fit everywhere, and we may also turn 
it round and apply it to the other siHe of the surface 
and it will fit there too. This property is sometimes 
more technically expressed by saying that a plane is a 
surface which divides space into two congruent regions, 

A straight line may be defined in a similar way. It 
is a division between two parts of a x^lane, which two 
parts are, so far as the dividing line is concerned, of the* 
same shape ; or we may say what comes to the same 
effect, that a straight line is a line of the same shape all 
along and on both sides. 

A body may have two plane surfaces ; one part of 
that 1^, may be bounded by one plane and another part 
by another. If these two x>lane surfaces have a common 
edge, this edge, which is called their mtersection^ is a 
straight line. We may |]ien, if we like, take as our 
definition of a straight line that it is the intersection of 
two planes. 

It must be understood that when a part of th^sur- 
face of a body is pilane, this plane may be conceived as^ 
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extending beyond tlie body ri all directions. For 
instancb, tbe -npper ‘snrfece of a table is plane and 
borilontal. Now it is quite an intelligible question to 
. ask about a point wbicb Is anywhere 4n the room whether 
It is-jhigher or lower than the surface.ef the table. The 
points which are higher will be divided from those which 
are lower by an imaginary surface which is a continua- 
^tion of the plane surface of the table. So,then we are 
at liberty to speak of the *line of intersection of two 
plane surfaces of a bpdy whether these are adjacent 
portions of ^surface or not, and we may in every case 
suppose them to meet one another and to be prolonged 
.iicross the edge in which they meet. 

Leibniz, who was the first to give these definitions 
of a plane* and of a straight line, gave also another 
definition of a straight line. If we fix two points of a 
body, it will not be entirely fixed, but it will be able to 
turn round. All points of it will then change their 
, position excepting those which are in the straigl^t line 
joining the two fixed points ; and Leibniz accordingly 
defined a straight line as being the aggregate of those 
'points of a body which are unmoved when it is turned 
about with two points fixed. If we suppose the body to 
have a plane face passing through the two fixed points, 
this definition will fall back on the former one which 
defines a straight line as the intersection of two planes. 

It hardly needs any words to prove that tlie first 
two definitions of a plane are equivalent ; that is, that 
two surfaces, each of which is of the same shape all over 
and on both sides, will have fe>r their intersection a line 
which is of the same shape all along and on both sides. 
For if we slide each plane upon itself it will, being of 
the f^a•me shape all •over, occupy ^s a whole the same 
nnchanging position (i.e. wherever there was part of 
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the planes before there ' will be part, though a different 
part, of the planes now), so* that their 4ine of inter- 
section occupies the same position throughout (thoug|} 
the part of the lin!^ occupying any particular position 
is different). Thb line is therefore of the same shape 
all along. And in a similar waj we can, without 
changing the position of the planes as •a whole, move 
them so that the right-hand part of eacHi shall become 
the left-hand part, and the "Upper part, the lower; and 
this will amount to changing th«e line of intersection 
end for end. But this line is in the sa^ne* place matter 
the change as before ; and it is therefore of the same 
shape on both sides. 

From the first definition we see that two straight 
lines cannot coincide for a certain distance and then 
diverge from one another. For since tlie plane surface 
is of the same shape on the two sides of a straight line, 
we may take up the surface on one side and turn it 
over a«id it will fit the surface on the other side. If 
this is true of one of our supposed straight lines, it is 
quite clear tha,t it cannot at the same time be true of the 
other; for we must either be bringing over more to fif 
less, or less to fit more. 


§ 6. Fro])erties of Triangles, 

We can now reduce to a more precise form our first 
observation about space, that a body may be movi?l 
about in it without altering its size or shape. Let us 
suppose that our body has tor one of its faces a 
that is to say, the portion of a ];>lane bounded by thro-' 
straio’ht lines. We find that this triangle can be move<l 
into any new position that we like, while the lengtl^ •. .f 
its sides and its angles remain the same ; or we may ^ 
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put tli^ statement into.tlie fori^' tliat when any triangle 
is OB^ce drawn", another tnangle of the same size and 
chape can he drawn in ^ny part of space. 

From this it will follow that there are two triangles 
which have a side of the one equal to ’a side of the other, 
and the angles at the ends^of that side in the one equal 
to the angles at the ends of the equal side in the other, 
then the two trian 
different positions 
and shape. For if we^tahe the first triangle and so far 
|)ut it into the ^position of the second tjiat the two equal 
sides coincide, then because the angles at the ends of 
"the one are respectively equal to those at the ends of 
the other, the remaining two sides of the first triangle 
will begin to coipcide with the remaining two sides of 
the second. But we have seen that straight lines cannot 
begin to coincide and then diverge ; and consequently 
these sides will coincide throughout and the triangles 
wdll entirely coincide. ^ 

Our second observation, that we may have things 
^vrhich are of the same shape but not of the satne size, 
may also be made more precise by ap^plication to the 
case of triangles. It tells us that any triangle may be 
magnified or diminished to any degree without altering 
its angles, or that if a triangle be drawn, another 
triangle having the same angles may be drawn ^of any 
sj^e in any part of space. 

From this statement we are able to deduce two very 
important consequences. One is, that two straight 
lines cannot intersect in more points than one ; and the 
other that, if two straight lines can be drawn in the 
same p)lane so as not to intersect at all, the angles they 
malTe with any thfi’d line in their plane which meets 
them, will be equal. 


gles are |nerely the same triangle in 
; that is, they are of the same size 
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To prove tlie first oi these, let ab and ao (fig, 18) be 
two straight lines wdiich meet at A. Dr^w a third line 
B c, meeting both of them, and the three lines then fCrm a 
triangle. If we now make a poilit p travel along the line. 
A B it must, in virtue of our second observation, be always* 
possible to draw through tl^s point a line which shall 
meet ac in q so as to make a triangle q of the same 


r 



A. P B 

Fig. is. 


shape as abc. But if the line ao were to meet ab in 
some other point n besides a, then through this poinf* 
I) it would clearly not be possible to draw a line so as 
to make a triangle at all. It follows then that such 
a point as n does not exist, and in fact that two 
straight lines which have once met must go on diverg- 
ing from each other and can never meet again.^ 

To ];)rove the second, suppose that the lines a c and * 
BD (fig. 19) are in the same plane, and are such as 


A. Q. d 



J3 B 

Fig. 19. 


newer" to meet at all (in which case they are called 
parallel), v^^hile the line a b meets them both. If "^ve 
make a point p travel along b a towards a, and, as it 
moves, draw through it always a line making the same 
angle with b a that b d makes with b a, then this 

^ This property might also he deduced from the first definition of a 
straight line, by the methodt already used to snow that two straiglK lines • 
cannot coincide for part of their length and thou diverge. 
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moving line can never meet a c^'TOtil it vv^hollj coincides 
with it.^ For if it can, l§t p ii be such a position of 
the ihoving line ; then ib is possible to draw through 
b' a line which, with acb and a 0,^ sliall form a tri- 
angle of the same shape as th4 triangle a p q. But 
for this to be the case the line drawn through b must 
mate the same angfe with a b that p Q makes with it, 
that is, it must be the luie b b. And the three lines B b, 
B A, A c cannot form a triaif^gle, for b b and a o never 
meet. Consequehtlj there can be no such triangle as 
A p Q, or the moveable line can never meet a c until it 
entirely coincides with it. But since this line always 
makes with b a the same angle that b b does, and in 
one position coincides with a c, it follows that a c 
makes with*B a the same angle that b b does. This is 
' the famous proposition about parallel Hnes.^ 

The first of these deductions will now show us that 
if two triangles have an angle of the one equal to an 
angle of the other and the sides containing these ajigles 
"respectively equal, they must be equal in all particulars. 
For if we take up one of the triangles and put it down 

^ * Two straight lines which cut one another form at the point where they 
cross four angles which are equal in pairs. It is often necessary to dis- 
tinguish between the two different angles which the lines make with one 
another. This is done by the understanding that ab shall mean the line 



(i) (H) 

drawn from a to b, and b a the line dra'^fn from b to A, so that the angle 
between ab and ci> (i) is the angle boDj but the angle between ba and 
^ D (ii) is the angle boa. 

So the angle spoken of above as made by A c with b A is not the angle 
VAE(^vfiich is clearly, in ^neral, unequal tch the angle bba), but the 
aggie CAE, where e is a point in e a produced through a. 
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on the other so that Dhese angles coincide and equal 
sides are on the same si(|e o’f* them, ^ then "the con- 
taining sides will -begin to coincide, and cannot "there- 
fore afterwards diverge. But^ as they are of the same 
length in the one. triangle as they are in the othej, tile 
ends of them belonging to the one triangle will rest 
upon the ends belonging to the dthei\ so that the re- 
maining sides of the two triangles wdll have their ends in 
common and must theref<‘ye coincide altogether, since 
otherwise two straight lines would meet in more points 
than one. The one triangle will then ext\ctly cover the 
other ; that is to say, they are equal in alj respects. 

In the same way we may see that if two triangles 
have two angles in the one equal to two angles in the 
other, they are of the same shape. For one of them 
can be magnified or diminished uiiti^ the side joining 
these two angles in it becomes of the same length as 
the side joining the two corresponding angles in the 
otliei’; and as no alteration is thereby made in the 
shape of the triangle, it will be enough for us to prove 
that the new triangle is of the same shape as tlie other 
given triangle. But if we now compare these two, v'e 
see that they have a pair of corresj)oiiding sides which 
have been made equal, and the angles at the ends of 
these sides equal also (for they were equal in the 
original triangles, and have not been altered by the 
change of size), so that we fall back on a case already 
considered, in which it was shown that the third angles 
are equal, and the triangles consequently of the same 
shape. ^ 

If we apply these propositions not merely to two 
different triangles but to the same triangle, we find* 
that if a triangle has two of its sides equal it wil^ have, 
the two angles opposite to them also equal ; and that, 
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conversely, if it has two angles equal it will have the two 
sides opposite to^them also equal •• for in each of these 
cases the triangle may he turned over and made to fit 
itself. ■ Such a triangle is Called isosceles* 

^ Th^ theorem about parallel lines which we deduced 
froiii our second assumption about space leads "very 
easily to a theorem of especial importance, viz. that 
the three angles of a triangle are together equal to "two 
right angles. 

If we draw through^ a, a corner of the triangle 
ABO (fig. 20);^ a line d a e, making with the side ao 


An 



Pig. 20. 


the same angle as bo makes with it, this line will, 
as we have proved, never meet b o, that is, it will be 
^iarallel to it. It will consequently make with a b the 
same angle as B c makes with it,^ so that the three 
apgles ABO, BAG, and boa are respectively equal to 
the angles e a b, b a o, and o a n, and these three make 
up two right angles. 

Another statement of this theorem is sometimes of 
use. 

If the sides of a triangle be produced, what are 
called the exterior angles of the triangle are formed. If, 
for example, the side b o of the triangle a b o (fig. 21) 
is produced beyond o to n, a c d is an exterior angle of 
the triangle, while of the interibr angles of the triangle 
^ 0 B is said to be adjacent^ and cab and a b c to be 

ojyposite to this exterior angle. It is clear that as 
® ^ 

^ * The coarentioE mentioned in the last footnote must be remembered. 
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each side of tlie triangle may be produced in two 
directions^ any triangle bas^six exterior^ angles. 



The other form intoSvhich our propositnm^Stwfe 
be thrown is that either of the exterior angles of a 
triangle is equal to the sum of the t\’w hiterio? arigles 
opposite to it. For, in the figure, the exterior angle 
A g D, together with a c b, makes two right angles, ai^i 
it must therefore be equal to the sum of the two angles 
"which also make up two right angle^ with a c b. 

§ 7. Properties of Circles; Itelated Circles and Triangles, 

^Ve may now apply this proposition to prove an im-^ 
portant i3ro23erty of the circle, viz. that if we take two 
fixed 23oints on the circumference of a circle and join 
them to a third point on the circle, the angle between 
the joining lines will de2)end only U230n the first two 
23oints and not at all u]3on the third. If, for examxjle, 
we join the ]_3oints a, b (fig. 22) to c we shall show that, 
wherever on the circumference o may be, the angle 
A c B is always one-half of a o b ; o being the centre of 
the circle. 

Let CO produced meet the circumference in d. 
Then since the triangle y a c is isosceles, the angles o a c 
and oca are equal, and so for a similar reason are the 
angles o b o and o c b. 

But we have j^ist shown thut the exterio:& angle 
AO D is equal to the sum of the angles o a c and oc^; 
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and since these are equal to one another it must be 
double eithei> of them, of oca. Similarly the 
angle b o n is double of o c b, and consequently a o B is 
double of A c B. ' ^ 

In«the case of the first figure (i) we have taten the 
sum of two angles each of which is double of another, 
and asserted that^the sum of the first pair is twice the 
svm of the second pair; in the ease of the seebnd 
figure (ii) we have ^ taken the^iifference of two angles 


<r 
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each of which is double of another, and asserted that 
the difference of the first pair is twice the difference of 
tlib second pair. 

Since therefore a o b is always half of a o b, wher- 
ever 0 -may be placed in the upper of the two segments 
into which the circle is divided by the straight line a b, 
we see that the magnitude of this angle depends only 
on the positions of a and b, and not on the position ot 
0. But now let us consider what will happen if c is in 
the lower segment of the circle. As before, the tri- 
angles o A 0 and o b c (fig. 23). are isosceles, and the 
angles boa and dob are respectively double of o o a 
a'ad o 0 B. Consequently, the whole angle a o b formed 
by making o a turn round o into the^position o b, so as 
to^pass through the position OD (in the way, that is, 
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in wliich the hands of a clock turn)^ this whole angle is 
double of A 0 B. ' 

By our previous reasoning the angle abb, formed 
by joining a and B to b, is on^-half of the angle a o b, 
which is made by turning o b towards o a as the b-ands 
of a clock move. The sunj. of these two angles, each 
of which we have denoted by a j b, is a complete re- 
volution about the point o ; in otheh words, is four 



rigbfc angles. Hence the sum of the angles abb, ac b., _ 
which are the halves of these, is two right angles. Or 
we may put the theorem otherwise, and say that the 
op2:)osite angles of a four-sided figure whose angles h'b 
on the circumference of a circle are together equal to 
two right angles. 

We appear therefore to have arrived at two dif- 
ferent statements according as the point c is in the 
one or the other of the segments into which the 
circle is divided by the straight line a b. But tliese 
statements are really the same, and it is easy to include 
them in one proposition.. If we produce a c in the last 
figure to E, the angles a c b and b c e are together equal 
to two right angles ; and consequently b c e is equal to- 
ABB. This angle b c e is the angle through which o b 
must be turned in the way the hands of a clock move. 
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SO that its direction may coincicTe with that of A o. But 
we may -describe in preciselj the same words the angle 
A c B in fig. 22, \v^here c was in the upper segment of the 
circle ; so that we may always put the theorem in these 
words : — If A and B are fixed poiiits on the circumfer- 
ence of a circle, and c any other point on it, the angle 
through which c b rifast be turned clockwise in order to 
coincide with aA or ag, whichever happens first, is 
equal to half the angle through which o b must be 
turned clockwise in order to coincide with o a. 

We shall now make use of this to prove another in- 
teresting proposition. If three points ‘d, e, e (fig. 24) 


A 



be taken on the sides ot a triangle a b c, n being on b o, 
E on 0 a, p on A b, then three circles can be drawn 
passing respectively through ape, bd p, o ed. These 
three circles can be shown to meet in the same point o. 
Foe let 0 in the first place stand for the intersection of 
the two circles ape and b f n, then the angles p a e 
and POE make up two right angles, and so do the 
angles n o p and n b p. But the three angles at o make 
rfour right angles, and the three angles of the triangle 
ABC make two right angles : and of these six angles 
tw^o pairs have been shown to inake up two right 
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angles each. Therefore the remaining pair, viz* the 
angles doe and d c make iip two right angles. It 
follows that the circle which goes thrSngh the ’points 
c E D will pass tl^’oi^h o, that is, the three circles all 
meet in this pok^t. 

There is no restriction imposed on the positions* of 
the points d, e, they may be tallbii either on the sides 



Fig. 25. 


of the triangle or on those sides x^^’odneed, and in pnr- 
tieular we may take them to lie on any fourth stramlit 
line D E F ; and the theorem may be stated thus : — if 
any four straight lines be taken (fig* 25), one of which 
meets the triangle a b c» formed by the other three in 
the points d, b, p, then the circles through the x)oi^ts 

^ If either of the points ' d. e, f, is taken on a side produced, the proof 
given above will not apply iliterallyi but the necessary changes itbe slight 
and obvious. 
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AFB, BDF, CED meet in a point. Bat there is no 
reason why shonH not take a f e as the triangle 
foj’mecL by three lines, and the fourth line d o b as the 
line which cuts the sides of this tria:ngle. The propo- 
sition is equally true in this case, and it follows that 
the circles through a B o, EtO d, fed will meet in one. 
point. This must be the same point as before, since 
.^wo of the circles of this set are the same as- two <5f the 
previous set ; consequently ^dl four circles meet in a 
point, and we can now state our proposition as follows : 

,Gi\;en fou"' straight lines, there can be formed from 
them four triangles by leaving out each in turn ; the 
-circles which circumscribe these four triangles meet in 
a point. 

This proposition is the third of a series. 

If we take any two straight lines they determine a 
point, viz. their point of intersection. 

If we take three straight lines we get three such 
points of intersection ; and these three determine a 
circle, viz. the circle circumscribing the triangle formed 
by the three lines. 

Four straight lines determine • four sets of three 
lines by leaving out each in turn ; and the four circles 
belonging to these sets of three meet in a point. 

In the same way five lines determine five sets of 
four, and each of these sets of four gives rise, by the 
proposition just proved, to a point. It has been shown 
by^Miquel, that these five points lie on the same circle. 

And this series of theorems has been shown ^ to be 
endless. Six straight lines determine six sets of five by 
leaving them out one by one. Each set of five has, by 

’ By Prof. Clifford himself in the Oxford, Cambridge, and Dublin 
^Messenger of Mathmatm^ vol. v. p. 124. Se;? his Maihematical Pampers, 
pp. 51-44. 
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^liquel’s tlieorem, a circle belonging to it. These six 
circles meet in the same point, ^and -so on for ever. Any 
even number (2/i) of straight lines deteiinines a pbint 
as the intersection of "^e same" number of circles. It* 
we take one line aaore, this odd number (2?2. + l) deter-* 
mines as many sets of "hi lines, and to each of these 
sets belongs a point; these 2/i + l p<fints lie on a circle. 

§ S. The Go/fic Sections.^ 

» 

The shadow of a circle cast on a flat gnrface by a 
luminous point niayhave three different shapes. These 
are three curves of great historic interest, and of the 
utmost importance in geometry and its applications. 
The lines we have so far treated, viz. the straight line 
and circle, are special cases of these cuin^s ; and we may 
naturally at this point investigate a few of the properties 
of the more general forms. 

If circular disc be held in any position so that it 
is altogether below the flame of a candle, and its shadow 
be allowed to fall on the table, this shadow will be of 
an oval form, except in two extreme cases, in one of 
■which it also is a circle, and in the other is a straight 
line. The former of these cases happens when the disc 
is held parallel to the table, and the latter when the 
disc is held edgewise to the candle ; or, in other words, 
is so placed that the plane in which it lies passes 
through the hiininous point. The oval form wdiicb, 
with these t^vo exceptions, the shadow presents is called 
an ellipse (i). The ]3aths jjursued by the planets ro'und 
the sun are of this form. 

If the circular disc be now held so thaf its highest 
point is just on a level with the flama of the candle;^ the 
shadow will as before be oval at the end near the candle; 

G 
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but instead of closing up into another oval end as we 
move away from the candle^ the two sides of it will con- 
tinue to open out without any limit, tending however 
to become more and more paralleL This form of the 
"shadow is called B^^parabola (ii). It is very nearly the 
orbit of many comets, and is also nearly represented by 
the path of a stone^thrown up obliquely. If there were 
no atmosphere to retard the motion of the stone it 
would exactly describe a parabola. 





,If we now hold the circular disc higher up still, so 
that a horizontal plane at the level of the candle flame 
divides it into two parts, only one of these parts will 
cast any shadow at all, and that will be a curve such 
as is shown in the figure, the two sides of which 
diverge in quite different directions, and do not, as in 
the case of the parabola, tend to become parallel (iii). 

But although for physical purposes this curve is the 
whole of the shadow, yet for geometrical purposes it is 
not the whole. may suppose that instead of being 
a shadow our curve was formed Hy joining the luminous 
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point hj straight lines lo points round the edge of the 
disCj and producing these straight lines until they meet 
the table. ^ * 

♦ 

This geometrical ^ode of construction will equally, 
apply to the part^of the circle which is above the caudlS 
fiaine, although that does not cast any shadow. ^ If w*e 
join these points of the circle to tile candle flame, and 
prolong the. joining lines beyond it, thej^ will meet the^ 
table on the other side of tl^e candle, and will trace out 
a curve there which is exactly similar and equal to the 
phj’sical shadow (iv). We may call this tli% anii-sJutdiQ'w 
or geonidrical shltdoiv of the circle. It is found that for 
geometrical purposes these two branches must be con- 
sidered as forming only one curve, which is called an 
hyperhola. There are two straight lines to which the 
curve gets nearer and nearer the further away it goes 
from their point of intersection, hut which it never 
actually meets. For this reason they are called asy injj- 
totesyrnii'om a Greek word meaning ^not falling to- 
gether.^ These lines are ];)arallel to the two straight 
lines which join the candle fiaiue to the two points of 
the circle which are level with it. 

We saw some time ago that a surface was formed 
by the motion of a line. Now if a right line in. its 
motion always passes through one fixed point, the surface 
wdiich it teices out is called a co/ie, and the fixed point 
is calfed its verte:c. And thus the three curves which we 
have just described are called conic sections^ for th^ 
may be made by cutting a cone by a plane. In fact, it 
is in this way that the shijdow of the circle is formed ; 
for if we consider the straight lines which join the 
candle flame to all parts of the edge of the circle we see 
that they form a cone whose vertex* is the candle ijame 
and whose base is the circle. 
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We must suppose these lines not to end at the flame 
biit to he prolonged ’through it, and we shall so get 
whair would commonly be called two cones with their 
^points together, but what in g^gometry is called one 
co'ivl^cal surface having two sheets, Tliss section of this 
conical surface by the horizontal plane of the table is 
the shadow of the circle 5 the sheet in which the circle 
^lies gives us the ordinary physical shadow? the * other 
sheet (if the plane of section meets it) gives what we 
have called the geometjpical shadow. 

. The consi-ideration of the shadows of curves is a 
method much used for finding out their properties, for 
there are certain geometrical properties which are 
always common to a figure and its shadow. For ex- 
ample, if we draw on a sheet of glass two curves which 
cut one another^ then the shadows of the two curves 
cast through the sheet of glass on the table will also cut 
one another. The shadow of a straight line is always 
a straight line, for all the rays of light from the flame 
through various points of a straight line lie in a plane, 
and this plane meets the plane surface of the table in a 
'^straight line which is the shadow. Consequently if 
any curve is cut by a straight line in a certain number 
of points, the shadow of the curve will be cut by the 
shadow of the straight line in the same number of points. 
Since a circle is cut by a straight line in two points or 
in none at all, it follows that any shadow of a “circle 
mhst be cut by a straight line in two points or in none 
at all. 

When a straight line touches a circle the two points ' 
of intersection coalesce into one point. We see then 
" that this must also be the case with any shadow of the 
. circle^. Again, from»a point outside the circle it is pos- 
sible to draw two lines which toucli the circle j so from 
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a point outside either of^ the three curves which we have 
just described, it is possible to diuw two lines to tondh 
the curve. From a point inside the circle no tangent 
can be drawn to i^ ajtd accordingly no tangent can be^ 
drawn to any coliic section from a point inside it. ^ 
This method of deriving^ the properties of one curve 
from those of another of which It is the shadow, is 
called the method of irrojedion. ^ 

The particular case of ^ it which is of the greatest 
use is that in which we suppc^se the luminous point 
by which the shadow is cast to be ever^^o far-away. 
Suppose, for example, that the shadow of .a circle held 
obliquely is cast on the table by a star situated directly 
overhead, and at an indefinitely great distance. The 
lines joining the star to all the points of the circle will 
then be vertical lines, and they will *Ao longer form a 
cone but a cylinder. One of the chief advantages of 
this kind of projection is that the shadows of two 
parallel lines will remain parallel, which is not generally 
the case in the other kind of ]3i'oj^ctioii. The shadow* 
of the circle which we obtain novr is always an ellipse ; 
and we are able to find out in this way some very-* 
important properties of the curve, the corresponding 
properties of the circle being for the most part evident 
at a glance on account of the symmetry of the figure. 

For instance, let us suppose that the circle whose 
shadow we are examining is vertical, and let us take a 
vertical diameter of it, so that the tangents at its eiAls 
are horizontal. It will be clear from the symmetry of 
the figure that all horizontal lines in it are divided iiito 
two equal parts by the vertical diameter, or we may say 
that the diameter of the circle bisects all chords parallel - 
to the tangents at its extremities.* When the shadow ^ 
of this figure is cast by an infinitely distant star (vvhich 
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we mxist not now suppose to be directly oTerliead, for 
then the shadow would be merely a straight line)^ the 
point of bisection of the shadow of any straight line 
ns the shadow of the middle point o&that line, and thus 
weT>learn that it is true of the elli]5se that any line 
which joins the points of contact of parallel tangents, 
bisects all chords p^trallel to those tangents. Such a 
line is, as in the case of the circle, termed*- a didmeter. 
Since the shadow of a diameter of the circle is a dia- 
meter of the ellipse, it follows that all diameters of the 
ellipse, pass ^Ib'ough one and the same point, namely, 
the shadow of the centre of the circle ; this common 
intersection of diameters is termed the centre also of the 
ellipse. 

Again, a horizontal diameter in the circle just con- 
sidered will bisect all vertical chords, and thus we 
see that if one diameter bisects all chords parallel to a 
second, the second will bisect all chords parallel to the 
first. 

The method of projection tells ns that this is also 
true of the ellipse. Such diameters are called conjugate 
-'diameters, but they are no longer at right angles in the 
ellipse as they were in the case of the circle. 

Since the shadow of a circle which is cast in this 
way by^ an infinitely distant point is always an ellipse, 
we cannot use the same method in order to obtain the 
properties of the hyperbola. But it is found by other 
methods that these same statements are true of the 
hyperbola which we have jnst seen to be true of the 
ellipse. There is however iiis great difference be- 
tween the two curves. The centre of the ellipse is 
inside it, but the centre of the hyperbola is outside it. 
.Also ^11 lines drawn? through thejcentre of the ellipse 
:^eet the curve in two points, but it is only certain 
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lines throngiL tlie centre^ of the hyperbola which meet 
the curve at all. Of any two conjugate diameters of 
the hyperbola one meets the curve and 1>he other •does 
not. But it still remains true that each of them bisects 
all chords parallel .to the other. 


§ 9. On Surfaces of the Second\Order. 

We began with the coTjjsideration of the simplest 
kind of line and the simplest ^ kind * of surface, the 
straight line and the plane ; and we have^since found 
out some of the properties of four diiferoiit curved lines 
— the circle, the ellipse, the parabola, and the hyperbola. 
Let us now consider some cuiwed surfaces; and first, 
the surface analogous to the circle. This surface is the 
sphere. It is defined, as a circle is,^y the property 
that all its points are at the same distance from the 
centre. 

Perhaps the most important question to be asked 
about a surface is, What are the shapes of the curved ’ 
lines in which it is met by other surfaces, especially 
in the case when these other surfaces are planes ? ^jS'ow a ■ 
plane which cuts a sphere cuts it, as can easily be shown, 
in a circle. This circle, as we move the plane further and 
further away from the centre of the sphere, will get 
smaller and smaller, and will finally contract into a 
j)oint.* In this case the plane is said to touch the 
sphere; and we notice a very obvious but importaJit 
fact, that the sphere then lies entirely on one side of 
the plane. If the plane^be moved still further away 
from the centre it will not meet the spiiej’e at all. 

Again, if we take a point outside the sphere we can 
draw a number of planes to pass tlmcwgh it and touch the 
sphere, and all the points in which they touch it lie on 
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a circle. Also a cone can drawn whose vertex is 
tie point, and which' touches the sphere all round the 
circle in whi(^;i these planes touch it. This is called 
the tangent-cone of the point. life clear that from a 
point inside the sphere no tangent-cone can be drawn. 

•' Similar properties belong also to certain other sur- 
faces which resemhde the sphere in the fact that they 
are met by a straight line in two points at ^most 5 such 
surfaces are on this account called of the second order. 

T 

Just as we may suppose an ellipse to be got from 
a circle by ;gplling it out in one direction, so we may 
get a ^siplieroiciriTom a sphere either by pulling it out so 
as to make a thing like an egg, or by squeezing it so 
as to make a thing like an orange. Each of these 
forms is symmetrical about one diameter, but not about 
all. A figure like an orange, for example, or like the 
earth, has a diameter through its poles less than any 
diameter in the plane of its equator, but all diameters in 
its equator are equal. Again, a spheroid like aiv egg 
has all the diameters through its equator equal to one 
another, but the diameter through its poles is longer 
.than any other diameter. 

If we now take an orange or an egg and make its 
equator into an ellipse instead of a circle, say by pull- 
ing out the equator of the orange or squeezing the 
equator of the egg, so that the surface has now three 
diameters at right angles all unequal to one another, 
we obtain what is called an ellipsoid. This surface 
plays the same part in the geometry of surfaces that the 
ellipse does in the geometry of curves. Just as every 
plane which cuts a sphere cuts it in a circle, so every 
plane which cuts an ellipsoid cuts it in an ellipse. It 
is indeed possible tg^ cut an ellipsoid by a plane so that 
the section shall be a circle, but this must be regarded 
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as a p'articiilar kind of ellipse, ‘viz. an ellipse ^vitii 
two equal axes. Again, just ^ as -was tlie case with the 
sphere, we can draw a set of planes thipugh an exter- 
nal point all of which touch the ellipsoid. Their poinis 
of contact lie oxi a certain ellip^se, and a cone oan^W 
dra^\Ti which has the external point for its vertex ai^<l 
'touches tlie ellipsoid all round this,| ellipse. The ellip- 
soid resembles a sphere in this respect \l 30 , that when 



it is touched by a plane it lies wholly on one side of 
that plane. 

There are also surfaces which bear to the hyperbola 
and the parabola relations somewhat similar to those 
borne to the circle by the^ sphere, and to the ellipse by 
the ellipsoid. We will how consider one of them, a 
surface with many singular properties. 

Let A B c D be a fic^ure of cartV-board liavini? four 
equal sides, and let it be half cut through all along b 
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SO that the triangles a b n, c b can turn about the line 
B n. Then let holes be' made along the four sides of ifc at 
equaMistances^^and let these holes be joined by threads 
ot' silk parallel to the sides. If now^ the figure be bent 
■a^Qjit the line b d and the silks are pulled tight it will 
present an appearance like^that in fig. 27, resembling 
a saddle, or the top (»f a mountain pass. 

This surface is composed entirely of straight lines, 
and there are two sets of these straight lines ; one set 
which was originally parallel to A B, and the other set 
which was o^ginally parallel to ad. 

A section 01’ the figure through a o and the middle 
point of B D will be a parabola with its concave side 
turned upwards. 

A section through b d and the middle point of a o 
will be another parabola with its concave side turned 
downwards, the common vertex of these parabolas 
being the summit of the pass. 

The tangent plane at this point will cut the su;rface 
In two straight lines, while part of the surface will be 
above the tangent plane and part below it. We may 
^regard this tangent plane as a horizontal plane at the 
top of a mountain pass. If we travel over the pass, we 
come up on one side to the level of the plane and then 
go down on the other. But if we go down from a 
mountain on the right and go up the mountain on the 
left, we shall always be above the hoiizontal plane. A 
section by a horizontal plane a little above this tangent 
plane will be a hyperbola whose asymptotes will be 
parallel to the straight lines in which the tangent plane 
meets the surface. A section by a horizontal plane a 
little below will also be a hyperbola with its asymptotes . 
paraM to these lines, but it will be situated in the 
other pair of angles formed by these asymptotes. If 
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•we suppose the cutting plane to move downwards from 
a position above the tangenh plane (remaining always 
horizontal), then we shall see the two iTanches of the 
first hyperbola app^'O^^ch one another and get sharper^ 
and sharper unt>l;they meet and become simply t^ 
crossing" straig^ht lines. These lines will then havb. 
their corners rounded off and wilM be divided in the 
other 'direction and open out into the * second hyper- 
bola. 

This leads us to suppose that a pair of intersecting 
straight lines is only a particular case of hyperbok, 
and that we m*ay consider the hyperbola as derived 
from the two crossing straight lines by dividing them 
at their point of intersection and rounding off the 
comers. 


§ 10. How to form Curves of the Third and Higher Orders. 

The method of the preceding paragraph may be ex- 
tended so as to discover the forms of new curves by 
putting known curves together. By a mode of expres- 
sion which sounds paradoxical, yet is found convenient, 
a straight line is called a curve of the first order, because 
it can be met by another straight line in only .one 
point ; but two straight lines taken together are called 
a curve of the second order, because they can he met 
by a Straight line in two points. The circle, and its 
shadows, the ellipse, parabola, and hyperbola, are al^ 
called curves of the second order, because they can he 
met by a straight line in^two points, but not in more 
than two points ^ and we see that by this process of 
rounding off the corners and the method of projection 
we can derive all these curves of th« second order Jrom 
a pair of straight lines. 



92 THE COMMOiT SEIJ^SE OP THE EXACT SCIENCES/ 

A similar process enables us to draw curves of the 
third order. An ellipse and a straight line taken to- 
gether form a‘ curve of the third -order. If now we 
round off the corners at both the -points where they 
n2:^et we obtain (fig. 28) a curve consisting of an oval 
hnd a sinuous portion called a ^ snake.^ Now just as 
when we move a plane which cuts a sphere away from 
the centre, the curve of intersection shrinks up into a 
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(i.) Pull loop and snake. (iii,) The loop has shrunk to a point. 

Cii.) ShiTink loop and snake. (iv.) Snake only. 

point and then disappears, so we can vary our curve of 
the-third order so as to make the oval which belongs to 
it shrink up into a point, and then disappear altogether, 
leaving only the sinuous part, but no variation will get 
rid of the ^ snake.’ 

We may, if we like, only round off the corners at 
one of the intersections of the straight line and the 
ellipse, and we then have curve of the third order 
crossing itself, having a hnot or double ^oint (fig. 29) ; 
and we can farther suppose this loop to shrink uj), and 
the curve will then be found to have a sharp point or 
xusp. 
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It was shown by Newton that all curves of the third 
order might be derived as shadows from the five forms 


4 



which we have just mentioned, viz. the oval and snake, 
the 5ipint and snake, the snake alone, the form -with a 
knot, and the form with a cusp. 

In the same way curves of the fourth order may be 
got by combining together two ellipses. If we suppose 
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them to cross each other in four points we may round 
off all the corners at once and so (obtain two different 
forms, either four ovals all outside one another or an^ 
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oval with four dints in it, and another oval inside it 

(fig. 30). - . 

But the n-^imher of forms of curves of the fourth 
"order is so great that it has nev^;r-yet been completely 
-^talogued; and curves of higher .0!l:ders are of still 
-more varied shapes. 
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CHAPTER 

QUAiv'TITY. 

§ 1. The Measurement ^ Quantiiies, 

We considered at the beginning of the .^st el^pterj 
on ISTiimber, the process of counting things which ai'e 
separate from one anothei^ such as letters or men or 
sheep, and we found it to be a fundamental property of 
this counting that the result was not affected by the 
order in which the things to be counted were taken ; 
that one of the things, that is, was as good as another 
at any stage of the process. 

We may also count things which are not separate 
but all in one piece. For example, we may say that a 
room is sixteen feet broad. And in order to count the 
number of feet in the breadth of this room we should 
probably take a foot rule and measure off first a foot 
close to the wall, then another beginning where that 
ended, and so on until we reached the opposite walk 
Now when these feet are thus marked off* they may, 
just like any other separate tilings, be counted in 
whatever order we please, and the number of theni 
will always be sixteen. 

But this is not all tjie variety in the process of 
counting which is possible. For suppose that we take 
a stick whose length is equal to the breadth of the 
room. Then we ma;^ cut out a ioab of it wherever we 
please, and join the^ ends together. And if we theiv 
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cut out another foot from any part of the remainder 
a*tid join the ends, and* repeat the process fifteen times, 
we shall find -yiat there will always be a foot length 
Jeft when the last two ends are>^ofced together. So, 
we are counting things that ar^ all in one piece, 
^Kke the length of the stic]i;^or the breadth of the room, 
not only is the order in which we count the feet im- 
^ material, but also the position of the actual feet “Which 
we count. ^ 

Again, if we^say th^at a packet contains a pound, or 
sixteen ounj^s, of tea, we mean that if we take any 
ounce of it* out, then any other ounce out of what is 
left, and so on until we have taken away fifteen ounces, 
there will always be an ounce left. 

If I say that I have been writing for fifteen minutes 
it will of coui’se have been impossible actually to count 
these minutes except in the order in which they really 
followed one another, but it will still be true that, if 
any separate fourteen minutes had been market off 
during that interval of time, the remainder of it, made 
up of the interstices between these minutee, would 
amount on the whole to one minute. 

In all these cases we have been counting things that 
hang together in one piece ; and we find that we may 
choose at “will not only the order of counting but even 
the things that we count without altering the result. 
This process is called the measurement of quantities. 

" But now suppose that when we measure the breadth 
of a room we find it to be not sixteen feet exactly, but 
sixteen feet and something over. It may be sixteen 
feet and five inches. And if so, in order to measnre 
the something over, we merely repeat the same pro- 
cess as before ; only that instead of counting feet we 
pount inches, which are smaller than feet. If the 
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breadth is found not to be an exact number of inehes, 
but that something is left beside *the fire inches^ we' 
might measure that in eighths of an ^nch. Tliere 
might, for example, i]je^three eighths of an inch over. 
But there is no seoaritj that the process will end here 
for the breadth of the room may not contuiu an exact 
number of eighths of an inch. Stjll it may be said 
that nobody wants to know the breadth o?a room more 
exactly than to within an eighth of an inch. 

Again, when we measure a quantity of tea it may be 
nearly, but not exactly, sixteen ounces ; tli^re may be 
something over. This remainder we shall fnen measure 
ill grains. And here, as before, we are repeating the 
same process by which we count things which are all in 
one piece; only we count grains, which are smaller 
things than ounces. There may still wt be an exact 
number of grains in the packet of tea, but then nobody 
wants to know the 'sveight of a packet of tea so nearly 
as to % grain. 

And it is the same with time. A geological period 
may, if we are very accurate, be specified in hundreds 
of centuries ; the length of a war in years ; the time of 
departure of a train to within a minute ; the moment 
of an eclipse to a second : our care being, in each case, 
merely to secure that the measurement is accurate 
enough for the purpose we have in hand. 

To up. There is in common use a rough or 
approximate way of describing quantities, which con-?' 
sists in saying how many times the quantity to he 
described contains a certain standard quantity, and ill 
neglecting whatever remain. The smaller the 

standard quantity is the more accurate is the process, 
but it is in general no better tban aigi approximation. 

If then we want describe a quantity accnra1;e]y 

H 
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and not by a mere approxin/ation, what are we to do ? 
-There is no way of doii^ this in Avords ; the only pos- 
sibie method is to carry about either the quantity itself 
' or some other quantity which serve to represent 

For instance, to represent ther exact length and 
- breadth of a room we ma;|’ draw it upon a scale of, say, 
one inch to a foot^nd carry this drawing about. 

Here we ^re representing a length by means of 
another length; but it is not necessary to represent 
Aveights by me'ans of Aveights, or times by means of 
times ; thej are both in practice represented by lengths. 
Whe*^n a cjief^ist, wishing to weigh with great delicacy, 
has gone as near as he can Avith the drachms which he 
puts into his scales, he hangs a little rider upon the 
beam of the scale, and the distance of this rider from 
the middle ind^.cates how much weight there is over. 
And, if we suppose the balance to be perfectly true, 
and that no friction or other source of error has to be 
taken into account, it indicates this weight wiiih real 
accuracy. 

Here then is a case in which a weight is indicated 
by a length, namely, the distance from the centre of the 
scale to the rider. Again, we habitually represent, time 
by means of a clock, and in this case the minute hand 
moves by a succession of small jerks, possibly twice a 
second. Such a clock will only reckon time in half 
seconds, and can tell us nothing about smaller iilteiwals 
^haii this. But we may easily conceive of a clock in 
which the motion of the minute hand is steady, and not 
inade by jerks. In this case the interval of time since 
the end of the last hour will be accurately represented 
by the length round the outer circle of the clock 
measured from the top of it to the point of the minute 
han<i. And we notice that h!^re also the quantity 
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^vbieli is moasureJ in tins way by a length is probably 
not the whole quantity which was t'o be estimated, but 
<.iily that which reinuiiis over after the grt^iter part has 
brron counted by refev^'oe to some standard quantity. 

We may thus escribe weight and time, and indeed 
quantities of any kind whatever’, by means of the lengths 
i>t‘ lines; and in what follows, therc-‘iore, we shall only 
S2>eak of* quantities of length as completely representi rig 
measurable things of any sort. 

§ 2. The Adilliiort ami SiOAraciton of Qt:ayditi';i?. 

For the addition of two Limgths it is plainly s a [Helen t 
to place them end to end in the same line. And we 
must notice that, as was the case with counting, so now, 
the possible variety in the inode of addhfg is far greater 
in the case of two quantities than in the case of two 
numbers. For either of the lengths, the aggregate 
of wli^h we wish to measure, may be cut u}) into any 
number of parts, and tljese may bo inserted at any 
points we please of the other length, without any change 
in the result of our addition. 

Or the same may be seen, perhaps more clearly, by 
reference to the idea of '■ steps.’ Suippose we have a 
straight line with a mark upon it agived on as a start- 
ing-p'jirit, and a series of murks ranged at equal distances 
along tliC line and numbered 1, 2, o, 4, . . . Then any 
particular number is shown by making an index point t(7 
the right place on the line. And to add or subtract 
any other number from this, we have only to make the 
index move forwards or backwards over the correspond- 
ing number of divisions. But in the case of lengths we 
are not restricted to the places which are marked oii^the 
scale. Any length is shown by carrying the index to a 
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place whose distance from the starting-point is the 
length in question (of which places there may be 
as 'many as please between any two points which 
correspond to consecutive numbats)!; and another length 
is added or subtracted by making^ the index take a 
^ step ’ forwards or backw-ards of the necessary amount. 

It is seen at once that, for quantities in general as 
well as for numbers, a succession of given steps may 
be made in any order we please and the result will 
always be the same. 

§ 8. The Multiplication ancl Division of Quantities, 

We have already considered cases in which a quan- 
tity is multiplied I that is to say, in which a certain 
number of equal quantities are added together, a process 
called the multiplication of one of them by that number. 
Thus the length sixteen feet is the result of multiplying 
one foot by sixteen. o 

We may now ask the inverse question : Griven two 
lengths, what number must be used to multiply one of 
them in order to produce the other ? And it has been 
implied in what we have said about the measurement of 
quantities that it is only in special cases that we can find 
a number which will be the answer to this question. If 
we ask, for example, by what number a foot must be 
multiplied in order to produce fifteen inches, the word 
‘number’ requires to have its meaning altered and ex- 
tended before we can give an answer. We know that 
an inch must be multiplied by fifteen in order to become 
fifteen inches. We may therefore first ask by what 
a foot must be multiplied in order to produce an inch. 
And the question -seems at first absurd ; because an 
^inch must be multiplied by twelve in order to give a 
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foot, and a foot has to be^ not miiitix3lied at all, but 
divided by twelve, in order to become an inch. 

In order then to turn a foot into fiftw^n inchest we , 
must go through tliAfcHowing process ; ’wemiist divide 
it into twelve equal- parts and take fifteen of them : or, 
shortly, divide by twelve and multiply by fifteen.. Or* 
we may produce the same result 4>y j^erforining the 
steps of our .process in the other order : we may first 
multiply by fifteen, so that \^^e get fifteen feet, and then 
divide this lengthiiito twelve equy.1 parts, each of which 
will be fifteen inches. « ^ 

Now if instead of inventing a new naiAe for this 
compound operation we choose to call it by the old name 
of multiplication, we shall be able to speak of multiply- 
ing a foot so as to get fifteen inches. The operation of 
multiplying by fifteen and dividing by tivelve is written 
thus: -J-'}; and so, to change a foot into fifteen inches, 
we multiply by the fraction -j-4. Of this fraction the 
uppei^number (15) is termed the numerator, the lower 
(12) the denominator, 

ZSiow it was explained in the first chapter, that 
the forinulse of arithmetic and algebra are capable of a 
double intorpretation. For instance, such a symbol 
as 3 meant, in the first place, a miiuber of letters- or 
men, or any other things ; but afterwards was regarded 
as meaning an operation, namely, that of trebling any- 
thing. And so now the symbol -J-J may betaken either 
as meaning so mucli ’ of a foot, or as meaning the 
operation by which a foot is changed into fifteen inches. 

The degree inwdiich oiie quantity is greater or less 
than another; or, to put it nioi’e precisely, that amount 
of stretching or squeezing which must be applied to the 
latter in order to produce the former, is called the -iafio 
ot the two quantities. If a and I are any two lengths,* 
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tlie ratio of a to & is tlie operation of stretching- or 
soueezing which will m&e h into a; and this opex-ation 
,can*be alwa}’i 3 approximately, and sometimes exactly, 
represented by means of numbe/s/ 

« 

’ § 4. The Arj^hmetical Expression of Ratios. 

I* .... 

For the approximate expression of ' ratios thei-e 

are two methods in use^ In each, as in measuring 
quantities in general* we proceed by using standards 
whicj^ are iaken smaller and smaller as we go on. In 
the first, these standards are chosen according to a fixed 
law ; in the second, our choice is suggested by the pai'- 
ticular ratio which we are engaged in measuring. 

The first method consists in using a series of stan- 
dards each of -Jt^hich is a tenth part of the preceding. 
Thus to express the ratio of fifteen inches to a foot, we 
proceed thus. The fifteen inches contain a foot once, 
and there is a piece of length three inches, or a^quar- 
ter of a foot, left over. This quarter of a foot is then 
measured in tenths of a foot, and we find that it is 
2-tenths, with a piece — which proves to be half a tenth 
— over. So, if we chose to neglect this half-tenth we 
should call the ratio 12-tenths, or as we write it 
1*2. But if we do not neglect the half -tenth, it has to 
be measured in hundredths of a foot ; of which it makes 
5 exactly. So that the result is 125 hundredths, or 
i*25, accurately. 

. Again we will try to express in this way the length 
of the diagonal of a square in. terms of a side. We find 
at once that the diagonal contains the side once, with a 
piece over ; so that the ratio in question is 1 together 
with some fraction. If we now ijieasure this remaining 
-piece in tenth parts of a side we shall find that it contains 
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4 of them, witli something left. Thus the ratio of the 
diagonal to the side may be approlimately expressed by^ 
14- tenths, or 1 *4. If we now measure the^piece left ^D’ver 
in hundredth parts (3t‘ the side we shall hnd that it con- 
tains one and a bif. < Thus 141-hundredths, or 1*41 is a 
more accurate description of the ratio. And this bit caii’ 
be shown to contain 4-thousandthsiiof the side, and a 
bit over ; so- that we arrive at a still more accurate 
value, 1414-thousandths, or^ 1*414. And this process 
might be carried on to any degree of accuracy that was 
required; but in the present case, unlikq that con- 
sidered before, it would never end ; for the :?atio of the 
diagonal of a square to its side is one which cannot be 
accurately expressed by means of numbers. 

The other method of approximation differs from the 
one just explained in this respect — thaHhe successively 
smaller and smaller standard quantities in terms of 
which we measure the successive remainders are not 
fixed^ quantities, an inch, a tenth of an inch, a 
hundredth of an inch, and so on; but are suggested 
to us in the course of the approximation itself. 

We begin, as we did before, by finding how many 
times the lesser quantity is contained in the greatei', 
say, the side of a square in its diagonal. The answer 
in this case is, once and a piece over. Let the piece 
left over be called a. We then go on to try how many 
times this remainder, a, is contained in the side of the 
square. It is contained twice, and there is a remaindel*, 
say h. We then find how many times h is contained in 
a. Again twice, with a ^piece over, say c. And this 
process is repeated as often as we please, or until no 
remainder is left. ' It will, in the present case, be found 
that each remainder is contained twice, with something 
over, in the previous ^remainder. 
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Let ns now inquire Low this process enables ns to 
•find successive appfroxicnations to the ratio of the 
dia-gonal to the side of the square. ^ 

Suppose, first, that the piece (i jf-ad been exactly half 
the length of the side ; that is, thatxe may neglect the 
'remainder h. Then the diagonal would be equal to the 
side together with^alf the side, that is, to three-halves 
of the side. * 

Next let us include h in our approximation, but 
neglect c ; tha^ is, let us ^suppose that b is exactly one 
half of a. JThen the side contains a twice, and half of 
a] that is to ^y, contains five-halves oi a ; or a is two- 
fifths of the side. But the diagonal contains the side 
together with a, that is, contains the side and two-fifths 
of the side, or seven-fifths of the side. The piece 
neglected is he«e less than 6, and h is one-fifth of the 
side of the square. 

Again, let us include c in our approximation, and 
suppose it to be exactly one half of &. Then a, which 
contains h twice with c over, will be five-halves of &, 
that is h will be two-fiftbs of a. Hence the side will 
contain twice a and two-fifths of a, that is, twelve-fifths 
of a ; so that a is five-twelfths of the side. And the 
diagonal is equal to the side together with a ; that is, 
to seventeen-twelfths of the side. Also this approxi- 
mation is closer than the preceding, for the piece 
neglected is now less than c, which is one-half of h, 
^■^ich is two-fifths of a, which is five-twelfths of the 
side ; so that it is less than one-twelfth of the side. 

* By continuing this process we may find an approxi- 
mation of any required degree of accuracy. 

The first method of approximation is called the 
method of decimals i the second, that of continued frac- 
Hons. 
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§ 5. The Fo^irth Proportional, 

<9 

One of tlie chie'J differences between quantities and 
numbers is that; while the division of one number by 
another is only possible when the first number haj^pen^ 
to be a multiple of the other, in th^ case of quantities 
it appears, jand we are indeed accustomed to assume, , 
that any quantity may be divided by any number we 
like; that is to say, any length — quantities of all kinds 
being represented by lengths — may be divided into any 
given number o'f equal parts. And, if division is always 
possible, that compound operation made up of multi- 
plication and division which we have called ^ multiply- 
ing by a fraction ’ must also be always possible ; for 
example, we can find five-twelfths net only of a foot 
but of any other length that we like. 

The question now naturally arises' whether that 
geiic^’al operation of stretching or squeezing which we 
have called a ratio can be applied to all quantities alike. ’ 
If we have three lengths, a, h, c, there is a certain 
operation of stretching or squeezing which will convert 
a into &. Can the same operation be performed upon c 
with the result of producing a fourth quantity d, such 
that the ratio of c to d shall be the same as the ratio of 
a to h 9 We assume that this quantitj— the fourth 
proportional, as it is called — does always exist ; and 
this assumption, as it really lies at the base of £?11 
subsequent mathematics, is of so great importance as 
to deserve further study. 

We shall find that it is really included in the second 
of the two assumptions that we made in the chapter 
about space ; namely, that figures of the same shape 
may be constructed of different sizes. We found, in 
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considering tMs point, that it was sufficient to take the 
c^se o£ triangles of ditPemnt sizes of which the angles 
were' •equal ; ai;jd showed that one iiriangle might be 
made into another of the same'’s]tape by the equal 
magnifying of all its three sides ; thal; is io say, when 
two triangles have the samf^ angles, the three ratios of 
either side of one torthe corresponding side of the other 
are equal. If Ihis is true, it is clear that the problem of 
finding the fourth proportional is reduced to that of draw- 
ing two trianglesbf the same shape. Thus, for example, 
let^ A B and 4 c represent the first two given quantities, 
and A D th€^ third (fig. 31) ; and let it "be required to 
find that quantity which is got from a d by the same 



operation of stretching as is required to turn a b into 
A 0. Suppose that we join b n, and draw the line 0 E 
making the angle ace equal to the angle abb. The two 
triangles ABDand ace are now of the same shape, and 
consequently ace can be got from ab d by the equal 
stretching of all its sides ; that is to say, the stretching 
which makes a b into a c is the same as the stretching 
which makes a d into ae. a e is therefore the fourth pro- 
portional required. 

To render these matters qlearer, it is well that we 
should get a more exact notion of what we mean by the 
fourth proportional. We have so far only described it 
as soijiething v;hich is got from A r> by the same process 
which makes A b into a c. In what way are we to tell 
whether the process is the sTame? We might, if. we 
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liked, give a geometrical definition of it, founded upon 
the construction just explain^ ;* *and say that the ratio 
of A D to A E shall be called equal ’ to the ratio o&A b to 
A c, when triangle^of the same shape can have for thei]^ 
respective sides ihe lengths a b, a n, a c, and a e. But it 
is better, if we can do it, to %:eep the science of quantity - 
distinct from the science of spac-i, and to find some 
definition of the fourth proportional which depends^ 
upon quantity alone. Suc^^ a definition has been found, 
and it is very important to notijpe the nature of it. Bor 
we shall find that similar definitions have-»to be ^iven of 
other quantities whose existence is assumed by what is 
called the yyrinci'ple of continuity. This principle is 
simply the assumption, which we have stated already, 
that all quantities can be divided into any given number 
of equal parts. 

If we apply two different operations of stretching 
to the same quantity, that which produces the greater 
result is naturally looked upon as an operation which 
under like circumstances will always produce a greater 
effect. Now we will make our definition of the fourth 
proportional depend upon the very natural assumption ' 
that, if two processes of stretching are applied to two 
different quantities, that process which produces the 
greater result in the one case will also produce the 
greater result in the other. 

Suppose now that we have tried to approximate to 
the ratio which ao bears to ab, and that we have 
found that A o is between seventeen-twelfths and 
eighteen- twelfths of ai^ then we have two processes 
of stretching which can be applied to A b, the process 
denoted by ^ (that is, multiplying by 1 7 and dividing' 
by 12), and the process which makes ao of it^ The* 
result of the formen process is, by hypothesis, less than 
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the result of the latter, because a o is more than seven- 
teen-twelfths of AB. L*et us now apply these two 
pj.-oce^es to ab^ The former will produce seventeen- 
twelfths of A D, the latter will prodfice the fourth pro- 
portional required. Consequently this fourth propor- 
tional must be greater than® seventeen-twelfths of ad. 

But we kno^v further that a c is less than eighteen- 
ttwelfths of AB. Then the operation which mak*es ab 
into A 0 gives a less result tjiian the operation of multi- 
] 3 lying by 18 and dividiip-g by 12. Let us now perform 
both u^on A B. Tt will follow that the fourth propor- 
tional requifed^is less than eighteen-twelfths of a d. 
The same thing will be true of any fractions we like to 
take, and we may state our result in this general 
form : — 

According as 1 c is greater or is less than any speci- 
fied fraction of a b, so will the fourth proportional (if it 
exists) be greater or be less than the same fraction of a d. 

But we shall now show that this property is of 
itself sufficient to define, without ambiguity, the fourth 



proportional ; that is to say, we shall show that there 
cannot be two different lengthy satisfying this condition 
at the same time. 

• If possible, let there be two lengths, a e and a e', each 
of theijfi a fourth proportional to Ap, a o, ad (fig. 32), 
Then by taking a sufficient nunilier of lengths each 
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equal to E e', the sum of tliem can be made greater 
than A D. Suppose for exilmjjle that 500 of theiii 
just fell short of the length a d, and that 501 exoreeded 
it ; then, if we div.^ie -a d into 501 equal parts, each 
these parts will ''be less than e e^ Secondly, if we go 
on marking off lengths from d towards e, each equal - 
to one of these small parts of AD,Tone of the points of 
division must fall between e and e' ; since e e' is ■% 
greater than the distance between two of them. Let 
this point of division be at e. ^ Then a f is got from 
AD by multiplying by some number or o^icr and then 
dividing by 501. If we apply this samb process to a b 
we shall arrive at a length a g, which must be either 
greater or less than ac. If it is less than a o, then the 
operation by which the length a b is made into a o is a 
less amount of stretching than the 0]5feration by which 
A B is made into a c. Consequently the operation 
which turns a d into a F is a less amount of stretching 
thafJ that which gets A e, and also less than that which 
gets A e' from a d. Therefore a f must be less than a e,' 
and also less than a e'. But this is impossible, because 
F lies between e and e'. And the argument would be ^ 
similar if we had supposed a a greater than a 0. 

Thus we have proved that there is only one length 
that satisfies the condition that the process of making 
A D into it is greater than all the fractions which are 
less than the process of making a b into ac, and less 
than all the fractions which are greater than this same 
process. 

Let us note more cai^efully the nature of this defi- 
nition. 

First of all we say that if any fraction whatever be * 
taken, and if it be greater than the ratio of A c to a b, it . 
will also be greater than the ratio of ae to a Dj and if 
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it be less than tbe one it wifi also be less tlian the 
other. * • % 

T]^is is a matter which can be tested in regard to 
any particular fraction. If a lejQg^ a e were given to 
us as the fourth proportional we could 'find out whether 
it obeyed the rule in respecjt of any one given fraction. 
But if there is a :l^urth proportional it must satisfy 
this rule in reg&d to all fractions whatever. We can- 
not directly* test this ; but we may be able to give a 
proof that the quantity whi(?h is supposed to be a fourth 
proportional obeys the rule for one particular fraction, 
which ^roof shall be applicable without* change to any 
other fraction. It will then be proved, for this case, 
not only that a fourth proportional exists, but that this 
particular quantity is the fourth proportional. This 
is, in fact, just wtat we can do with the sides of similar 



triangles. If the length ab (fig. 83) is divided into any 
number of equal parts, and lines are drawn through the 
points of division, making with a b the same angle* that 
B » makes with it, they will divide a n into the same 
number of equal parts. 

’If now we set off points of division at the same 
distance from one another from b towards o, and 
•through them draw lines making the same angle 
.with the line a o that b d does, these lines will also 
cjit off .equal distances from d towards e. If any one 
of these lines starts from a o ‘on the side of c towards 
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A5 it will meet A e on tlie side of E towards A ; because 
the triangle which it forms Wiith^ihe lines ac and ae 
must have the same shape as a 0 E. So also any 9110 of 
these lines ■which s^,rt§ from a 0 on the side of 0 away 
from a will meet'^A e on the side of e away from a. 

Looking then at the varj^ons fractions of a b which 
a-re now marked off, it is clear that, one of’ them 
is less 'than A c, the corresponding fraction of A d is less 
than A E 5 and if greater, greater. It follows, therefore, 
that the line ae -which is given by this construction 
satisfies, in the case of any fraction we choose, the con- 
dition which IS necessary for the fburtii proportional. 
Consequently, if the second assumption which we made 
about space* be true, there always is a fourth propor- 
tional, and this process will enable us to find it. 

There is, however, still one objection to be made 
against our definition of the fourth proportional, or 
rather one point in which w’e can make it a firmer 
gro'^nd-work for the study of ratios. For it assumes 
that quantities are continuous ; that is, that any quan-’ 
tity can be divided into any number of equal parts, 
this being implied in the process of taking any numer- 
ical fraction of a quantity. 

We say, for example, that if a, ??, c, c?, are proj)or- 
tionals, and if a is greater than three-fifths of h, c will 
be greater than three-fifths of ct Now the process of 
finding three-fifths of h is one or other of the following 
two processes. Either we divide b into five equal par^s 
and take three of them, or we multiply h by three and 
divide the result into five equal parts. (We know* of 
course that these two processes give us the same result.) 
But it is assumed in both cases that we can divide a 
given quantity into five equal parts. 

Now in a definftion it is desirable to assnine as 
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little as possible ; and accordingly the Greek geometers 
in definmg proportion, t)r (which is really the same 
things in defi^iing the fourth proportional of three 
^iven quantities, have tried to avoi^ this assumption. 

Nor is it difficult to do this. Fdr let us consider 
the same example. We sj^y that if a is greater than 
three-fifths of*&, c T^ill be greater than the same fraction 
of d. Now let us multiply both the quantities cc and h 
by five. Then for a to be greater than three-fifths of 
the quantity which a has how become must be greater 
than three-fij^ths of the quantity which h has become ; 
that is"^ if the iTew h be divided into five equal pai^fcs the 
new a must be greater than three of them. But each of 
these five equal parts is the same as the original h ; and 
so our statement as to the relative greatness of a and h 
is the same as this, that five times a is greater than 
three times h ; and similarly for c and d. 

Now every fraction involves two numbers. It is a 
compound process made up of multiplying bygone 
“number and dividing by another, and it is clear there- 
fore that we may, not only in this j)^^ticular case of 
three-fifths but in general, transform our rule for the 
fourth proportional into this new form. According as 
m times a is greater or less than n times 6, so is m times 
c greater or less than n times d, where m and n are any 
whole numbers whatever. 

This last form is the one in which the rule is given 
by the Greek geometers ; and it is clear that it does 
not depend on the continuity of the quantities con- 
siSered, for whether it be true or not that we can 
divide a number into any given number of equal parts, 
we can certainly take any multiple of it that we 
like. 

These fundamental ideas, of ratio, of the equality of 
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ratios, aiTd of tiie nature* of the fourth proportional 
are now established generally, ^nd. with reference to 
quantities of any kind, not with regard to lengths alone ; 
provided merely that^it is always possible to take any 
given multiple of any given quantity. 

§6. Of Areas ; Stretch and ^quee}e. 

-» ' 

We shall now proceed to apply these ideas to areas, 
or quantities of surface, and ir?particular-»to plane areas. 
The simplest of these for the purposes of measurement 
is a rectangle. The finding of the area \rectSLngle 
is in many cases the same process as numerical multi- 
plication. For example, a rectangle which is 7 inches 
long and 5 inches broad will contain 35 square inches, 
and this follows from our fundamental ideas about 
the multiplication of numbers. But this process, the 
multiplication of numbers, is only applicable to the 
case ^ which we know how many times each side of 
the rectangle contains the unit of length, and it then 
tells us how many times the area of the rectangle con- 
tains the square described upon the unit of length. It 
remains to find a method which can always be used. 

For this purpose we first of all observe that when 
one side of a rectangle is lengthened or shortened 'in 
any ratio, the other side being kept of a fixed length, 
the area of the rectangle will be increased or diminished 
in exactly the same ratio. ^ 

In order then to make any rectangle opr Q out of a 
square o a c b, we have first of all to stretch the side o a 
until it becomes equal to o P, and thereby to stretch the 
whole square into the rectangle o b, which increases its 
area in the ratio of o a to o p. Then we must stretch 
the side o b of this figure until it is .equal to o Q,^nd 
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thereby the figure o d becomes 0 and its area is in- 
* creased in the ratio ofi* o b to o Q. Or we may, if we 
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like, first stretch o F to the length o Q, whereby the 
Square 0 q ^oe^omes o e, and then stretch o a to 0 P, by 
which 0 E becomes o e. 

Thus the whole operation of turning the square o a 
into the rectangle 0 K is made up of two stretches ; or, 
as we have agreed to call them, ‘ multiplications ^ ; viz. 
the square has to be multiplied by the ratio of o p to 
0 A, and by the ratio of o Q to o b ; and we may find 
from the result that the order of these two processes 
is immaterial. 

Tor let us represent the ratio of o p to o a by the 
letter a, and the ratio of oq to OB by Then the 
ratio of the rectangle o n to the square o o is also a ; in 
other words, a times o o is equal to o d. And the ratio 
of 0 E to 0 D is 6, SO that b times o d is equal to o e ; 
that is, b times a times o o is equal to o r, or, as we 
write it, b a times o o is 0 E.^ , 

» And in the same way b times oo is equal to OE 
and a times 6 times o c is a times o e, which is o e. 

^ It i$ a matter of convention whic^ has grown tip in consequence of onr 
ordinary habit of reading from left to right, that we always read the 
symbols of a multiplication, or of any other operation, from right to left. 
Thus a h times any quantity means a times 6 times ^ ; that is to say, we 
first jnultiply x by 6, and then by a ; that operation being first performed 
whose ^symbol comes last. 
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Consequently we liave h a times o c giving tlie same 
result as a 6 times o c ; or, as we write it 
h a a ^ 

wliicli means that t^-^e effect of multiplying first by the ^ 
ratio a and then "by the ratio b is the same as that of 
multiplying first by the mtio h and then by the’ 
ratio a. ^ 

This proposition, that in multiplying by ratios we 
may take them in any order we please without affecting 
the result, can be put into another form. 

Suppose that we have four quantities^ a, 5, c, 
then I can make a into d by two processes’* performed 
in succession ; namely, by first multiplying by the ratio 
of b to a, which turns it into 6, and then by the ratio 
of d to But I might have j)roduced the same effect 
on a by first multiplying it by the ratioDf c to a, which 
turns it into c, and then multiplying by the ratio of d to 
c. We are accustomed to write the ratio of 6 to a in 
shorSiand in any of the four following ways : — 

I -.a, b-^a, '’I a, 

a 

and so the fact we have just stated may be written 
thus : — 

*la X ^1, = X -*/, 

Now let us assume that the four quantities, a, ?>, 
c, d, are proportionals ; that is, that the ratios and 
^ are" equal to one another. It follows then that the 
I'atios ^1 a and are equal to one another. 

This proposition may be otherwise stated in this 
foi'm ; that if <x, b, c, d are proportionals, then a, .^6, &, d 
will also be proportionals : provided always that this 
latter statement has any meaning, for it is quite possible 
that it should have no meaning at all. Suppose, for in- 
stance, that a and h arS two lengths, c and d two intervals, 

I 2 
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of time, then we understand what is meant by the ratio 
‘of h to a, and the ratio of d to c, and these ratios may 
^TerywYell be equal to one another ; but there is no such 
thing as a ratio of c to a, or^of^d to h, because the 
quantities compared are not of the same kind. When, 
'however, fouj quantities *of the same hind are propor- 
tionals, they are aJso proportionals when taken alter- 
'iudehj ; that is to say, when the two middle ones are 
interchanged. 


^ 7. Of Fractions, 

We have seen in § 3, page 101, that a ratio may be 
expressed in the form of a fraction. Thus, let a be 

represented by the fraction^ and h by the fraction 

where p, r, $ are numbers. Then the result on page 
115 may be written — 

I X X 1. 

q s s q* 

Let us examine a little more closely into the mean- 
ing of either side of this equation. Suppose we were 


R' F 



to take a rectangle o q t s, of which one side, o Q, con- 
tained q units of length, and another, os, s units. 
Then this rectangle could be obtained from the unit 
square by operating upon it with the two stretches q 
^and s: Its area would thus contain q $ square units. 
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Now lei us apply to tins rectangle in succession the 

two stretches denoted by ^ ahd'-^. If we stretch the 

rectangle in the dii^ection of the side o Q in the ratio oi 

we divide the kde o q into q equal parts, and then 

take 0 p equal p times one of those partsf^ But each of 
these parts will be equal to unity,^ hence o p contains 
p units. We thus convert our rectangle ot into one 
0 of which one side, o p^ contains p and the other, 
0 S, s units. Now let us appl;f to this rectangle the 

‘y* * • 

stretch -parallel to the side os (as the’^figure is drawn 

^ denotes a squeeze). We must divide o s into s equal 
s 

parts and take r such parts, or we piust measure a 
length 0 E along o s equal to r units. Thus this second 
stretch converts the rectangle op^ into a rectangle 
oe'^ of which the side op contains p and the side 
OE contains r units of length, or into a rectangle^* 
containing p r square units. Hence the two stretches 

and - applied in succession to the rectangle o t con- 
q s 

vert it into the rectangle oe'. Now this may be 
written symbolically thus : — 

X ^ . rectangle o t = rectangle o E‘ 

= p r unit-rectangles. 

Now unit-rectangle may obviously be obtained from 
the rectangle o t by sqi^ezing it first in the ratio ~ in 

the direction of 0 Q, and then in the ratio — in the di- 

s 

rection o s. Now tMs is simply saying that o t cc^itains 
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q 8 unit-rectangles. Hence tlie operation ^ x applied 

Xo iirft-rectang?,e must produce ~ of tlie result of its 

application to tlie rectangle o t. Tliat is : — 

^ X ~ . unit-rectangle ^ — .pr unit-rectangle, 

4 s , ^ qs 

or, in our notation, = ^ . unit-rectangle. « 
qs 


Hence we maj say jjliat x —operating upon unity 

q. ^ 

is equal to tlie^operation denoted by or to multi- 
plying unity by p r and then dividing tbe result by q s. 
This equivalence is termed the multiplication of frae^ 
tions. ^ 

A special case of the multiplication of fractions 
arises when s equals r. We then have — 


^ X - =^. 
q r qf 


But the operation - denotes that we are to divide unity 

into T equal parts, and then take r of them ; in other 
words, we perform a null operation on unity. The 
symbol of operation may therefore be omitted, and we 
read — 

P ^P'^ 
q^q}^ 

This result is then expressed in words as follows : 
Given a fraction, we do not alter its value by multiply- 
ing the numerator and denominator by equal quanti- 
ties. 

Prom this last result we can easily interpret the 
opera'i.ipn 
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For, by the preceding paragraph- 


Hence — 


r = il. 

q 'qs s qs 


1 4- if. 

q s q$ qs 


Or, to apply first the operation ^ to unity and then to 

add to this the result of the operation ^ is 'the same 

thing as dividing unity into qs parts, taking ps of 
those parts, and then adding to them qr more of the 
like parts. But this is the same things as to take at 
once ps + qr oi those parts. Thus we may write — 


p r __ p5 4* jr 
q s 2^ * 


This result is termed the addition of fractions. The 
reader will find no difiiculty in interpreting addition 
graphically by a succession of stretches and squeezes of 
the unit-rectangle. 

We term division the operation by which we reverse 
the result of multiplication. Hence when we ask the 

meaning of dividing by the fraction £ we put the 

question : What is the operation which, following on 

the operation -2, just reverses its effect ? 

2 ^ 

TVT r p V r pr 

Now, xi-=^x 

s q q s q s 


Suppose we take r = J, s .= p. 
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Then. 


I x-P=H; 

' V ' i IF 


or, tc mnltipl j- unity by ?■, and then by is to perform 

the operation of dividing unity idto qp parts and 
■then taking n q of them, tor to leave unity unaltered. 

Hence the stetch''i completely reverses the stretch ^ ; 

P -I 

it is, in fact, a squeeze which just counteracts the 

preceding stretcli. Thus mnltipljing by 2 must be an 
operation "equivalent to dividing by Or, to divide 


by ^ is the same thing as to multiply ^7^* result 

is termed the division of fractions. 


§8.0/’ Areas ; Shear. 

Hitherto %ve have been concerned with stretching 
or squeezing the sides of a rectangle. These opera- 
tions alter its area, but leave it still of rectangular 
shape. We shall now describe an operation which 
changes its angles, but leaves its area unaltered. 


D F C E c 

E 

3^'"' 
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Let A B 0 n be a rectangle, and let a b E f be a 
parallelogi-am (or a four-sided figure whose opposite sides 
■are equal), having the same side, ab, as the rectangle, 
.but "'having the opposite side, e e (equal to a b, and 
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therefoi^e to o d), somewLere in tlie same line as o n* 
Then,' since o n is equal to e f, the points e and e are 
equally distant from c and d respectively, and it follows 
that the triangles -b o e and A n p are e^nal. H^nce if 
the triangle bob wSre cut off the parallelogram along ^ 
B 0 and placed in the position a n p, we should hav^ 
converted the parallelogram into the rectangle without 
changing its area. Thus the area St tbe parallelogram 
is equal to that of the rectangle. Now the area of the 
rectangle is the product of tie numerical quantity which 
represents tbe length of a n info that quantity which 
represents the length of a b. a b is termed iiie Ifase 
of the parallelogram, and A n, the perpendicular dis- 
tance between its base and the opposite side e f, is 
termed its height. The area of the parallelogram is 
then briefly said to be ^the product ^^of its base into 
its height.^ 

Suppose 0 D and a b were rigid rods capable of slid- 
ingtalong the parallel lines c d and a h. Let us imagine 
them connected by a rectangular elastic membrane,* 
A B 0 D ; then as the rods were moved along a h and c d 
the membrane would change its shape. It would, how- 
ever, always remain a parallelogram with a constant 
base and height ; hence its area would be unchanged. 
Let the rod a b be held fixed in position, and the rod 
0 n pushed along c d to the position e f. Then any line, 

G H, in the membrane parallel and equal to a b will be 
moved parallel to itself into the position i J, and will 
not change its length. The distance through which 
c has moved is c e, and the distance through which o 
has moved is a i. Sinc^ the triangles obe and obi 
have their sides parallel they are similar, and we have ^ 
the ratio of o e to a i the sam.e 'as that of b o to b o ; 
or, when the rectangle a b o n is converted inio the’ 
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parallelogram a b e J', any line ^parallel to a b remains 
iHiclianged in length.^, and is moved parallel to itself 
tlirou^li a distance proportional to its. distance from A b. 
Such a" transformation of figure is termed a shear ^ and 
we may consider either our rectangle as being sheared 
into the parallelogram or |;he latter as being sheared 
into the form|r. Thus the area of a parallelogram is 
equal to that of i rectangle into which it may be 
sheared. 

The same process which ^converts the parallelogram 
A B E r into the rectangle a b c n will convert the tri- 
angle ArB E^^tne.^ half of the former, into the triangle 



ABO, the half of the latter. Hence we may shear any 
triangle into a lught-angled triangle, and this will not 
alter, its area. Thus the area of any triangle is half 
the area of the rectangle on the same base, and with 
height equal to the perpendicular upon the base from 
the opposite angle. This height is also termed the 
altitude, or height of the triangle, and we then briefly 
say : The area of a triangle is half the product of its base 
into its altitude. 

A succession of sheax's wilT enable ns to reduce any 
-figure bounded by straight lines to a triangle of equal 
area, and thus to dete3foxine the area the figure encloses 
bj finally shearing this triangle tnto a right-angled 
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triangle? For example, let a b c d e be a portion of tbe 
boundary of tbe figure. Suppo^'e A o joined ; then 
shear the triangle -a bc so that its vertex b falls ^t b' 
on D 0 produced. The ^rea a b^ o is equal to the"^ area 
ABC. Hence we*m^^ take a b' d e for the boundary of 
our figure instead of a b c d li; that is, we have reduced* 
the number of sides in our figure by on^i. By a suc- 
cession of shears, therefore, we can reduce any figure 
bounded by straight lines to a triangle, and so find its 
area. 

§ 9*. 0/" Circles and their Areom* 

One of the first areas bounded by a curved line which 
suggests itself is that of a sector of a circle, or the 



Fig. 38, 


portion of a circle intercepted by two radii and the 
arc of the circumference between their extremities. 
Before we can consider the area of this sector it will 
be necessary to deduce some of the chief properties of 
the complete circle. Let us take a circle of unit 
radius and suppose straight lines drawn at the extre- 
mities of two diameters ab and o d at right angles ; then 
the circle will appear as if drawn inside a square (see 
fig. 39). The sides of thJs square will be each 2 and 
its area 4. 

Now suppose the figure copaj^sed of circle and 
square first to receives a, stretch such that every line^ 
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parallel to the diameter a b is extended in the ratio of 
:a : I 5 and then another stretch such that every line 
parallel to on js again extended in' the ratio of a : 1 . 
"Then it is obvious that we shal^'have stretched the 
square of the first figure into a secOnd square whose 
sides will noY be equal to ^ ct* 


I 



It remains to be shown that we have stretched the 
first circle into another circle. Let 0 p be any radius 
and p K, PN perpendiculars on the diameters a c n. 
" As a result of the first stretch the equal lengths 0 m 
and K p are extended into the equal lengths 0 ' m' and 

k' p', which are such that = 1. Similarly 

as result of the second stretch m p and o N, which 
remained unaltered during the first stretch, are con- 
verted into M^p' and o'n'; so that == 

0 w M p' a 

During this second stretch o' m' and n'p' remain un- 
altered. Thus as the total outcome of the two stretches 
we find that the triangle 0 p K has been changed into the 
triangle 0' p' h'. Now these two triangles are of the 
same shape by what was said on p. 106, for the angles 
at ^ and k' are equal, being both right angles, and we 
..hav^ seen that — 
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N P _ 1 _ 0 M 
u' p' ~ a ~ 

Thus it follows that the third side .o p must 4>e to 
the third side o' p' ii| the ratio of 1 to a ; or^ since o p 
is of unit length, o' p' must be equal to the constant 
quantity a. Further, since* the angles ^OF, p'^o'f'* 
are equal, o'p' is parallel to op, B^nce the circle of 
unit radius has been stretched into a circle of radius a. 
In fact, the two equal stretches in directions at right 
angles, which we have given tq the first figure, have 
performed just the same operation upon^it, as if we 
had placed it under a magnifying glass Chichi enlarged 
it uniformly,^ and to such a degree that every line in it 
was magnihed in the ratio of a to 1, 

It follows from this that the circumference of the 
second circle must be to that of the first as a is to 1, 
Or, the circumferences of circles are as their radii. 
Ag^n, if the arc p q is stretched into the arc p' q' — that 
is, if o' p', o' q' are respectively parallel to 0 p, o Q — then 
the arc p' q' is to the arc p q in the ratio of the radii of • 
the two circles. ’ Since the arcs p Q, p' q' are equal to 
any other arcs which subtend the same angles at the 
centres of their respective circles, we state generally 
that the arcs of two circles which subtend equal angles at 
their respective centres are in the ratio of the corre-' 
spending radii. 

Since the second figure is an uniformly magnified 
image of the first, every element of area in the first has 
been magnified at the same uniform rate in the second. 
Now the square in the fi^rst figure contains four units 
of area, and in the second figure it contains 4 a^ units 
of area. Hence every element of area in the first 
figure has been magnified^ in the' second in the ratio of 
to 1. Thus the areaNo| the circle in the first %gur<j 
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must be to tbe area of the circle in the second figure 
as 1 is to Or : 'The'^areas of circles are as the squares 
of 'their radii. ^ 

It is usual to represent the ajjea of a circle of unit 
radius by the quantity tt ; thus the area of a circle of 
radius a wil^ be rej)resented by the quantity tt 

If, after stretching a b to b' in the I'atio of a to 1, 
we had stretched or squeezed o n to o' b' iji the ratio of 
5 to 1, where h is some quantity different from a, our 
square would have become a rectangle, with sides equal 
to 2 a and respectively. It may be shown that we 


JL 



sliquld have distorted our circle into the shape of thaf 
shadow of a circle which we have termed an ellipse. 
Furthermore, elements of area have now been stretched 
in the ratio of the product of a and & to 1 ; or, tKe area 
of the ellipse is to the area of the circle of unit radius 
as a & is to 1 : whence it follows that the area of the 
ellipse is represented by tt a where a and h are its 
greatest and least radii respectively. 

We shall now endeavour to connect the area of a 
circle of unit radius, ^hich we have written tt, with the 
number of linear units in cifcnmference. .Let us 




127 


^QUANTITY.. 

take a 'nnmber of points uniformly distributed ronnd 
the circumference of a circle, A b <3 n b p. Join them in 
succession to each other and to o, the centre of the^ircle, 
and draw the lines perpendicular to these radii (or the 
tangents) at A B c ns'p ; then we shall have constructed 
two perfectly synametrical figures, one offwhich is said 
to be inscribed, the other circumscribed to the circle* 
Now the ar^as of these two figures differ by the sum of 
such triangles as a^b, and the area of the circle is 
obviously greater than the^ area of the inscribed and 
less than the area of the circumscribed §gure. Thus 


CL 



the area of the circle must differ from that of the in- 
scribed figure by something less than the sum of all the 
little triangles a <x b, b jS c, &c. Now from symmetry all 
these little triangles are equal, and their areas are 
thereYore equal to one half the product of their heights, 
or a n, into their bases, or such quantities as a b. Hence 
the sum of their areas is equal to one half of the product 
of a n into the sum of the sides of the inscribed figure. 
Now the sum of the sides of the inscribed figure is 
never greater than the circumference of the circle. If - 
we take, therefore, a gr^t number of points uniformly 
distributed round th'Ss ^^Thmference of our circlCj^A and 
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B may be brouglit as close as we please, and tlie nearer 
ive bring a to b, tW.emyier becomes a n. Hence, by 
^taking a sufficient number of points, we can make the 
sum of the triangles Aa b, b/So,^&c. as small as we 
please, or the areas of the inscribed.ahd circumscribed 
fissures, togei ler with the «area of the circle which lies 
between them, can^be made to differ by less than any 
assignable quantity. In the limit then we may say 
that by takmg an indefinite number of points we can 
make these areas equal. iNow the area of the inscribed 
figure is the^sum of the areas of all such triangles as 
A 0 B, and ’'the^ area of the triangle a o* B is equal to 
half the product of its height o n into its base a b ; or 
if we write for the ^ perimeter,^ or sum of all the sides 
A b, b c, &c. the quantity p, the area of the inscribed 
figure will equal x o^^. Again if ^l/e the sum 
of the sides a ^ 7, &c, of the circumscribed figure, 
its area = ^ p' x o b. 

Since the triangles o a b, 0 b are of the same shape, 
being right-angled and again equi-angled at 0, we have 
the ratio of B to <x b, or of their doubles a b to a j3y the 
same as that of 0 to o b. But is obviously to in 
the same ratio as A B to a j 3 ; hence is to j)' as on to 
0 Bi: By taking a sufficient number of points we can 
make on as nearly equal to 0 b as we please 5 thus we 
can make j? as nearly equal to p', and therefore either 
of them as nearly equal to the circumference <5f the 
circle (which lies between them),^ as we please. Hence 
in the limit ^ will equal the circumference of the circle, 
and 0 n its radius, and we may state that the areas of the 
inscribed and circumscribed* figures, which approach 
nearer and nearer to the area of the circle as we in- 
crease the number of their ^ndes, become ultimately 

^ ^ I§ the case of the circle the feade'r ^^^^recognise this intuitively. 
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equal to %acli other and to half the product of the cir- 
cumference of the circle into its radiiis. This must there- 
fore he the area of the circle. Hence we have the^ fol- 
lowing equality: — The area of a circle of radius a equals 
one half its eircuthfei%nce x a. But it equals also Tra^ ; 
whence it follows that the tcircumferenc# of a circle 
equals tt . 2 a. We may express this result in two 
different ways : — • 

(i) The ratio of the circumference of a circle to its 
diameter (2 a) is a constant quantity tt. • 

(ii) The number of linear units (2 7r) in the cir- 
cumference of ' a circle of unit-radius-* is twi<?e the 
number of units of area (tt) contained by that circum- 
ference. 

The value of tt, the ratio of the circumference of a 
circle to its^ameter, is found to be a quantity which, 
like the ratio of the diagonal of a square to its side (see 
p. 103), cannot be expressed accurately by numbers ; 
its ^proximate value is 8T4159. 

We have now no difficulty in finding the area of 
the sector of a circle, for if we double the arc of a 
sector we obviously double its area ; if we treble it, we 
treble its area ; shortly, if we take any multiple of it, 
we take the same multiple of its area. Hence • it 
follows by § 5, that two sectors are to each other 
in the ratio of their arcs, or a sector must be to the 
whole ’circle in the ratio of its arc to the whole circum- 
ference. 

If we represent by s the area of a sector of a circle 
of which the arc contains s units of length and the 
radius a units, we may write this relation symboli- 
cally — 

S ^ 

77 '' 2wa* 


K 
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Thus we deduce s = ^ s x a ; or. 

The area of a sector is half the iwoduct of the length of its 
arc into its radius. 


§ ^ 0. 0/ the Area of Sectors of Curves, 

c 

'The knowledge of the area of a sector of a circle 
enables us to -find as accurately as we please the area 
of a sector whose arc is any curve whatever. Let the 
arc p Q he divided into a number of smaller arcs p A, a b, 
BC, CD, DQ. We shall suppose that pa subtends the 
greatest aCgl^ at o of all these arcs. Farther we shall 
consider only the case where the line op diminishes 
continuously if p be made to pass along the arc from p 



to Q. If this be not the case, the sector QbP can 
always be split up into smaller sectors, of which it shall 
be true that a line drawn from the point o to the arc con- 
'tinuously diminishes from one side of the sector to the 
other, and then for the area/ of each of these sectors the 
following investigation will hold. With o as centre de- 
scribe a cii’cle of radius o p to i^ieet o a produced in p'; with 
theeSame centre and radius^^OA describe a circle to meet 
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OB in a' a\id OP in a ; siinilarly circles with radius OB to 
meet oa in 5 and oo in b'', with sad^tis oc to meet ob in 
c and 0 D in o', with -radius OD to meet o o in and o,Q.in 
d\ and finally with radiiis OQ to meet on* in e, OA^in/, 
and o p in q'. Then t^e area of the sector ob|riously lies 
between the areas of the figure bounded by op, on' and 
the broken line pp'AA'BB'co'nn', and of the figure 
bounded by oa, OQ and the broken line ttAhBccdBeq, 
Hence it differs from either of them by less than their 
difference or by less than the%um of the* areas p'a, a' 6 , 
b'c, o' n'e* Now since the an^le at pop' is greater 
than any of the' other sectorial angles at^), ^he swm of 
all these areas must be less than that of the figure p p'/q', 
and the area of this figure can be made as small as we 
please by making the angle a o p sufficiently small. This 
can be achi^e^bd by taking a sufficient nu^nber of points 
like A5 B,c,D5 &c. We -are thus able to find a series of 
circular sectors, the sum of whose areas differs by as 
smaS a quantity as we please from the area of the 
sector POQ; in other words, we reduce the problem of 
finding the area of any figure bounded by a curved line 
to the problem already solved of finding the area of a 
sector of a* circle. The difficulties which then arise 
are purely those of adding together a very great 
number of quantities ; for, it may be necessary to take a 
very great number of points such as abod , . . in 
order to approach with sufficient accuracy to the mag- 
nitude of the area poq.. 

§ 11 . Extension of the Concejption of Arew^ 

Let ABGD he a closed curve or loop, and o a point 
inside it. Then if a poin^^ p move round the perimeter 
of the loop, the line O'f' is said to trace out the ar§a of 
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the loop ABCB. Bj this is meant that succebsive posi- 
tions of the line op^ plir and pair, form together with 
the intervening elements of ai'C elementary sectors, the 
snm’^of the areas of which can, h| taking the successive 



positions sufficiently close, be made to diffier as little as 
we pleasa from the area bounded by the loop. 

Now supp<^e the point o to be takS^- outside the 
loop ABon, and let us endeavour to find the area then 



traced out by the line op joining o to a point p which 
moves round the loop. Let ob and on be the extreme 
positions of the line op to “tte left and to the right as 
p moves round the loop ABCm ; then as p moves along 
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the portibn of the loop dab, op moves counter-dock^ 
wise from right to left and traces Qht the area bounded 
bj the arc dab and ‘the lines od and oe. Fnrth^,.as 
p moves along the portion of the loop bod, op Aoves 
clockwise from left tJ right and traces ouf; the area 
doubly shaded in our figure^ or the area bounded by 
the arc bod and the lines ob and od. It is the differ-^ 
ence of these^ two areas which is the af ea of the loop 
ABOD. If, then, we were to consider the fatter area 
OBODO as negative^ the line o% would still trace out the 
area of the loop a b c d as p moves round its perimeter. 
Now the characteristic difference in the «ietllodof de- 
scribing the areas odabo and obcdo is, that in the 
former case o*p moves counter-clockwise round o, in the 
latter case it moves clockwise. Hence if we make a con- 
vention th^Ptf* areas traced out by o p wh^n it is moving 
counter-clockwise shall be considered positive, but areas 
traced out by o p when it is moving clockwise shall be 
considered negative, then wherever o may be inside or 
outside the loop, the line o p will trace out its area pro- 
vided p move completely round its circumference. 

But it must here be noted that p may describe the 
loop in two different methods, either going round it 
counter-clockwise in the order of points a b c d, . or 
clockwise in the order of points a d o b. In the former 
case, according to our convention, the greater area 
0 D A b'o is positive, in the latter it is negative. Hence 
we arrive at the conception that an area may have a 
sign ; it will be considered positive or negative accord- 
ing as its perimeter is supposed traced out by a point 
moving counter-clockwise or clockwise. This extended 
conception of area, as having not only magnitude but 
sensCy is of fundamental ‘importance, not only in many 
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branches of the exact sciences, but also for its many 
' practical applications.^ * 

" Let a pei;j3endieular o it be erected at o (which is, 
as we have seen, any j^oint in t]^e plane of the loop) 
to the plate of the loop, and let fiie length o it be 
' tak^n along it containing- as many units of length as 
there are units of, area in the loop a b o d. Then o K 
will represent l:he area of the loop in ipagnitude ; if 
will also represent it in smse, if we agree that o it shall 
always be measured in such a direction from o, that to 
a .person stginding with his feet at o and head at it the 
point h s^all always appear to move counter-clockwise. 
Thus, for a positive area, it will be above the plane ; 
for a negative area, in the opposite direction or below 
the plane.' We are now able to represent any number 
of areas by Sf^gments of straight lines ^^steps per- 
pendicular to their planes. The sum of any number of 
areas lying in the same plane will then be obtained by 
' adding algebraically all the lines which represent Ihese 
areas. 

When the areas do not all lie in one plane the 
representative lines will not all be parallel. In this 
case there -are two methods of adding areas. We may 
wjint to know the total amount of area, as, for example, 
when we wish to find the cost of painting or gilding 
a many-sided solid. In this case we add all the repre- 
sentative lines without regard to their direction. 

In many other cases, however, we wish to find some 
quantity so related to the sides of a solid that it can 
only be found by treating the lines which represent 
their areas as directed magnitudes. Such cases, for 
example, arise in the discussion of the shadows cast by 

* As in calenlating the cost of leYellma: a^d embanking, in the indicator 
rdiagram, &c. it was first iatrodneed^^by Idobius. 
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the sun fer of the pressure of gases upon the sides of* 
a containing vessel, &c, A method of comhining 
directed magnitudes will he fully discussed in, the 
following chapter. The, conception of areas ^as directed 
magnitudes is dud tp^ayward. 


§ 12. On the Area of a Closed Tangle. 

Hitherto we have supposed the areas we have talked 
about to be bounded by a ^mple loop. It is easy, 
however, to determine the area* of a combination of 
loops. Thus consider the figure of eight in -ffg: 45»which 
has two loops : if we go round it continuously in the 
direction indicated by the arrow-heads, one of these 
loops will have a positive, the other a negative area, and 
therefore ikG total area will be their dif^rence, or zero 
if they be equal. When a closed curve, like a figure 
of eight, cuts itself it is termed a tangle^ and the points 
wh^e it cuts itself are called hnots. Thus a figure of 
eight is a tangle of one knot. In tracing out the area 
of a closed curve by means of a line drawn from a fixed 
point to a point moving round the curve, the area may 
vary according to the direction and the route by which 
we suppose the curve to be described. If, however, ,we 
suppose the curve to be sketched out by the moving 
point, then its area will be perfectly definite for that 
particular description of its perimeter. 

We shall now show how the most complex tangle 
may be split up into simple loops and its whole area 
determined from the areas of the simple loops. W*e 
shall suppose arrow-heads to denote the direction in 
which the perimeter is to be taken. Consider either 
of the accompanying figures. The moving line op 
will trace out exactly the* same area if we supppse it 
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not to cross at the knot a hut first to trace out the 
loop A 0 and then to frace out the loop a in both 
cases^ going round these two loops in the direction 



indicated by tSe arrow-heads. We are thus able in 
all cases to concert one line cutting itself in a knot 
into two lines, each bounding a separate loop, wj^ich 
just touch at the point indicated by the former knot. 
"This dissolution of knots may be suggested to the 
reader by leaving a vacant space where the boundaries 
of the loops really meet. The two knots in the fol- 
lowing figure are shown dissolved in this fashion : — 




Fig. 46. 


The reader will now find no difficulty in separating 
the most complex tangle into .simple loops. The posi- 
tive O!? negative character of" the 'areas of these loops 
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will be ^sufficiently indicated by tbe arrow-beads on' 
tbeir perimeters. We append an e:s:ample : — 



In tbi^p^e tbe tangle reduces to a negative loop 
a, and to a large positive loop b, witbin^whicb are two 
other positive loops c and d, tbe former of wbicb con- 



tains a fifth small positive loop e. Tbe area of tbe 
entire tangle tben equals 6-hc-f<^4-e — a. Tbe 
space marked s in tbe first figure will be seen from tbe 
second to be no part qi the area of tlie *tangle at all. 
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§ 13. On flie^Volumes of Space-Figures. 

ns eon'Sider first the space-figure bounded by 
three pairs ’^)f parallel planes mut'fially at right angles. 
Such a spaci-figure is technically termed a ^ rectangular 
parallelepiped/ but might perhaps be more shortly 
described as a iri^t six-face/ We may first observe 
that when* one edge of such a right* six-face is 
lengthened or shortened ki any ratio, the other non- 
parallel edges being k^pt of a fixed length, the volume 



C'' 


Fig. 49. 

will be increased in precisely the same ratio. Hence, 
in order to make any right six-face out of a cube we 
ha^e only to give the cube three stretches (or it may 
be squeezes), parallel respectively to its three sets of 
parallel edges. Let o a, o b, o o be the three edges of 
the cube which meet in a corner o. Let OA be 
stretched to oa', so that the ratio of oa' to oa is 
represented by a ; then if the figure is to remain right 
all lines parallel to o a will be stretched in the same 
ratio. The figure has now become a six-face whose 
section perpendicular to o a' only is a square. Now 
stretch o b to o b', so that the ratio o b' to o b be 
represented by 6, and let all lines parallel to ob be 
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increase^ in tLe same ratio ; tlie figure is now a right 
six-face, only one set of edges df which are equal to the 
edge of the original square. Finally stretch o o t^ o 
so that 0 0 and all *liii^ parallel to it are fncre&ed in 
the ratio of o o'* to % c, which we will re' resent by c. 
By a process consisting of three stretches ,ve have thus, 
converted our original cube into a right six- face. If 
the cube had been of unit-volume, th<5 volume of our 
six-edge would obviously be ahc, and we nlaj show as 
in the case of a rectangle jhee p. 11 5)* that ahc = cha 
=:hac, &c. 5 or the order of multiplying t(^ether three 
ratios is indifferent. If we term the iace 1' c* of our 



Fig. 60 . 


right six-face its base and ob' its height^ ac will repre- 
sent the area of its base, and h its height, or the volume 
of a right six-face is equal to the product of its base 
into its height. 

Let us now suppose a right six-face o\ d o e b f o 
to receive a shear, or the face b e f g- to be moved in its 
own plane in such fashion that its sides remain parallel 
to their old positions, and b and e move respectively 
along B F and e a. If b' e' of f' be the new position of 
the face b e o f, it is easy to see that the two wedge- 
shaped figures b E e' b' o c and f G o' f^ a d are exactly 
equal; this follows from the equality of their corre- 
sponding faces. Hence ’the volume of the ^earefii 
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figure must be equal to the yolume of the rightj?ix-face. 
USTow let us suppose in aSdition that the face b' e'' o' 
-.is aga<£i moved hi its own plane into the position b" e'"' 
.G-''p"/‘so that b' and e' move, along b' e' and 
respectively.' Then the slant Tt’edge-shaped figures 
b'b"e'''f'ao and e' e" o'' n o will again he equal, 
and the volume of the six- face b^' e^' g'''" e''^ a d c o 
obtained by tins second shear will be e;][ual to the 
volume of the figure obtained by the first shear, and 
therefore to the Volume of 'the right six-face. But by 
means of two shears v/e can move i he face BEGEto 
any position in 'its plane, b'' b" g" e'^, in which its sides 
remain |)^^i>Eallel to their former position. Hence the 
volume of a six- face will remain unchangedhf, one of its 
faces, 0 c D A, remaining fixed, the opposite face, b E G F, 
be moved aiiyxfiiere parallel to itself in its‘???^n. plane. 
We thus find that the volume of a six- face formed by 
three pairs of parallel planes is equal to the product of 
the area of one of its faces and the perpendicuHr 
'distance between that face and its parallel. For this 
is the volume of the right six-face into which it may 
be sheared ; and, as we have seen, shear does not alter 
volume. 

The knowledge thus gained of the volume of a six- 
face bounded by three pairs of parallel faces, or of a 
so-called parallelepiped, enables us to find the volume 
of an ohliqite cylinder. A right cylinder is the figure 
generated by any area moving parallel to itself in such 
wise that any point p moves along a line p p' a.t right 
angles to the area. The volume of a right cylinder is 
the product of its height p p' and the generating area. 
For we may suppose that volume to be the sum of a 
. number of elementary right six- faces whose bases, as 

P, Tnay be taken so small thar they will ultimately 
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eomplet^lj fill tlie area a o b d, and whose heights are 
all equal to P ' 



We c^ain an oblique cylinder from^he above right 
cylinder by moving the face a' o' b' b' parallel to itself 
ayjwhere in its own plane. But such a motion will 
only shear the elementary right six-faces, such as p p'', 
and so not change their volume. Hence the volume ♦ 
of an oblique cylinder is equal to the product of its 
base, and the perpendicular distance between its faces. 


§ 14. On the Measurement of Angles^ 

Hitherto we have been concerned with quantities of 
area and quantities of volume ; we must now turn to 
quantities of angle. In our chapter on Space (p. 66) 
we have noted one method of measuring angles 5 but 
that was a merely relative method, and did not lead us 
to fix upon an absolute unit. We might, in fact, have 
taken any opening of the compasses for unit angle, and 
determined the magnitude of any other angle by its 
ratio to this angle.^ But there is an absolut« unit 
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wMch naturally sn«‘g*ests itself in our measu^-ement of 
angles, and one whicli^ we must consider here, as we 
shall frequentlj have to make use of it in our chapter 
on Positioi'^ ^ 

Let A o|3 he any angle, and lit .a circle of radius a 
be described about o as cdhtre to meet the sides of this 



angle in a and B. Then if we were to double the angle 
A 0 B, we should double the arc a b ; if we were to treble 
it, we should treble the arc ; shortly, if we were to ?ake 
any multiple of the angle, we should take the same 
multiple of the arc. We may thus state that angles at 
the centre of a circle vary as the arcs on which they 
stand. Hence if <9 and O' be two angles, which are 
subtended by arcs s and s' respectively, the ratio of 0 to 
0' will be the same as that of to s'. How suppose 0' 
to represent four right angles ; then s' will be the entire 
circumference, or, in our previous notation, 2'7ra; We 
have thus — 

6 __ s 

four right angles 2 tt a * 

How it is exti’emely convenient to choose a unit 
angle which shall be independent of the circle upon 
which we measure our arcs. We should obtain such 
independent unit if we took the arc subtended by it 



(JTUilTITT. . 143 

equal textile radius of the circle or if we took s = a. 

In this case our unit equals ~ — of four rif^Iit angles, 

. • * • \ ^ ^ 

1 . * ^ ' c 

= «- of two right anglesr == ‘636 of a :iglit angle 
approximately. 

Thus we see that the angle subtended at the centre 
of any circle by an arc equal to the radius is a constant 
fraction of a right angle. 

If this angle be chosen a® the unit, "we deduce from 
the proportion 9 is to 6' as s is fo that 0 must be to 
unity as s is to the radius a ; or ; — 
s a 6. 

Thus, if we choose the above angle as our unit of 
angle, the measure of any other angle will be the ratio 
of the ar^it subtends from the centre ^to the radius; 
but we have seen (p. 125) that the ares subtended 
from the centre in different circles by equal angles are 
iiT^the ratio of the radii of the respective circles. 
Hence the above measurement of angle is independent > 
of the radius of the circle upon which lue base ow 
measurement. This is the primary property of the so- 
called circular measurement of angles, and it is this 
which renders it of such great value. , - 

The circular measure of any angle is thus the ratio of 
the arc it subtends from the centre of any (ffrcle to the 
radiu^ of the circle. It follows that the circular mea- 
sure of four right angles is the ratio of the whole circum- 

2 TT Cl- 

ference to the radius, or equals ; that is, equals 
27 r, The circular measure of two right angles will 
then be tt, of one right angle of three right 

a 





5 j 5. Vn Jb'metional Poivers, 

- : / ... * 

Before ve leave the SFbjec,t of quantity it will be 

necessary ih refer once more to Qie subject of powers 
which we touched upon’^in our chapter on Number 
{p.l6). 

We there used as a symbol signifying the result 
of multiplying a by itself n times. From this defini- 
tion we easily deduce the Allowing identity : — 

, X X X a"' = + 

For the left hand side denotes that we are first to 

multiply a by itself n times, and then multiply this by 
aPy or a m]altiplied by itself p times, and so on. Hence 
we may write jibe left hand side — 

{axaxaxa . . to?^ factors) 

X {axaxaxa . . to factors) 

X {axaxaxa . . tog factors) 

X {axaxaxa . . to r factors). 


But this is obviously equal to {axaxaxax , . . to 
g + r factors), or to + a + ^ 

If 6 be such a quantity that h'^=a,h is termed an ?^th 


root of a, and this is written 


symbolically h = ^ a. 


Thus, since 8 = 2^, 2 is a 3rd, or cube root of 8. Or, 
again, since 243 =3\ 3 is teimed a 5th root of 243. 

Now we have seen at the conclusion of our first 
chapter that we can often learn a very great deal by 
extending the meaning of our terms. Let us now see if 
we cannot extend the meaning of the symbol a^. Does 
it cease to have a meaning when n is a fraction or 
negative? Obviously we cannot multiply a quantity 
ofay its^elf a fractional number of times, nor can we do 
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SO a negative number of times. Heiice the old mean- 
ing of where % is a positive kiteger, becomes sheer 
nonsense when we try to ad6pt it to the cAse of n 
being fractional or negative. ^ is then a’" in lalter 
'case meaningless ? ' 

In an instance like this we are thrown back upon 
the results of onr definition, and we endeavour to give 
to our symbol such a meaning that it IvUl satisfy these 
results. Wow the fundamental result of our ^theorj of 
integer powers is that — 

This will obviously be true however many quan1:ities, 
take. Wow let us suppose we wish to inter- 
i • I 

pret where — is a fraction. We begin by as- 
suming if^tisfies the above relation, aCd in order to 
arrive at its meaning we suppose that n p = q 

= , , , = ~ 5 and that there are m such quantities. 

ni 

Then 

71 p + q 4'r = mx ~ =z l> 

m 

L 1 1 

and we find x x x ... to m factors 

( I m, 

1 

Thus must be such a quantity that, multiplied by 
itself m times, it equals aK But we have defined above 
(p. 144) an mth root of to be such a quantity that, 
multiplied m times by itself, it equals a^. Hence we- 

say that a''“' is equal to an mth root of or, as it is 
written for shortness, — 
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We have thus found a meiining for when^ is a frac- 
tion from the fundamental theorem of powers. 

We "an with equal* ease obtain from the sa*jne 
thewem hn unteiligibi4" ^meaning for ^6'^ when is a 
negative qiiantitj. ’ • 

We have x , ’Now let us assume 

p — 71 in order to interpret We find x 

= a’^ - ^ (by p. 31). Or dividing by a'', 



that is to say, a is the quantity which, multi- 
plied hj V, gives a product equal to unity. The former 
quantity is termed the inverse of the latter, or we may 
say that a ~ is the inverse of a”. For example, what 
is the inv.erse of 4 ? Obviously 4 must be multiplied 
by in ordeii that the product may be unity. Hence 
4 ~ Ms equal to Or, again, since 4 = 2% we may say 
that 2 ” 2 is the inverse of 4, or 2 ^ 

The whole subject of powers — integer, fractiSnal, 
and negative — is termed the Theory of Indices^ and is 
of no small importance in the mathematical investiga- 
tion of symbolic quantity. Its discussion would, how- 
ever, lead us too far beyond our present limits. It has 
been slightly considered here in order that the reader 
may grasp that portion of the following chapter in 
which fractional powers are made use of. 



CHAPTEE IV. 


POSITION. 

§ 1. All Position is Relative, 

• • 

The reader can Iiardlj fail to remember iitstances^wlien 
lie has been accosted bj a stranger with some such 
question as : ^Can you tell me where the ^George ^ Inn 
lies ? ^ ‘ How shall I get to the cathedral ? ‘ Where 

is the Lowd'on Road?’ The answer to ♦the question, 
however it may be expressed, can be summed up in the 
on^word — There, The answer points out the position 
of the building or street which is sought. Practically 
the there is conveyed in some such phrase as the follow- 
ing : ‘ You must keep straight on and take the first 
turning to the right, then the second to the left, and 
you will find the ^ George ’ two hundred yards down 
the street.’ 

Let us examine somewhat closely such a question 
and ansv/er. ^ Where is the ^ George ’ ? ’ We may ex- 
pand this into : ^ How shall I get from here ’ (the point 
at which the question is asked) ^ to tlie ^ George ’ ? ’ 
This is obviously the real meaning of the query. If the 
stranger were told that the George ’ lies three hundred 
paces from the Town Hall down the High Street, 
the information would be vaKieless to the questioner 
unless he were acquainted with the position of the 
Town Hall or at least 15f the High Street. Equally idle 
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would be the reply : Tiie ^ George " lie^ just past 
the fortj|-second milestone on the London IRoad/ sup- 
posing liM. ignorant of /he whereabouts of the London 
Eoad. ! ^ ^ ‘ 

Yet both these statements /Ure*in a certain sense 
answers to the question; ^ Where is the ‘^George’?’ 
They would be the true method of pointing out the 
therey if the <Juestion had been asked in sight of the 
Town Hall or upon the London Eoad. We see^ then, 
that the query, Where ? ^admits of an infinite number 
of answers according to the infinite number of posi- 
tion!?-— of possible lures — of the questioner. The where 
always supposes a definite here, from which the desired 
position is to be determined. The reader will at once 
recognise- that to ask, ^ Where is the ^ George ’ ? ’ 
without mea».ing, ^ Where is it with rega^ to some 
other place ? ’ is a question which no more admits of an 
answer than this one : ^ How shall I get from the 
^ George ’ to anywhere ? ’ meaning to nowher?^ in 
particular. 

This leads us to our first general statement with 
regard to position. We can only describe the where 
of a place or object by describing how we can get at it 
from some other known place or object. We determine 
its where relative to a here. This is shortly expressed 
by saying*fchat : All position is relative. 

Just as the ^ George ’ has only position relative to 
the other buildings in the town, or the town itself 
relative to other towns, so a body in space has only 
position relative to other bodies in space. To speak of 
the position of the earth in space is meaningless unless 
we are thinking at the same time of the Sun or of 
Jupiter, or of a star — that is, of some one or other 
of the celestial bodies. -This^ result is sometimes 
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described pf tbe ^ sameness o? space/ Bj tbis we only 
mean that in space itself tbere^istofliing perceptible to 
th^ senses which can*determm^^position/ S^ace k, as 
it were, a blank map *intQ which we put (fur objects; it 
‘ is the coexistence o*f ol^ects in this map which enables 
ns at any instant to distinguish one object from another. 
This process of distinguishing, which supposes at least 
two objects to . distinguished, is really determining 
a this and a that, a ^erc*and a there ^ it involves the 
conception of relativity of position. 

§ 2. Position may ^ be Determmecl by Directed StB^s» 

Let us turn from the question: ^ Where is the 
^ George ’ ? ’ to the answer : ^ You must keep steaight on 
and take first turning to the light, th^n the second 
to the left, and you will find the ^ George ^ 200 yards 
down the street/ 

*The instruction ^ to keep straight on ’ means to keep 
in the street wherein the question has been asked, and 
in a direction stmight on suggested by the previous 
motion of the questioner, or by a wave of the hand from 
the questioned. Assuming for our present purpose 
that the streets are not curved, this amounts to : Keep 
a certain direction. How far ? This is answered by the 
second instruction : Take the first turning on* the right. 
More accurately we might say, if the first turning to the 
right were 160 yards distant ; Keep this direction for 
160 yards. Let this be represented in our figure by the 
step AB, where a is the position at which the question 
is asked. At b the questioner is to turn to the right 
and, according to the third instruction,, he is to pass the 
first turning to the left at o and take the second at n, 

* We slialFreturn*to this point later. 
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llca'e accurately we might state the distant bd to be, 
say, I SC^vards. Tbeu we could combine our second and 
Ihir^I insISj'uetions by 3a;^ng : From B go 180 yardg in 
a ceihain direction, nainefy, b n. To determine exactly 
what this direction b d is with re^r.d \>o the first direction 
A B, we might use the folldwing method. If the stranger 
did not change his direction at b, but went straight on 
for 180 yards," he wmuld come to a point d \ Hence if 
measured the angle d'b b between the street in which 
the question whs asked a^d the first turning to the right, 



we should know the direction of B b and the position of 
B exactly. It would be determined by rotating bb' 
about B through the measured angle b^'b b. If we adopt 
the same convention for the measurement of positive 
angles as we adopted for positive areas on p. 133, the 
angle b^b b is the angle greater than two right angles 
through which b b' must be rotated counter-clockwise 
in order to take it to the position b b. Let us term this 
angle b^b b for shortness then we may invent a new 
symbol to denote the operation : Turn the direction 
'jou are going in through an, angle J3 counter-clockwise. 
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If we use symbol 7r/2 to |enote an angle equal to a 
right aagle, we have the following^ symbolic instructions : 
{ 0 } = Keep straight^on. * 

{ 7r/2 ) = Turn atrigMt angles to fiie left. * 

{ TT } = Tui:n "light round and go back. 

{87r/2 } = Turn at right angles to the right. 

Thus for a turning from A B to the Jeft the angle of 
our symbolic operation will be less, for a turning from 
A B to the right greater, ®b.an two right angles. 

If the directed person had^gone to instead of to 
D, he would have walked 150 yards to b ai^d then 180 
yards to b' ; he would thus have walke(^ a b + or 
150 yards -f 180 yards. In order to denote that he is 
not to continue straight on at b we introduce the opera- 
tor of turning, namely {/S}, before the 180 yards, and 
read 150 (/3}180 as the instruction: €ro 150 yards 

along some direction a b, and then, turning your direc- 
ting, through an angle /3 countei'-clockwise, go 180 
yards along this new direction. 

We are now able to complete the symbolic expression 
of our instructions for finding the ^ George.^ The 
fourth instruction runs ; Take a turning at B to the 
left and go 200 yards along the direction thus de- 
termined. Let do' represent 200 yards measured 
from B along b b produced, then we are to revolve d o' 
through a certain angle g'b g counter-clockwise, till it 
takes up the position b g. Then g will be the position 
of the ^George.’ Let the angle g'dg be represented 
by 7. Our final instruction may be then expressed 
symbolically by {7} 200. 

Hence our total instruction may be written symboli- 
cally — 

150 + {yS}180 + {7)200, 
where the units are yards. * 
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But yve have not yet ,4^ite freed tliis symbolic iu- 
structioi^rom any sngge^bion of direction as determined 
by s^reet^^ the first 150 ^ards are still to be taken al(fng 
tbe street in wMcb the quC^stio^i is ‘asked. . We can get 
rid of this street by supposing tfe direction determined 
by the angle which a cloGk-hand must revolve through 
counter-cloekwis^ to reach that direction^ starting from 
some other fixed or chosen direction. ^ Bor example, 
suppose the stranger to have ^ compass with him, and 
at A let A N bb the direction of its needle. Then we 
might fix the position of the street a b by describing it 
as a ufrectionfso many degrees east of north, or still to 
preserve our counter-clockwise method of reckoning 
angles, we might determine it by the angle a which 
the needle would have to describe through west and 
south to reach the position ab. We shoulA then in- 
terpret the notation {a} 150: Walk 150 yards along a 
direction making an angle a with north meas^ed 
through west. 

Our answer expressed symbolically is now entirely 
cleared of any conception of streets. For, 

{a} 150 -f {^}180 4 - { 7 } 200 
is. a definite instruction as to how to get from A to a 
quite independent of any local characteristics. It ex- 
presses the position of 0 with regard to a in a pui^ely 
geometrical fashion, or by a series of directed steps. 
Expanded into ordinary English our symbols read: 
From a point a in a plane, take a step A b of 150 units 
in a direction making an angle a with a fixed direction, 
from B take a step b n of 180 units making an angle 
with A B, and finally from n take a step n a of 200 units 
making an angle 7 with B n. All the angles are to be 
measured counter-clockwise in lihe fashion we have 
"descr&ed above. 
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§ 3. The Addition of Deeded. Sie^s or V^idors. 

If we now compare ouj figure with tlii syn^olical 
instruction {all-SO ^ *{/3}180 + {7)200^ we see that 
{a} 150 represents tlie step a b, when that step is 
considered to have not merely magnitude but ’also 
direction. Similarly b d and n a r^r^ent more than 
linear expressions for giumber — they are also directed 
steps. We shall then be ♦at liberty, to replace our 
symbolically expressed instructk)n 

(a} 150 + {yS}180 + {7} 300* 
by tbe geometrical equivalent 

AB + BD 4 - DG, 

provided we understand by the segments a b, b n, n g 
and th^ symbol -i- something quite (Afferent to our 



former conceptions. We give a new and extended 
meaning to our quantity and to our addition. 

AB + BB + BG no longer directs us to add the 
number of units in b b to that in A b and to the sum* of 
these the number in b g, but it bids us take a step a b in 
a certain direction^ then a step b b from the finish of 
the former step in another determined direction, and 
finally from the finish » of this second step third 
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directed step, b g. The ‘Entire operation brings ns 
■^froni A tolG. ISTow it i% (^vious that we should also 
^have ^'ot w a had we tjlcen the 'directed step AOt 
Hence, Mf we give an extej^aded meaning to the word 
equal’ and to its sign =, nsin^' th'em to mark the 
equivalence of the results -of two operations, we may 
write 

A^G = AB -i- BD + BG, 

and read this expression : — a g 'equals the sum of A B, 
B D and B G. 

Steps such as we considered in our chapter on 
Quanta^ which were magnitudes taken along any one 
straight line, are termed scalar steps, because they have 
relation only to some chosen scale of quantity. We 
add or subtract scalar steps by placing them end to end 
in any straight ^ine (see § 2 of Chapter III.) 

A step which has not only magnitude but direction 
is termed a vector step, because it carries us from on^ 
'position in space to another. It is usual to mark by an 
arrow-head the sense in which we are to take this 
directed step. For example in fig. 64 we are to step 
from A to B, and thus the arrow-head will point towards 
B for the step a b. In letters this is denoted by writing 
A before b. The method by which we have arrived at 
the conception of vector steps shows us at once how to 
add them. 

Vector steps are added by placing them end to end 
in such fashion that they retain their own peculiar 
directions, and so that a point moving continuously 
along the zigzag thus formed will always follow the 
directions indicated by the arrow-heads. This may be 
shortly expressed by saying the steps are to be arranged 
in contimiotis sense. The sum of the vector steps is 
then the single directed step^whicS. joins the start of 
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the zigzag thus formed’ to rfc finish. In fig. 55 lei d c cl, 
ef, and g h be directed stejs. ^ Tlien let a be drawrf 
^qual and parallel to ah; fi’om b draw BfO eqnahand^ 
parallel to c d, from c ^dra# o n equal afid parallel to e f, 
and finally from* n %aw n e ’ equal and parallel to g lu - 
We have drawn our zigzag*so that the arrow-heads all 
have continuous sense.’ Hence the directed step 
A E is the sum of the four given vectors.* If, for example, - 
at 0 we had stepped c 3^, equal and parallel to ef, but on 
the opposite side of bo on, and •then taken nV, 



equal and parallel to g h, the reader will remark at/once 
that the arrow-heads in b o, c o' and d'e^ are not in 
continuous sense, or we have not gone ih the proper 
direction at o. 

Should the vector steps all have the same direction, 
the zigzag evidently becomes a straight line ; in this 
case the vector steps are added precisely like scalar 
quantities; or, when vector steps may be looked upon 
as scalar, our extended conception of addition takes the® 
ordinary arithmetical meaning. 

We can now state a very important aspect of position 
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ill a plane ; nanielj, if tlie ];^sition of a rela^ve to a 
be denoted\bj the directedfstep or vector a a, it may 
'^also "be expr^sed by the suih of any number of directed’ 
steps, the start of the first of® such steps being at a and 
the finish of the last at a (see fig.^6.). We may write 
this result symbolically : — 

Aa=AB + CB + BE + BE + FO. 

It will be at once obvious th^f in our example as to 
finding the ^ George,^ the stranger might have been 
directed by_aji entirely different set of instructions to 





his goal. . In fact, he might have been led to make 
extensive circuits in or about the town before he reached 
the place he was seeking. But, however he might get 
to a, the ultimate result of his wanderings would be 
what he might have accomplished by the directed step 
A Gr supposing no obstacles to have been in his way (or, 
‘as the crow files ^). Hence we see that with our 
extended conception of addition any two zigzags of 
■directed steps, a s c b e f o and a b"' o' b' e' f' o (which 
may or may not contain the same number of com- 
ponent .^teps), both starting 4n a <^nd finishing in a. 
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must be looked' upon as eq|i valent instructions ; dr, we 
must take 

•aB + BO + c'd + EF + F G »= AG = 

ab' + b'o' + oin' ^ d'e' + e'f^ + p'g. 

• 

In other words, isw& sets ^of directed steps must he 
held to have an eq-ual sum, when, their starts feeing 
the same, the steps of both sets wili„ added vector-'wise 
have the same finish. ^ 

hTow let us suppose our granger were unconsciously 
standing in front of the ^ Geoi’ge ’ when he ashed his 
question as to its whereabouts, and furth^ij^ let us sup- 
pose that the person who directed him^ave h.fmei per- 
fectly correct instruction, but sent him by a properly 
chosen set of right and left turnings a considerable 
distance round the town before bringing him back to 
the poiRt A from which he had set oift. In this case 
we must suppose the ^ George ’ not to be at the point 
but at the point A. The total result of the stranger’s 
wanderings having brought him back to the place from 
which he started can be denoted by a zero step; of 
we must write (fig. 56) — 

AB4-BO-}-CD + DE-l-EF-hPa4-G-A = 0 . • . (i) 
We may read this in words : The sum of vector steps 
wliich form the successive sides of a closed zigzag is 

zero. ITow we have found above that — • 

» 

AB 4* BO + CD + BE + EF + FO = AO ..... (ii) 
Hence, in order that these two statements (i) and (ii) 
may be consistent, we must have — a a equal to a a, ,or 

A G 4 a A = 0. 

This is really no more than saying that if a step be ; 
taken from a to G, followed by another from g to a, the 
total operation will* be a -zero step. Yet the insult is 
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interesting as showing thai;i'if we consider a step from 
^ A to G as positive, a step^frym g to a must be considered 
‘negative, ]^t enables us also to reduce subtraction 
.vector^, to addition. For^if we term the operation 
■ denoted by a b — d o a suhtractioji of the vectors a 
pad n 0, since i) c -I- c d =3^0, the operation indicated 
amounts to adding the vectors a b and c n, or to 
A B -f c D. Hence/to subtract two vectors, we reverse 
the sense of one of them and add. 

— , H-i? 1 1 

TJ ^ P Q TV 

Fig. 57. 

The result a G 4- G a = 0 can at once be extended to 
any number of points lying on a straight line. Thus, if 
p Q E s T u v,be a set of such points — 

PQ4QE4»RS -f ST 4 TU 4 UV4 V 0. 
For starting from p and taking in succession the steps 
indicated, we obviously^ come back to p, or have pej^ 
formed an operation whose result is equivalent to zero, 
OTto remaining where we started. 

§ 4. The Addition of Vectors obeys the Gommiitaiive 
Lem, 

We can now prove that the commutative law holds 
for our extended addition (see p. 5). First, we can 
show that any two successive steps may be interchECnged. 
Consider four successive steps, a b, b c, c b, and B s. 
If at B instead of taking the step b o we took a step 
B H equal to c b in magnitude, sense and direction, we 
could then get from h to b by taking the step hb. 

, How let B B be joined ; then in the triangles b h b, b o b 
the angles at b and b are equal, because they are formed 
'bj the straight line b b falling on fevo parallel lines b h 
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and c D ; also tlie side -b d is comnion, and b h is equal 
to c D. Sence it follows (se^ p.^73) tliat these triangles 
j^re of the same shape and ^ize, or h n is equal to b o ; ’ 
and again the angles and dbg asre equals or h i> 
and B G are paraHel. Thus the step h b is equal to the 
step B c in directioBj^magnitude and sense. We have 
then from the two methods of reaching b from b, 

BO -f 0B = BB = BH*4-*HB 
» = OB -f- BC * 

by what we have just proved. * 

B 

# Fig. 58 . 

Hence any two successive steps may be inter- 
Jhanged. By precisely the sanfe reasoning as we have 
used on p. 11 we can show that if we may inter-^ 
change any two successive steps of our zigzag we may 
interchange any two steps whatever by a series of 
changes of successive steps; that is, the order in 
which vectors are added is indifferent. 

The importance of the geometry of vectors arises 
from the fact that many physical quantities can be re- 
j)reseilted as directed steps. We shall see in the suc- 
ceeding chapter that velocities and accelerations are 
quantities of this character. 

§ 5. On Methods of Determining Position in a Plane, 

It has been remarked (see p. 99) that scalar 
quantities may be “yreated as steps measured along a 
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straight line. In this case we only require one point on 
this line to he given; and T^e can determine tl?e relative 
position of any other by merely stating the magnitude 
of theTntervenmg step. '’A-line is occasionally spoken 
of asbeinga simceof one dimen sioju; in'one-dimensioned 
space one point suffices to -determine the relative posi- 
tion of all others. 

When we consider however position in a plane, in 
order to determine the whereabouts of a* point p with 
regard to another A we require to know not only the 
magnitude but the direction of the step ap. Hence 
what^alar st^ps are to one-dim ensioned space, that 



are vector steps to plane space. In order to deter- 
mine the direction of a step ap we must know at 
least one other point e in the plane. Space whieh 
requires twO points to determine the position of a third 
is usually termed space of two dimensions. The*re are 
various methods in general use by which position in 
two-dimensioned space is determined. We shall men- 
tion a few of them, confining our remarks however to 
the plane, or to space of two dinaensions which is of 
the same shape on both sides. 

{a) We may measure the distances between a and 
p and ^between b and p* If these distances are of 



scalar magnitude r and ‘ / respectively, there will 'be 
two points ^corresponding to -any t^o given values of 
r a-pd ; namely p a-nd p' the -intersections of the two 
circles with centres at a and«3 tod radii equal to ; and 
r respectively. We may distinguish these points as 
being one above, and Ihe other below ab. Only in 
the case of the circles touching will the two points 
coincide ; if the circles do not meet •there will be no 
point. ' • 

If p moves so that for each of its positions with re- 
gard to A and B the quantities raftd r' satisfy some defi- 
nite relation, we shall obtain a coiitinnon% sel:'" ot^^>H!nts 
in the plane or a curved line of some sort. For example, 
if we fasten the ends of a bit of string of length I to 



pins stuck into the plane of the paper at a and b, and 
then move a pencil about so that its point p always 
remains on the paper, and at the same time always 
keeps the string a P b taut round its point, the pencil 
will trace out that shadow of the circle which we have 
called an ellipse. ♦ 

In this case r + / = a p + P b == Z, the constant length 
of the string. This relation r -h / = Hs an equation 
between the scalar quantities r, / and Z, which holds 
for every point on the ellipse, and expresses a metric* 
property of the curve with regard to the points a and b. 

If on the other hand we cause p to move so that the 
difference of a p and B p is a constant length (r— 
then p will trace out, the curve we have termed the 
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hyperbola. We can cause p t'o moye in this fashion by 
means of a yery simple bit of mechanism. ^ Suppose a 
rod B L capable of reyolving about one of its ends b :-let 
a strng of given length be fastened to the other end 
L and to the fixed point A. ^Theli if, as the rod is 
moved round b, the string be held taut to the rod by a 



pencil point p, the pencil will trace out the hyperbola. 
For since l^-I-pa equals a constant length, namely 
that of the string, and l p -j- p b equals a constant length, 
namely that of the rod, their difference or pa— p^is 
equal to the constant length which is the difference of 
the string and the rod. 



The points a and B are termed in the cases of both 
ellipse and hyperbola the foci. The name arises from 
the following interesting property. Suppose a bit of 
polished watch spring were bent into the form of an 
ellipse so that its fiat side was turned towards the foci 
of the ellipse ; then if a hot body were placed at one 
^focusjB, all the rays of heat or dight radiated from b 
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^vliicli fell upon tlie spring would be collected, or, as it is 
termed, ‘£(}cussed’ at a; hence a 'would be a much 
i brighter and hotter* point than any other within tip-’' 
tdlipsti (b of course* exeepl^d). The name foa.is i-? 
iruin the Latin, iind means a fireplace or hearth. 
This property of the arc of aii*ellipse or hyperbola., that 
it collects rays radiating from one focus in the other, 
depends upon the fact that a p ancf p*b mahe equal 
angles with the curve at»p. This geoinetricai rehat ion 
corresponds to a physical property of raj's of heat and 
lii^'ht ; namely, that they make flie same angle with a. 
i-efiecting surface when they reach it a^d 
leave it. * 

A third remarkable curve, which is easily obtained 
from this our first method of considering position, is 
the lemmscate of James Bernoulli (fro^i the Latin 
hmniscus^ a ribbon). It is traced out by a point p which 
moves so that the rectangle under its distances from a 
and B is always equal to the afea of a given square 



(r . / = If the given square is greater than the 
square on half a b, it is obvious that p can never 
cross between a and b; if it is equal to the square 
on half A B, the lemniscate becomes a figure of eight ; 
while if it is less, the curve breaks up into two loops. 
In our figure a series of lemniscates are represented. 
A set of curves obtaimed by-varying a constant, like Ihct^ 



l64 THE COMMOJf SENSE m THE EXACT SCIENCES. 

' given square in the case of tli6 lemniscate, is termed a 
.family of curves, *Sacli families of curves ^constantly 
occur in the consideration of physical pi'oblems, 

§ 6. Polar Co-ohi^inates, 

' (/3) The points a and b determine a line whose 
direction is ab. •' If we know the length ab and the 
angle bap, we shall have ^ means 6f finding the 
position of p. ^ Let r h% the number of linear units in 
A p and 6 the number of angular units in b a p, where 
r nfay jif course be fractions. In fneasuring the 

angle d we shall adopt the same convention as we have 
employed in discussing areas (see p. 134) ^ namely, if a 
line at first coincident with ab were to start from 



that position, and supposed pivoted at A to rotate 
counter-ctockwise till it coincided with ap, it would 
trace out the angle 6, Angles traced out clockwise will 
like areas he considered negative. Thus the angle bap'' 
below AB would be obtained by a rotation clockwise 
from AB to Ap', and must therefore be treated as 
negative. On the other hand, we might have caused a 
line rotating about a to take up the position a p' by 
rotating it counter-clockwise through an angle marked 
-in our figure by the dotted arc oft a circle^ Further we 
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niiglit obviously Lave readied a p *bj a line rotating 
about A clockwise, and might thus represent the position^ 
of by a negative angle. But even after we had got to 
p we might cause our line tc^rdtate about a a coiipiete 
jiumber of times eithei^clodvivise or counter-clockwise, 
and we should still be at th^ end of any such number 
of complete revolutions in the same position a p. 

We have then the following four m^ethods of rotating 
a line about A ’from coincidence with a b to coincidence 
with A P : — 

(i) Counter-clockwise from ab to ap, 

(ii) Clockwise f^’om a b to a P. 

(hi) The first of these combined with any number 
of complete revolutions clockwise or counter- 
clockwise. 

(iv) Ihe second of these combined with any number 
of complete revolutions clockwise or counter- 
clockwise. 

The following terms have been adopted for this 
method of determining position in space : — 

The line a b irom w^hich we begin to rotate our line is 
termed the initial beginning line ; the length ap is 
termed the radlusvectoi' (from two Latin words signify- 
ing tht^ caiT\ iiig rod or spoke, because it carries the 
point p to the required position) ; the angle b a p is 
termed* the vedorial angle, because it is traced out by 
the radiu' vector in moving from a b to the required 
position A p ; A is termed the iJole, because it is the end 
of the axis nbout wdiich w^e may suppose the spoke to 
turn, i'i.iaiiy ap (= r) .and the angle bap (== 9) are 
termed the imlar cO’-ordinates of the point p, because 
they reanhite the position of p relative to the pole a and 
the initial line ab. 
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§ 7. The -Trigonometrical Ratios, 

Iff p M be a*pei'peiidiculnr dropped from p on a b, tbe 
ratios of fbe sides of tlie riglit-an^led triangle pam^ 
bare for the purpose of ^abbreviation been given tbe 
following names : — 

~y or tbe ratio of tbe perpendicular to tbe bypo- 

tbenuse, is termed tbe sine of tbe angle bap. 
or^^be ratio of tbe base to tbe bypotbenuse, is 

or 

termed tbe cosine of tbe angler bap. 

~ 5 or tbe ratio of tbe perpendicular to tbe base, is 

A SI 

termed tbe tangent of tbe angle bap. 

^5 or tbe ratio of tbe base to tbe perpendicular, is 

termed tbe cotaitgent of tbe angle bap. 

If 6 be tbe scalar magnitude of tbe angle bap these 
ratios are written for shortness, sind^ cos9, tanO, and 
cotd, respectively. Let us take any other point q on A P, 
and drop q n perpendicular to a b, then tbe triangles 
Q IIS', PA M are of tbe same shape (see p. 106), and thus 
the ratios of then' corresponding sides are equal. It 
follows from this that the ratios sine, cosine, tangent, 
and cotangent for tbe triangles Q A liT and p a m are tbe 
same. Hence we see that Bind, cob6, tan0, and cotff 
are independent of tbe position of p in A p ; they are 
ratiios which depend only on tbe magnitude of tbe angle 
B A p or 9, They are termed (from two Greek words 
meaning Unangle-^meastiremeni) tbe trigonometrical 
ratios of the angle 9. Tbe discussion of trigonometrical 
catios^or Trigonometry^ forms an 'Important element of 
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pui-e Diatliematics. Tlie'names of flie trigonoBaetricpJ* 
ratios tlieiiJfeelves are derived from an older terminology^ 
wlvcli connected these ratios with the figure supposed 
to be presented by *an ^arcfe.ei^ whose bow string was 
.placed against his'breast,^ 

§ 8. Spirals, 

Let us suppose the sp(fke a p to revolve about the pole 
A, and as it revolves let the poiftt p move along the spoke 
ill such fashima that the magnituHe r of a p is always de- 
finitely related in some chosen manner toih? m^n^Sfde 
^ of B A p. Then if p be taken as the point of a pencil 
it will mark out a curved line on the plane of the paper. 



Such a curved line is termed a polar curve or spiral^ 
the latter name from a Greek word denoting the coil, 
as of a snake, to which some of these curves may be 
considered to bear resemblance. 

One of the most interesting of these spirals was 
invented by Conon of Samos {fl. b.o. 250), but its 

* In onr figure the angle b a p has been taken less than a right angV, 
it may have any magnitude whatever. It has been found useful to establish 
a convention with regard to the sigjis of the perpendicular p m and the base 
AM. PM is considered positive when it falls above, but negative when it 
falls below the initial line ab ; a m is considered positive when m falls to 
the right, but negative when it falls to the left of a. The reader will under- 
stand the value of this convitition hstfcer after examining |§ 11, 
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• chief properties having been discussed by Archimedes, 
^it is usuallj called ^bj his name. The spir^ji of Archi- 
medes is defined in the following simple manner. rAs 
the spoke a p moves unixoiyinly round the pole, the point 
p moves uniformly along the sp^ke, Let c be the posi-^ 
tion of P when the spok6 coincides with the starting 
line A B, and let a c contain a units of length. Then if p 
be the positiomof the pencil-point when the spoke has 
described 'an angle bap containing B units of angle, and 
if A o' be measured along^A p equal to A c, the point will 
have described the distance o' p while tjie spoke was 
tiifnh^^ through the angle cap. But since the point 
and spoke are moving uniformly, the distance o' P must 
be proportional to the angle c a p, or their ratio must 
be an unchangeable quantity for all distances and 
angles. Let h be the distance traversed by jjhe point 
along the spoke while it turns through unit angle, 
then c' P must be equal to the number of units in c a^ 
multiplied by h. Using r to denote the magnitude of 
„AP we have 

o' P = & X but c' P = r — a ; 

Thus : r =: €t + 6 

This relation between r and 6 is termed the polar equa- 
tion to the spiral. 

The following easily constructed apparatus will 
enable us to draw a spiral of Archimedes, n E F is a 
circular disc of chosen radius ; upon the edge of this 
disc is cut a groove. To the centre a of the disc is 
attached a rod or spoke which can be revolved about A 
as a pole ; at the other end of this rod is a small grooved 
wheel or pulley G. A string is then fastened to some 
point n in the groove of the disc, and passing round 
the puUej o is attached to acsmalh block p which holds 
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a pencil and is capable of sliding in a slot in tlie sp*oke: 
If this blo^k be fastened by a pie^e of elastic to a, tb^ 
sti’ing from p to o £iiid tben from g- to tlie groove on the 
disc will remain taiit. ^Nof/ ^upposing'the diso to be 
• held firmly pressed, against the paper, and the spoke 
A 0 to be turned about a cdunter-clockwise, the pencil, 
p will describe the required spiral. For the string 
touching the disc in the point t the l^gtire g-a T always 
remains of the same si^e and shape as we’ turn the 
spoke about the pole ; hence ILhe length* of string a t is 



constant. Thus if a length of string re^^resented by 
the arc D T be wound on to the disc as vTe turn the 
spoke from the position ab to the position ap, the 
length p G- (i^ince the length g t always remains the 
same) must lose a length equal to n t as p moves from 
c to P. But the amount of string d t wound on to the 
disc is proportional to the angle through which the 
spoke A p has been turned ; hence the point p must have 
moved towards G through a distance proportional to 
this angle, or it has ^described a spiral of Arcliiipedes. • 



176 THE COmiON SENSE OF THE EXACT SCIENCES, 

Once in possession ^of a good spiral of this kind we 
'Can solve a j)roblem v^hich often occurs, name'^ to divide 
a angle into any number of parts having given ratios. 
Let the given ''angle be'^plticed with its vertex at the 
pole of the spiral and let the ra(^ii v&tores a c and ap 
be those which coincide Vith the legs- of the angle* 
About the pole a describe a circular arc with radius a c to 
meet a p in o'. ''Now let us suppose the problem solved 
and let the radii vectores a d/^a e, a p be those which 
divide the angte into the^ required proportional parts. 
If these raclii vectores meet the circular arc p in e'. 



f' respectively, then by the fundamental property of the 
spiral we have at once the lines n'n, e'e, c'p in the 
same ratio as the angles cab, o a e, cap, cap. Thus 
if we measulre lengths a d, A e, a/ equal to A n, a^e, a p 
respectively along ap, c'p will be divided in def into 
lengths which are proportional to the required angles. 
Conversely,if we were to divide c'p into segments c'i, d 
efy and/p in the same ratio as the required angular 
division, we should obtain lengths A - d ^ a/, which 
would be the radii of circles with a common centre 
A cutting the spiral in the required points of angular 
divisiop^ The spiral of Ai'cMmedcs thus enables us to 
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deduce the division of an angle^.m* any fashion to the 
like divisiSn of a line. 

• hTow the division of a line in any fashion, that, is, 
into a set of segments^ in %ny given r^tio, is at once 
solved so soon as* we have learnt by the aid of a pair of 
compasses or a ^ set square ^ to draw parallel lines. Thu^ 
suppose we require to divide the line c"p into segments in 
the ratio of 8 to 5 to 4 ; we have only to mark off along 
any line through o', say*c'Q, steps c'n, b s, s of placed end 
to end and containing 3, 5, anti 4 units of any kind i‘espee- 
tively. If ihe finish of the last step t be joined to p 



and the parallels nr, ss to t p tM’Ough e and s be drawn 
to meet o'p in r and s, then o'p will be divided in r and s 
into segments in the required ratio of 3 to 5 to 4. This 
follows at once from onr theory of triangles of the same 
shape (see p. 106). For, since e o' r, s c's, and t g'p are 
such triangles, they have their corresponding sides pro- 
pjortional, and the truth of the proposition is obvious. 

A spiral of Archimedes accurately cut in a metal or 
ivory plate is an extremely useful addition to the ordi- 
nary contents of a box of so-called mathematical instx'u- 
ments. 


§ 9. The Equiangular Spiral, 

Another important spiral was invented by Descartes, 
and is termed from two of its chief properties either the 
eqtdangular or the l<^arithmic spiral. 
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L'et B 0 A be a triangle witb a small angle at o, and 
^hose sides o a and o b are of any not very greatly differ- 
ent lengths. Upon o b and upon the opposite side of It 
to A coaistrnct a triangle b dc of the same shape as the 
triangle a o b, and in snch wise t^at the angles at b and 
A are equal. Then upon o c place a triangle c o d of the 
same shape as either boo or aob; upon on a fourth 
triangle doe, again of the same shape ; upon o E a fifth 
triangle, and so on. We thus 'ultimately form a figure 
consisting of a number oi triangles a o b, b o 0, 0 o n. 



n 0 E, &c., of the same shape, all placed with one of their 
equal angles at o, and in such fashion that each pair 
has a commbn side consisting of two non-corresponding 
sides (that is, of sides not opposite to equal angles). The 
points ABODE, &c., will form the angles of a polygonal 
line, and if the angles at o are only taken small enough, 
the sides of this polygon will appear to form a continuous 
curved line. This curved line, to which we can approach 
as closely as we please by taking the angles at o smaller 
and smaller, is termed an equiangular sj^iraL It derives 
'its namg from the following property, — a b, b c, c d, &c.. 
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being corresponding sides of triangles of the same shapes 
make equd^ angles ob a, o cb, odc, &c., with the eor-^ 
re^sponding sides 0^,00,00, &e. ; but when the angles 
at 0 are taken very sfnall a b*c, c d, &c.*; will appear as 
successive elemenfs of the curved line or spiral. Hence 
the arc of the spiral meets ail rays from the pole o at_ 
the same constant angle. 

Let us now endeavour to find th^ i^elation between 
any radius vector 0 p {=^r) and the vectorial angle a 0 P 
(= 0 ). 

Since alj our triangles a 0 b* b 0 c, c 0 &q,, are of 

the same shape, their corresponding sid^is mu^be'^ro- 
portional (see p. 1G6) ; or, 

0^^^__0_D_0E__£P_^^ 

OA OB 00 "" on OE ~ ' 

Each of^these equal ratios will therefore have the same 
scalar value ; let us denote that value by the symbol /x. 
Then we must have 

0B = A6.0A; 0C = /x.0B; 0D = /4.0C; &c. 

Or, OB=/x.OA;OC = OB =/x^.OA, and so on. 

Hence if o n be the radius vector which occurs after n 
equal angles are taken at 0, we must have 

0 N = . 0 A. 

Now let the very small angles at 0 be* each taken 
equal *to some small part of the unit angle ; thus we 
might take them or yoV( 7 angle. We 

will represent this fraction of the unit angle by 1/6, 
where we may suppose h a whole number for greater 
simplicity. Further let us use \ to denote the 
power of ya, or \ = /x^ 'With the notation explained on 
p. 144 we then term /x a root of X, and write 
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Hence finally we liare o n == o a . X” ^ or in words : 

^Tke base of the equal-shaped triangle ]iifaced about 
o.is equal to the base of the first multiplied by« a 
certain quantity X raised ^to the power of 7z-times the 
quantity Ijh which exj^resses j:he inagnitude of the- 
equal angles at o in units of angle. 

ISTow let the spoke or ray o p fall within the angle 
which is formed by the successive rays o n and o Q of 
the system of equal-shaped triamgles round o. Then o n 
makes an angle ?i-times i/Z?, and o Q an angle + 
tiuies Ijh with o a. Hence the angle a o p, or 0, must lie 
inlhagxiitude between njh and {n+l)lb. Similarly the 
magnitude of o p must lie between those of o N and o Q. 
Now by sufficiently decreasing the angles* at o we can 
approach r»earer and nearer to the form of the spiral, 
and the ray o^ must always lie between two successive 
rays of our system of triangles. The angle 6^ which will 
thus always lie between njb and {'}i+l)lh, can onl^ 
differ from either of them by a quantity less than 1 jh. 
It then b be taken large enough, or the equal angles at 
0 small enough fractions of the unit angle, this dif- 
ference 1 jh can be made vanishingly small. In this case 
w^e may say thatm the limit the, angle 6 becomes equal to 
ujh and the ray o p equal to o n or o Q, which will tnus 
be ultimately equal. Hence o p = o a . X'^^^ — o a . X^, or in 
words: If ‘'a ray op of the equiangular spiral make 
an angle A o p with another ray o a, the ratio of o p to 
o A is equal to a certain number X i-aised to the power 
of the quantity 6 which expresses the magnitude of the 
angle a o p in units of angle. 

If a and r be the numbers which express the 
magnitudes of o a and o p, we have r=a X^. This is 
tenned the polar equation of the spiral. 

. We proceed to draw some important results from a 
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consideration of this spiral. The Teader will at once 
observe tli=it the ratio of any pair o*f rays op and 0 q. is . 
et^ual to the ratio of any other pair which include an 
equal angle, for the ratio nf any pair Qf rays dex^ends 
only on the included angle. Further, if we wanted to 
multiply the ratio of aXiy tw^ quantities and q by the 
ratio of two other quantities r and s we might proceed' 
as follows : Find rays of the equiang^hv' s^hral o p, o q, 
0 Ft, 0 s contahiing the ^ame number of linear units as 
pj q, r, 6* contain units of qwntity (see, 'p. 99), and let 





9 be the angle .between the fest pair, ^ the angle 
between the second pair. 

Then 


^ and — 

OP OK 




whence it follows that — x — = X® x 

OP OR 

or is equal to the ratio of any pair of '^rajs which 
include an angle 0 + Thus if the angle q o T be 
taken equal to (f>, and o t be the corresponding ray of 

the spiral, — = and is a ratio equal to the pro- 

duct of the given ratios. Hence to find the product 
of ratios we have only to add the angles between pairs 
of rays in the given ratios, and the ratio of any two 
rays including an ai^le equal to the sum will be equi^l ' 
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to the required product. Thn^ the eqniangular spiral 
- enables iis to replace pmltiplication hy aclditicai. This is 
ail. extremely valuable substitution/as it is much easier 
to ad<L than to multiply." 

Since — divided by — = A^-divided by X'^= 

OP 0 E 

it is obvious that we may in like fashion replace the 
division of two ratios by the subtraction of two 
angles. A set of quantities like the angles at the pole 
of an equiangular spiral^hich enables us to replace 
multiplication and division by addition and subtrac- 
tion is termed^ a table of logarithms. Since the equi- 
angular spiral acts as a graphical table of logarithms, 
it is frequently termed the logarithmic spiral. 


§ 1C. On the Nature of Logarithms, ^ 

Since in the logarithmic spiral o P = o A x wher^ 
0 is equal to the angle a o p, we note that as 6 increases, 
or as the ray o p revolves round o, o p is equally mul- 
tiplied during equal increments of the vectorial angle 
A 0 p. When one quantity depends upon another in 
such fashion that the first is equally multiplied for 
equal increments of the second, it is said to grow at 
logarithmic rate. This logarithmic rate is measured by 
the ratio of the growth of the first quantity for unit 
increment of the second quantity to the magnitude of 
the first quantity before it started this growth. 

Let us endeavour to apply this to our equiangular 
spiral. Suppose aob, boo, con &c. to be as before 
the triangles by means of. which we construct it (see 
fig. 69), the angles at o being all equal and very small. 
Along o B measure a length o a' equal to o a ; along o 0, 
a, length ob' equal to obj:. along on, a length oo' 
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eqiKil to 0 O5 and so on. ' Then b'c^ c'd, fee., -will 
be the snc(?^ssive growths as a raj* is turned succes- 
sively from o A to 0 B, from 0 e to o c, and so on. Join 
A a', bb', cc'5 &c. '’Now the •triangles* A o B, ^boo, 
’ c 0 D;, &C.5 are all of ^the same shape ; so too are the 
isosceles triangles a 0 a^, b 0 S', c 0 o', &c. Hence the 
differences of the corresponding members of these sets, 
A a'b, b b'c, c g'd, &c., must also be of 'hqnal shape, and 
thus their corre*sponding aides proportional. It follows 
then that the lengths ^ 

a'b, b'c, &e., are in the same ratio as the lengths 
a'a, b'b, c'c, &c., or again as the lengths 
OA, OB, 00, &c. 

Whence we deduce that 

— — =:&C 

0^ OB 00 

% the growth a'b is always in a constant ratio to 
the growing quantity 0 a. * 

Now, if the angles at o be very small, the line a a' 
wull practically coincide with the arc of a circle with 
centre 0 and radius equal to o a. Hence (see p. 143) 
A a' will ultimately equal 0 a x the angle A 0 a', while 
the angle at a' will ultimately be equal to a right 
angle. 

Further, the ratio of a'b to a a' remains, the same 
for all the little ti-iangles a a'b, b b'c, 0 c'n, &e. It is in 
. each case the ratio of the base to the ^e'i'jpendicular when 
we look upon these triangles with regard to the equal 
angles aba', b c b', 0 d o', &c. Now these are the' 
angles of the triangles which give the spiral its name. 
Let any one of them, and therefore all of them, be equal 
to a. By definition the cotangent of an angle (see p. 166) 
is equal to the ratio qf the jDase to the perpendicular. 
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Hence 


or 


J. ' A B A B ^ 

Cota =. . = = >^-7. 

A A OA X angle a 0 a 

~ = &,ngle A 0 A^ X eot(x. 
o A 


iSTow A B denotes tlie groTvth for an angle A 0 a', 
snpposed very small ; whence it follows that the loga^ 
rithmic mte^ eg' Che ratio of the growth to the growing 
quantity for tvnit angle, is ^qual to Qoia, Thus the 
logarithmic rate for thee.growth of the ray of the equi- 
angular or logarithmic spiral, as it desjfj^^ibes equal 
as^gles ahuui-the pole, is equal to the cotangent of the 
angle which gives its name to the 'Spiral. 

Let us suppose 0 a to be unit of length, then, since 
0 p = 0 A X X^, the result 0 p of revolving the ray 0 A 
through an gngle 6 equal to unity will be X, or X is the 
result of making unity grow at logarithmic rate cota. 

. 2 sow let us denote by the symbol e the result 
making unity grow at logarithmic rate unity during 
the description of unit angle. Then e will have some 
definite numerical value. This value is found, by a pro- 
cess of calculation into which we cannot enter here, to be 
nearly equal to 2*718. This means that, if while unit 
r^y were turned through unit angle it grew at loga- 
rithmic rate unity, its total growth (l*7l8) would lie 
between eight and nine-fifths of its initial length. Since 
e is the result of turning unit ray through unit angle, 
and since the ray is equally multiplied for equal multi- 
ples of angle, ev must repi*esent the result of turning unit 
ray through 7 unit angles. Hitherto we have been 
concerned with unit ray growing at logarithmic rate 
Unity ; now let us suppose unity to grow at logarithmic 
rate 7 ; then it grows 7 times as much as if it grew at 
logarithmic rate unity, or tb-e resi^lt of turning unit ray 
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tliroiigli unit angle, svlule it grows at logaritliinic rate 
7, must be same as if we sprea'd I/7 of this rate 
of gTowth over 7 unit angles ; that is, as if we caused 
unity to grow at logarithmic unity for 7 unit apgles, 
■ or ey. Hence deSiotes the result of making unit ray 
grow at logarithmic rat^ wnitf while it describes 7 unit 
angles, or again of making unit ray grow at loga- 
rithmic rate 7 while it describes a unit of' angle. 

Let us inquire wdiat isi the meaning of when 7 is 
a commensurable fraction eqitii to sjL^s and t being 
integers. -Let fc be the as yet un^aiowni result of turn- 
ing unit ray through an angle equal ±0 7 while "^t 
grows at unit logfi!rithmic rate; then r' will be the 
result of turning unit ray through t angles equal to 
7 while it grows at unit rate ; but t angles equal to 7 
form an angle containing s units, or thi^ result must 
be the same as the result of turning unitv through an 
a^gle s while it grows at logarithmic rate t. Thus we 
have That is, x is a ^-th rcJbt of or, as we write 

it, equal to ^ Thus e^, if 7 be a commensurable 

fraction, is the result of causing unit vaj to grow at 
logarithmic rate unity through an angle equal to 7, or 
as we have seen at logarithmic rate 7 through unit 
angle. 

ISTow let us suppose it possible to find a commen- 
surable fraction 7 equal to cota ; then the* result of 
making’* unity grow at logarithmic rate cota as it is 
turned through unit angle must be ey. But we have 
seen (see p. 178) that it is equal to X. Hence 
X = ey. 

Further, the result of making unity grow at loga- 
rithmic rate eota as it is turned through an angle 6 
is ; or^ 


n'2 


X^ =*: ey^ 
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Thus we may write o p = o' a . X® = 0 A . 
or with our previous symbols, 

r = a . ' 

c c r- ^ . 

This is therefore the equation Jto our equiangular, 
spiral expressed in terms^^of th^ quantity e. 

. If we take a spii'al in which a is the unit of length, 
and in which coj:a or y is also unity, we find 

r 

r = 

The symbol e® is then road the exponential of and 6 
is termed the natural logarithm of r. It-4s denoted 
si' mbolicaily;thus : — 

9 = log^n ^ 

The quantity e is termed the base of the rfatural system 
of logarithms. Our spiral would in this case form a 
graphical table of natural logarithms* 

Eeturning to the equation 
r == a . 

let us suppose y so chosen that e^=10 ; then y will re- 
present the angle through which unit ray must be 
turned in order that, growing at unit logarithmic rate, 
it may increase to ten units. Again taking a to be 
of unit length we find r=e^^=:10^. 9 is in this case 

termed the logarithm of r to the base 10, and this is 
symbolicaUy expressed thus : — 

6 = logio 

The spiral obtained in this case would form a graphical 
table of logarithms to the base 10. Such logarithms 
-are those which are usually adopted for the purposes of 
practical calculation. 

iNatui'a! logaiithms were first devised by John 
Napier, who published his invention in 1614.^ Loga- 

^ LogarUhrmrum Caiimis I)esm;pii(>, fto. Edinburgh, 1614. 
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ritlims to tlie base 10 are now iis'ed in all but the 
simplest nu^merical calculations which it is needful to 
majce in th^ exact sciences 5 their value arises solely 
from the fact that addition and subtraction are pasier 
pperations than mtlltiplication and division. 

§ 11. The Cartesian Method of Determining Position, 

( 7 ) In order to determine the position of a; point Pj 
in space of two dimensions^ we^may draw the line b a 
joining the given points A b an<J another line gag' at 
right angles to this through a. These wilV divide t^e 
plane into four equ^l portions termed gnadrar^. Let 
Pi M be a line drawn from the point Pj (the position of 
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which relative to a we wish to determine), parallel to 
0 A and meeting b'a b in m. Then we may state the 
following rule to get from a to Pj : Take a step a m* 
from A on the line b^a b, and then a step to the left at 
right angles to this equal to m Pj. Now a step like 
A M may be taken either forwards along a b or back- 
wards along ab'. Precisely as before (see p. 100) we 
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-shall take 4- am to mean a 'step fortuards along a b, 
and —AM to mean a step am' hackwardjf along a b' 
’throagh the same distance a m. Let us use the letter 
i to 4^^ote the operation,'' which 'we have represented 
by (7r/2) on p. 151. Thus applied to unit step it will 
signify : Step fonvards in^the direction of the previous 
step and from its finish unit distance, and then 
rotate this i>niu distance through a I’ight angle 
counter-clockwise about the finish of the previous step. 
The operator i placed b^efore a step, thus i.MPj, will 
then be interpreted ^-s follows: Stex3 from-M in the 
difection £b a distance equal to the length m Pj, and 
then rotate this step mPj about ]f£ counter-clockwise 
through a right angle. We are thus able to express 
symbolically the position of P^ relative to a, or the step 
A Pj, by the relation 

APi = AM 4 - i .M Pj. 

If we had to get to a point P4 in the quadrant b a o', 
^instead of to Pj, we should have, instead of stepping for- 
wards from M, to step hackwards a distance M P4, and 
then rotate this through a right angle counter-clock- 
wise. The step backwards would be denoted by insert- 
ing a — sign as a reversing operation (see p. 39), and 
we should have 

a P4 = A M — i . M P4. 

Next let us see how we should get to a point like Pg 
in the quadrant 0 A b\ where Pg is at a perpendicular 
distance Pg m' from a b'. First, we must take a step, 
A m', back^vards ; this is denoted by —am'; secondly, 
we must step forwards from m' a distance m' Pg ; since 
this step is forvjardsy it will be towards A ; thirdly, by 
applying the operation i to this step, we rotate it about 
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m' coiiiitor-elockwise tliix:)iigli a riglit angle^ and. so, 
reach p.,. Hence * * 

* A Po = — A p^. 

Finally^ if wish ^to reach P3 in the quadrant 
Vac', we must step "^ackw^rds am', and then still 
further backwards a step m' P3, and lastly rotate this 
step counter-clockwise through a rij^ht angle. This 
will be expressed by * 

9 

A P3 = — A m' ^ i . m' Pg.^ 

Now let'us suppose Pp P3, P4,«to be the four corners 
of a rectangular figure whose centre is j^t a’ and wh^se 
sides are parallel to bab' and c Ack L-i^t the number 
of units in a.m be tv, and the number in m Pj be ?/,‘then 
we may represent the four steps which determine the 
positions of the p’s relative to a as follow^: — 

APj — X + iij APg = — a? + iy 

A P3 = — a? — y A P4 = itj — y. 

Here x and y are mere numbers, but, when we 
represent these numbers by steps on a line, the* 
•t/-numbers are to be taken on a certain line at right 
angles to that line on which the ^e-numbers are taken. 
Thus the moment we represent our x and y numbers 
by lengths, they give us a means of determining posi- 
tion. ^ 

The quantities x and y might thus be used to deter- 
mine the position of a point, if we supposed them to 
carry with them proper signs. Our general rule would 
then be to step forwards from a along a B a distance 
and then from the end of x a distance forwards equal 
to y ; rotate this step y about the end of x counter- 
clockwise through a right angle, and the finish of y 
will then be the point determined by tlie quantities a*, y 
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If X or y be negative^ tbe corresponding forwards must 
be read: Step forwards a negative quantity, tliat is, 
'Step backwards. Thus : — 

Pp or^osition'in tbe quddrant u a c is ^determined by x, y. 

pQ . . . . . — £K, y: 

P3 . . • ♦ b'ao' . . —aj,— 2/' 

P4 • . • . o'ab . • «,—?/. 

Tbe quantities x and y ar<Ji termed tbe Cartesian co^ 
ordinates of tbe point p, tbis method of determining tbe 
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position of a point having been first nsed by Descartes. 
B A b' and c A c' are termed tbe co-ordinate axesi of x 
and y respectively, while a is called tbe 'origin of co- 
ordinates. ^ For example, let tbe Cartesian co-ordinates 
of a point be (~3, 2). How shall we get at it from tbe 
origin a ? If p be the point, we have a p = — 3 + i . 2. 
Hence we must step backwards 3 units ; from tbis point 
step forwards 2 and rotate tbis step 2 about tbe ex^ 
tremity of tbe step 3 through a right angle counter- 
clockwise ; we shall then be at the required point. 

If p be determined by its Cartesian co-ordinates x 
and 2/, we might find a succession of points, p, by always 
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taking a step y related in a certain invariable fasbion to^ 
any step x whicii has been previously made. 

Sucb a l^uccession of points p; obtained by giving 
ir every possible value, will ^oxpi a line, or curve, and 
tbe relation between x knd y is termed its Cartesian 
equation. % • 

As an instance of tliis, suppose that for every step ’ 
Xy we take a step y equal to tbe double of it. Then we 
shall bave for^our relatiqp y 2 and our instructions 



to reach any point p of the series are x-hi.2x. Suppose 
the quadrant b a o divided into a number of li^itle squares 
by lines parallel to the axes, and let us take the sides of 
these squares to be of unit length. Then if we take in 
succession a3=l, 2, 3^ &c., we can easily mark off our 
steps. Thus : 1 along a b and then 2 to the left ; $ 
along A B and 4 to the left ; 3 along ab and then 6 to 
the left ; 4 along a b and then 8 to the left ; 5 along 
AB and then 10 to the left, and so on. It will be 
obvious (by p. 106) that our points ail lie upon a 
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straight line throngli a, and JioweYer many steps we 
take along a b, followed by double steps perpendicular 
to it, we shall always arrive at a , point the same 

line. If we gp^ve x negpitive values we should obtain 
that part of the line which lie’s in the third quadrant^ 
b'ac'. Hence we see that: y =r2 x is the equation to 
a straight line which passes through a. 

Let us take^ another example. Suppose that the 
rectangle * contained by y and a length of 2 units, 
always contains as manj^ units of area as there are 
square units in Opr relation in this case ^may be 
exjfressed by 2^/ = and we have the following series 
of steps ‘uom a to points of the series : — 

4 + ^.8, 5 + 6-h^.l8,&c. 

We can by means of our little squares easily follow 
out the operations above indicated ; we thus find a series 
of points like those in <the quadrant b A o of the figure. 
If however we had taken x equal to the negative 
quantities —1, —2, —3, —4, —5, —6, &c., we should 
have found precisely the same values for j/, because we 
have seen that (—a) x (— a)= =(-l-a) x ( + a). These 

negative values for x give us a series of points like those 
in the quadrant b'ao of the figure. It is impossible 
that any ppints of the series should lie below b a b', 
because both negative and positive values for^ give 
when squared a positive value for the step y, so that no 
jiossible aj-step would give a negative ^/-step. The series 
of points obtained in this fashion are found to lie upon 
a curve which is one of those shadows of a circle which 
we have termed parabolas. 

Hence we may say that 22 / =£^2 is the equation to a 
parabola. 
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This method of plotting out cnrVes is of great value, 
and is largely used in many branches of physical inves- 
tigation. j^or example, if the differences of snccesswe 
a?-steps denote successive irftervals of time, and^-steps 
,the corresponding heights of the column of mercury 
in a barometer abovi son^e chosen mean position. 



the series of points obtained v^ill, if the intervals 
of time be taken small enough, present the appear- 
ance of a curve. This curve gives a graphical repre- 
sentation of the variations of the barometer for the 
whole period diudng which its heights have been plotted 
out. Barometric curves for the preceding day are now 
given in several of the morning papers. Heights cor- 
responding to eacl^ instant of time are in this cas^ 
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generally registered automatically by means of a simple 
jdiotograpliic apparatus. ^ 

, The plotting out of curves from their Cartesian 
equatigns, usually termed owtvq tracing^ forms an ex- 
tremely interesting portion of pure mathematics. It ^ 
,maj be shown that any felatiCn, which does not in- 
volve higher powers of x and y than the second, is the 
equation to some <5ne of the forms taken by the shadow 
of a circle! 


f § 12. Of^omjplex Nimhers, 

r 

We isl^^all uuw return to our symbol of operation % 
and inquire a little closer into its meaning. Let the 
point p be denoted as before by a m + i . m Py so that we 
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should read this result ; Step from A to M along a b, 
and from m to p' along the same line (where m p' = m p), 
finally rotate M p' about m counter-clockwise through 
a right angle ; m p' will then take up the position M p. 
Now let M q' be taken equal to a p', then a m -f ^ . h q'' wiT 
^ean : Step from a to M and^then from m perpendicular 
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to A M to the left through a distance, m qfy equal to a 
Since however mq' = ap' = am + m’p = mp + pq', pq' 
m^st be equ^l to a m and we can read our operation 

AM’-f i- (iSpM- PQO? • 

% * 

* which denotes two. successive steps at right angles to 
A M, namely m p followed by the step p q'. Suppose npw. 
we wished to rotate this latter step through a right angle 
counter-clockwise, we should have t% introduce before 
it the symbol % and m p ^ . P q' would signify the step 
M p followed by the step p q ^ right angles to it to the 
left. ]Now p q' is equal to a m, ^nd hence the result of 
this operation must bring us to Q, a pomt oi^^o whtch 
might have been 'reached by the simple operation 
0 -f i • A Q. * Thus we may put 

0 + i . A Q = A M -h . (m p + i . p q) • 

^ = A M 4- i.M P + ^^♦PQ; 

or, since the quantities aq, am, mp, and pq here 
merely denote numerical magnitudes, and since as such 
A Q = M p and A M = p Q, we must have 
0 = AM4-i.'j!.AM, 
or ~ A M = i i . A M. 

Thus the operation i is of such a character that 
repeated twice it is equivalent to a mere reversor, or, as 
we may express it symbolically. 

This may be read in words : Turn a step counter- 
clockwise through a right angle, and then again 
counter-clockwise through another right angle, and we 
have the same result as if we had reversed the step. 
Now we have seen (p. 144) that if cr be such a quantity 
that multiplied by itself it equals a, x is termed the 
square root of a, and written V a. Hence since 
i^zzz — 1, we m^ write - 1* 
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■Tliis symbol is' completely unintelligible so far as 
quantity is concerned; it can represent^no quantity 
conceivable, for tbe squares of all conceivable quantities 
are pasitive qifantities. " For tbis reason V — 1 is some- 
times termed an imaginari^ quantity. Treated however 
as a symbol of operation V— 1 has a perfectly clear and 
real meaning ; it is here an instruction to step forwards 
a unit length aUd’lhen rotate this length ^counter-clock- 
wise through a right angle. 

Any expression of the form x V —ly is termed a 
couiplex nupiher. 

Let -be 5ny point determined^ by the step ap = 
AM -I- V — 1 M p, and let r, x^ y be the numerical values 
of the lengths ap, am, and pm. It follows from the 
right-angled triangle p A M that -{- y^. The 

quantity r isT;hen termed the modulus of the^ complex 
number a? -f V — 1 y. 

‘ Further let the angle map contain 6 units of 
angle ; then 

sin&=L^ = l, cos0 = ^ = % 

A P r A p r 

or y = r sin0, x r cob9, 

'The angle 6 is termed the a^^gument jof the com- 
plex number. Here r and 6 are the polar co-ordinates 
of p, and we are thus able to connect them with the Car- 
tesian co-ordinates ; they are respectively the modulus 
and argument of the complex number which may be 
formed from the Cartesian co-ordinates. Since r is 
merely numerical we may write the complex number 
-f y in the form r . {qosB 4- V— 1 sin^), or as 
the product of its modulus and the operator 

cos5 4- V— 1 sin^. 
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wliicli depends solely on its argument 6, Hence vre* 
may interpr^' tlie step 

A p = r . (cos^^-h V— 1 sin^) 

as obtained in the folio wifig fashion: Eotate unit length 
*from A B through an i|ngle* 6^ and then stretch it in 
the ratio of r : 1. The latter part of this operation' 



will he signified by the modulus r, the Tormer by the 
operator (eos^ -f \/— 1 sii\0). Thus if ad be of unit 
Tength and lying in A we may *'ead — 

A p = r . (cos<9 -f a/ — 1 sin0) . a 

and we look upon our complex number as a symbol 
denoting the combination of two operations perfonned 
on a unit step a n. 

Starting .then from the idea of a complex number 
as denoting position, we have been led to a new opera- 
tion represented by the symbol cos^ 4- v --I sin^. 
This is obviously a generalised form of our old symbol 
V— 1. The operator cos0 + V— 1 sinO applied to 
any step bids us turn the step through an angle d. 
We shall see that this new conception has important 
results. 
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§ 13. On the Operation which turns a 8te^ through a 
gwen:^Angle , , 

Suppose we apply the^ operator (cos0 + V— 1 siu(9)" 
twice to a unit step. Then ‘the symbolic expression 
for this operation ^will be 

(cos0 + V— 1 sin^) (cqs0 — lsin0,. 
or , (cos0 4- sm^)^ 

But to turn a step first through, an angle 6 ahd tljgn 
thfoiigh^iothier aiigle 0 is clearly the same operation 
as turning it by one rotation through an angle 20y or 
as ap23ljing the operator cos20 4- V—1 sm20. Hence 
we are able to assert the equivalence of the operations 
expressed by ^he equation — 

(cos0 H- V— 1 sin0)2 = cos20 4- V — 1 sin20. 

In like manner the result of turning a step by n 
operations through successive angles equal to 6 must 
be identical with the result of turning it at once 
through an angle equal to n times 0y or we may write 

(eos0 + V— 1 sin^)"^ = cosn0 + V —1 sin%0. 

This important equivalence of operations ^was first ex- 
pressed in the above symbolical form by De Moivre, 
and it is usually called after him De Moivre’s Theorem. 

We are now able to consider the operation by means 
of which a step a p can be transformed into another a q. 
We must obviously turn ap about a counter-clockwise 
till it coincides in position with a Q ; in this case p 
will fall on . p', so that a p' = a p. Then we must 
stretch a p' into a q ; this will be a process of multiply- 
ing it by some quantity which is equal to the ratio 
of A Q to A p'. 
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Expressing tliis symbolically, if <p be tlie angle 
p A Q, we baye 

(cbs^ + V — 1 sin^) . A p == A p'. 
p . (cos^ -}- V —Tsin^) .A P''^ p , A P'^ == A Q. ^ 

I^iis last equation we interpret in various ways : 

(i) p. {cos(j) -f sixKp) is a complex number of 

wbicb p is the modulus and ^ the argument. Hence 
we may say that-to multiply a step by a complexmumber 
is to turn the step through an vngle equal to the argn- 
ment and to alter its length by ^ stretch represented 
by the modulus. ^ 

(ii) Or, again, we- may consider the step a itself 

representing a complex number, x+V —ly^ ov if r be 
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the scalar value of a p and 0 the angle b a p, we may 
put A p = r{cosd 4 - a/ — 1 sin0). Similarly A Q will be a 
complex number, and its scalar magnitude (= p . ap' 
= p r) will be its modulus, while the angle b a q = 6 ^ 

will be its argument. We have then the following 
identity— r 

p {cos(f) + V —1 sin^) . r (cos^ + a/— 1 sin0)== 
pr. (cos^-f cOB<l>-t0)» 

This may be read in two ways : 

First, the product of two complex numbers is itself 
a complex number, and has the product of the moduli 
for its modulus, the sum of the arguments for its 
argument* 
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. Or secondly, if we tnrn unit step tbrongli an 
angle 6 and give 'a stretch r, and then turn the result 
obtained through an angle and give^t a stretcji p, 
the result will be the same as turning unit step through 
an angle d (f> and giving it a stretch equal to pr. 
Thus we see that any relation between complex 
numbers may be treated either as an algebraical fact 
relating to suph^ numbers, or as a theorem concerning 
operations of turning and strtstching unit steps. 

(iii) W e may consider^’ what answer the above identity 
gives to ^he question: What is the ratio" of -two 
fitrected steps^Q and a p? Or, using the notation sug- 
gested on p. 45, we ask : What is^'the meaning of the 

symbol ^ ^ ^ ^ (or a q) which has 

magnitude, direction, and sense is, as we have noted, 
termed a vector. We therefore ask: What is the ratio 
of two vectors, or what operation will convert oi>e 
into the other ? Th^ answer is : An operation which 
is the product of a turning (or spin) and a stretch, 
Now the stretch is a scalar quantity, a numerical 
ratio by which the scalar magnitude of ap is con- 
nected with that of aq. The stretch therefore is a 
scalar operation. Further, the turning or spin converts 
th6 direction of a p into that of a q, and it obviously 
takes place by spinning A p round an axis perpendi- 
cular to the plane of the paper in which both ap 
and aq lie. Thus the second part of the operation 
by which we convert a p into a q denotes a spin 
-(counter-clockwise) through a definite angle about a 
ceiiain axis. The amount of the spin might be 
measured by a step taken along that axis. Thus, for 
instance, if the spin were through 6 units of angle, 
^we might measure 6 units gf length along the axis to 
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denote its amount. We ‘may also agree to take tliis 
length along one direction of the axis (^ont from the 
fac^ of the clc^k ’) if -the spin be counter-clockwise, and 
in the opposite direction belaind the face of the qjock ’) 
if the spin be clockwise. Thus we see that our spinning 
operation may be denoted by a line or step having 
magnitude, direction, and sense ; that is, by a vector. 
We are now able to understand the n%.t¥ire of the ratio 
of two vectors;* it is an operation consisting of the pro- 
duct of a scalar and a vector. This product was termed 
b}" Sir William Hamilton a qucdernion, and* made the 
foundation of a very powerful calculus. • ^ ^ 

Thus a quaternion is primarily the operation which 
converts one* vector step into another. It does this by 
means of a spin and a stretch. If we have three points 
in plane space, the reader will now und^prstand how 
the position of the third with regard to the first can be 
made identical with that of the second by means of a 
spin and a stretch of the step joining the first to the 
thii’d, that is, by means of a quaternion.^ 

§ 14. JRelatimi of the Spin to the Logarithmic Growth 
of Unit Step. 

Let us take a circle of unit radius and endeavour 
to find how its radius grows in describing finit angle 
about the centre. Hitherto we have treated of growtii 
only in the direction of length; and hence it might be 
supposed that the radius of a circle does not ^grow ^ at 
all as it revolves about the centre. But our method of’ 
adding vector steps suggests at once an obvious extension 
our conception of growth. Let a step A p become 

‘ The term ‘stretch’ imist he considered to include' a sq^ueeze or a 
stretch denoted by a scalar quajitity ^ less than unity. 
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A Q as it rotates about a tbrbugb tlie angle P a q, then 
if we raarted off a q a distance a p' equal to a p, p' Q 
would be the scalar growth of a p ; that'^is, its growth 
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ill the direction of its length. But if 'AP be treated 
as a vector (see p. 153) 

^ A = A p -f- P Q, 

or the ducted step p q must be added to a p in order to 
convert it into A q ; p q may be thus termed the directed 
growth of A p. If we join p p', we shall h'^ve p q equal 
to the sum of p p' and p' q. Now if the angle p a p' be 
taken very s^all p p' will be ultimately per;gpndicular 
to AP, and this part of the growth pq might be 
represented by V— 1 . p p'. Hence we are led tb 
represent a growth perpendicular to'a rotating line by 
-a scalar quantity multiplied by the symbol V— 1. 

We can now consider the case of our circle of unit 
radius. Let o p be a radius which has revolved through 



an angle d from a fixed radius o a, and let o Q be an 
adjacent position of o p such that the angle Q o P is very 
^mall. Then p q will be a small arc sensibly coincident 
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witli the straig'ht line PQ/and the line p q will be to*?JI 
intents and purposes at right angles to o p. Hence to 
obtain 0 Q we’^must take a step p q at right anglcB-to 
o p. This we represeiit by V — i q p. Since the^'adius 
©f the circle is unity the are qp, wliich equals the 
radius multiplied by the^ angle qop (see p. 143), mupt 
equal the numerical value of the angle qop. Or the 
gi’owth of 0 p is given by V ~ 1 x angle qop. How 
according to our definitito of^ growing at logarithmic 
rate (seep. ITS), since op is equally mrfltiplied in de- 
scribing equal angles about o, it must be growing at 
logarithmic rate. What is this logaririimigr^i'ate for 
unit angle ? 

It must equal ^ divided by the ratio of the angle 


Q 0 P to unit angle = 


PQ 


OP X angle QOP 


= V — 1 since o p 


is unity. Thus o p is growing at Jogarithmic rate V — 1 
as it describes unit angle ; that is to say, the result cA 
turning op through unit angle might be symbolical! f ^ 
expressed by Hence the result of turning op 

through an angle 0 must be We may then write 


OP = OA 


Drop p H pei'pendicular to o a and produce it to meet 
the circle again in p', then by symmetry m p^m p', and 

we have 

OP = OM-f*V— I mp. 

0 p' = 0 M — V—1 M p'. 


How since o p and o p'" are of unit magnitude, 

. OM . . PH 

cos<9 =— = OM, sm0 = — = P M. 
OP ’ OP 


Also the angle p'o h equals Uie angle h o p, but, according 
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to , our convention' as to tlae • measurement of angles, 
it is of opiDOsite sfense, or equals — 6. Thus we must 
wrij^e 

r o p' 7= (/a . 

" r 

Substituting their values^, we deduce the symbolical 
results 

= eos<9 + V ~1 sin^l .. 

^ cosO—V —1 sin^j 

Further, f 

^ OP — (iP' = 2-/— 1 PM 

<■ op + op'=2om; 

t' 

that is/ 

a = 2V~1 sin0] 

, ,v-:0^^^v^zr0_2cos0 

These valfies for cos0 and sin0 in terms o# the ex- 
ponential 6 were first discovered by Euler. They are 
meaningless in the form (ii) when cos0 and sin0 are 
interpreted as mere numerical ratios ; but they have a 
perfectly clear and definite meaning when we treat 
each side of the equation in form (i) as a symbol of 
operation. Thus cos^ -f V ^ 1 sin0 applied to unit 
step dii'ects us to turn that step without altering its 
length through an angle 6 ; on the otheV hand, e 
applied to i^he same step causes it to grow at logarith- 
mic rate unity 2yerpe7icliculaT to itself, while it is* turned 
through the angle &, The two processes give the same 
result. 

§ 15, On the Multijplication of Vectors, 

We have discussed how vector steps are to be 
added, and proved that the order of addition is in- 
different ; we have also examined the operation denoted 
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by tlie ratio of two yectors. The ^reader will naturally 
ask : Can no meaning be given to the product of two 
vectors ? 

If both the vectors be treated as conrplex numbers, 
or as denoting operations, we have interpreteo^ their 
product (seep. 193) as aftiother complex number or as^a 
resultant operation. Or again we have interpreted 
the product of two vectors when on^ denotes an ope- 
ration and the other a «tep of position ; thd prodtiSt 
in this case is a direction to' spin the ‘Step through a 
cert'iiin angle and then stretch ^t in a cei^ain ratio. 
But neither of these cases explains whatVe are to 
understand by the product of two steps of position. 

Let A p, A Q be two such steps : What is the meaning 
of the product ap.aq? Were ap and a-q merely 
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scalar quantities then their product would be purely 
scalar, and we should have no difficulty in interpreting 
the result a p . p q as another scalar quantity. But 
when we consider the steps a'p, p q to possess not only 

0 n 

1 ! 


Pig. 81 . 

magnitude hut direction^ the meaning of their product 
is by no means so obvious. 

If A Q were at right angles to a p (see fig. 81), we 
should naturally interpret, the product ap.aq as th^ 
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ari8a of tlie rectangle on a q and a p, or as the area of 
the figure qapp. ^ Now let us see how this area might 
^b■B^^enerated. Were we to move the ^ep a q paijallel 
to itself and ^ so that its Ind a aiwap^s remained in the 
step a^5 it would describe the rectangle Q a p r while its 
foot A described the step a p. ^ Hence if a p and a q are 
at right angles we might interpret their product as 
follows : • * 

^^The ’product ap.aq bills us move the step aq 
parallel to itself so that ^ts end a traverses the step a p ; 
the area traced out by a q during this motion is the 
value qf^he f roduct a p . aq. 

It will be noted at once thal this interpretation, 
although suggested by the case of the angle q a p being 
a right angle, is entirely independent of what that angle 
may be. If®Q a p be not a right angle the ayea traced 
out according to the above rule would be the parallelo- 
gram on a p, A Q as sides. Hence the interpretation yfQ 
have discovered for 1:he product a p . a q gives us an 
intelligible meaning, whatever be the angle q a p. 

There is, hoivever, a difficulty which we have not yet 
solved. An area is a directed quantity (see p. 134), and 
its direction depends on how we go round its perimeter. 
Now the area q a p a will* be positive if we go round its 
perimeter counter-clockwise, or from a to p ; that is, in 
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the direction of the first step of the product or in the 
direction of motion of the second or moving step. Thus 
the product a p . a q will be the area q a p n taken with 
,the sign suggested by the step a p. The product a q. ap 
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will be formed bj caiising the ‘ step A p to move 
parallel to itself along* a q, and it is therefore also the 
ar^a of the p^rallelograni on a q and a p ; but it is IxTbe 
taken with the sign* su"ge5te(i by a q, €r it is the area 

. p A Q E. . '■ 

By our convention Sfe to the sign of areas, 

PAQPt, = — QAPg, 
or , A Q . A P = — A P . A q! 

Hence we see that, with the’ above interpretation, the 
product of two vectors does noi^ follow the qpnimutative 
law (see p. 45). 

If we suppose -the angle q. APto vani^^i/and the 
vector A Q, .to become identical with a p, the area of 
the enclosed parallelogram -will obviously vanish also. 
Thus, if a vector step be multiplied by itself, the product 
is zero ;^that is, 

a p . A p = (a p)- = 0. 

If we take a series of veefor steps, a, /?, 7, S, &c. 
then relations of the following types will hold among 
them : 

= 0, /32 = 0, 72 = 0, = 0, &c. 

a/3 = — ay ^ y a, /3y = — 7 ^ 8 , 

By — — yB, &C. 

A series of quantities for which these relations hold 
■was first made use of by Grassinann, and termed by 
him alternate iinits. 

The reader will at once observe that alternate units 
have an algebra of their own. They dispense wkh 
the commutative law, or rather replace it by another 
in which the sign of a product is made to alternate with 
the alternation of its components. Their consideration 
will suggest to the readev that the rules of arithmetic,^ 
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jvliicli he is perhap's accustomed to assume as neces- 
sarily true for all forms of symbolic quantity, have only 
ttorv^^omparatively small field of applicat'&>n to scajar 
magnitudes. It becomes? n&essaiy to consider them as 
mere coll-ventions, or even to lay them aside entirely as , 
■vve proceed step by step to enls^’ge the meaning of the 
symbols we are employing. 

Although 2 2"— 0 and 2x8= —3x2 may be sheer 

nOir:^^nse when 2 and 3 are trea.ted as mere numbers, it 
yet becomes downright coinmon sense when 2 and 3 are 
treated as directed steps* in a plane. 

^Let us take^two alternate units a, /3 and interpret 
the quantit}' a a h /3y where a and 1? are merely scalar 



magnitudes. If o a be the vector a a signifies that 
we are to stretch o a to o a' in the ratio of 1 to a. To 
this o a' we are to add the vector o b' derived from o b 
by givmg it the stretch h. Hence if a' p = o b' the 
vector 0 p represents the quantity a a q- 6 yS, which is 
termed an alternate mimher. Let o Q represent a second 
alternate number a' a + h' /S, obtained by adding the 
results of applying two other, stretches a' •and V to the 
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alternate units a and /3-. In tlie same way we 
obtain, by adding* theresults of stretching three alternate 
units (a, /3, 7 )% alternate numbers with three terms 
form aa ‘i-h ^ + C 7 ), and %o on. If w £5 take tile ja'u- 
clitct of as many* alternate numbers as -we hs^fe iise-l 
altei^ate units in thiir composition, we obtain a 
quantity called a determinant, which plays a great part* 
in the modern theory of quantity. •'\y’e sliall confine 
ourselves here to the (consideration of a determi'^r^oit 
formed from two alternate uiiits. Such a determinant 
will 'Ire represented by the p>roduct 0 p • o q, which 
according to our convention as to the ny.ilt?plLeatioi^of 
vectors equals the* area of the parallelogrrtrn* on o p, 
OQ as sidas, or (by p. 122) twice the triangle qop. 
Through q draw c Q parallel to 0 b, mid D Q b" 
parallel to 0 a, then 0 a!' = a and 0 b''^=: V /3. Join 
e'q, then twice the triangle b'c^p equals the parallelo- 
^’ram b''^ p. Hence, adding to both these the parallelo- 
gram a' 'b!' vfo have the parallelogram a' b'' together 
w’ith twice the triangle b'q p equal to the parallelogram 
b^a', or to twice the triangle b'o p. But the triangle*' 
b'o p equals the sum of the triangles 0 Q b', b''q p, and 
0 p Q. It follows then that the parallelogram a' b" 
must equal twice the triangle o p Q together with twice 
the triangle *OQ. ISTow twice the latter equals a". 

Hence the difference of the parallelograms a b" and 
b' a!' is equal to twice o p q.. The parallelogram a' b^' 
is obtained from the parallelogram a b by giving it two 
stretches a and V parallel to its sides, and therefore its 
area equals a V times the area a b. Similarly b' a" 
equals h a' times the area a b ; but the area a b itself is 
a y3. Thus we see that the identity 

OP.6''q = a'b" — B^A^' 
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■may be read 

{aa + h^) + J'/S) = {aV — I a') a/9. 

.. ^ 

Or, tie determinant is equal to tbe parallelogram'bn 

the alternate units magnified in the ratio ef 1 to 
ah' — I a'. It obviously vanish|!S if a V — ha' — Oj- or if" 
■a[h — a'jh'. In this case p and Q lie, by the property of 
similar triangles, on the same straight line through o, 
had therefore, as we should expect, the determinant 
0 P . o Q IS zero. r 

The reader Will find little difficulty in discoYering 
lil^e properties for a determinant formed from three 
alternate In this case there ^ill be a geometrical 

relation between certain volumes, which may be ob- 
■ tained by stretches in the manner explained on p. 139.^ 
We have in this section arrived at a legitimate 
■interpretation^of the product of two directed <^steps or 
.vectors. We find that their product is an area, or ac- 
cording to our previous convention (see p. 184), also a 
directed step or vector whose direction is perpendicular 
.-to the plane which contains both stex^s of the product. 


§ 16. Another Interpretation of the Product of Tivo 
Yectore, 

The reader must remember, however, that the result 
of the preceding paragraph has only been obtafned hy 
means of a convention ; namely, by adopting the area of a 
certain parallelogram as the interpretation of the vector 

^ I h^e to thank my &iend Mr. J. Eose-Innes for suggesting the intro- 
duction of the above remarks as to determinants. I may, perhaps, be 
allowed to add that by treating the alternate units, like Grassmann, as 
points, and the alternate number as their loaded centroid, a determinant 
of the second order is represented geometrically by a length, and we thus 
obtain for one of fourth order a gecgnetrical interpretation as a volume. 
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product. Only as long els we obsoiwe tliat convention, 
will our deductions with regard to the multiplication of 
ve^ors be tiifte. We might have adopted a dinerelit 
convention, and should the?i Iwave com® to a different 
.result. It will be instructive to follow out the- results 
of aaopting another coflrention, if only by so doing we 
can impress the reader with the fact that the funda- 
mental axioms of any branch of exacf science are based 
rather upon cdnventionstthan upon universal trutl}<^ 
Suppose then that in interpreting the product 
apiTaq we consider A p to be •a directed ^tep which 
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represents the area n e p o. This area will be perpen- 
dicular to the direction of a and we might assume as 
our convention that the product a p . a Q shall mean the 
volume traced out by the step a q, moving parallel to 
itself and in such wise that its end a takes up every 
possible position in the plane d e p a. This volume will 
be the portion of an oblique cylinder on the base n e p G- 
intercepted by a plane parallel to that base thri^ugh q. 
We have seen (p. 141) that the volume of this cylinder 
is the product of its base into its height, viz, the per- 
pendicular distance a h between the two planes. Now 
let T and p be the^ scalar magnitudes of ap and aq 
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• respectively, and 6 = the angle, paq. Then ah = 
p Qos6y and the volume = ap.aq = r p cos<9, for r re- 
T^esents the number of units of area in ifE p a, Ho^ce, 
since' a volume is a ijurely nymericaj quantity having- 
only m'^gnitude and no direction, we find that with this 
new convention the product of^ two vectors is a purely 
scalar quantity, or our new convention leads to a totally 
-.different resulhfrom the old. 

""""^^^^urther, since r and p are merely numbers, rp=pry 
and thus ap.^aq = rpcosd = prcos6 = aq.ap, if 
A Q be treated as the^directed step which represents 
an area containing p units of area. Thus in this case 
the vector product obeys the commutative law, which 
agaiii differs from our previous result. We can then 
treat the product of two vectors either as a vector and 
as a quantity mot obeying the commutative lav^ or as a 
scalar and as a quantity obeying the commutative law. 
We are at liberty to adopt either convention, provided^ 
we maintain it consistently in our resulting investiga- 
tions. 

The method of varying our interpretation, which has 
been exemplified in the case of the product of two 
vectors, is peculiarly fruitful in the field of the exact 
sciences. Each new interJ)retation may le^d us to vary 
our fundamental laws, and upon those varied funda- 
mental laws we can build up a new calculus (algebraic 
or geometric as the case may be). The results of our 
new calculus will then be necessarily true for those 
quantities only for which we formulated our funda- 
mentaMaws. Thus those laws which were formulated 
for pure number, and which, like the postulates of 
Euclid with regard to space, have been frequently 
supposed to be the only conceivable basis for a theory 
, of quantity, are found to be true oi>}y within the limits 
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of scalar magnitude. When ^ye extend our conception. 
<jf quantity and endow it with direction and position, 
we find those^laws are no longer valid. We are coni- 
pelled to suppose that one di* n^ore of those laws' cease 
j:o hold^or are re*placed Iby others of a different form. 
In eat;h case we vary th^j old form or adopt a new one 
to suit the wider interpretation we are giving to quan- 
tity or its symbols. 


17. Position in Three-Dimension*ed Sj)ace, 

Hitherto we have been considering position^in 
a plane ; very little*alteration will enable us ^o consider 
the ^Dosition- of a point p relative to a point a as deter- 
mined b}" a step A p taken in space. 

We may first remark, however, that wliile two points 
A and B jfre sufficient to determine in a plane the position 
A)t' any third point p, we shall require, in order to fix the 
position of a point p in space, to be given three points 
A, B, c not lying in one straight line. If we knew only 
the distances of p from two points a and B, the point' 
p might be anywhere on a certain circle which has its 
ceAtre on the line a b and its plane perpendicular to 
that line ; to determine the ]iosition of P on this circle, 
we require to know its distance from a third point g. 
Thus position in space requires us to ha*^e at least 
three non-coliinear points (or such geometrical figures 
as are their equivalent) as basis for our determination 
of position. Space in which we live is termed space of 
three dimensions ; it differs from space of two^dimeii- 
sions in requiring us to have three and not two points 
as a basis for determining position. 

Three points will fix a plane, and hence if we are 
given three XDi)iiits a, b, G^in space, the i^lane througjii 
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.them will be a definite plane Separating all space into 
two balves. In one of these any point p whose position 
^ require must lie. We may term one these halyes 
beloiv the plane- and the<other above the plane. Let p x 
be the ^perpendicular from p upon -tbe plane ; then if 
we tnow how to find the point f.^ in the plane A b o, the 
* position of p will be fully determined so soon as we 
have settled whether the distance p x is to be measured 
aijvSTa or below the plane. WoiUiay settle" by convention 
that all distances above the plane shall be considered 
fositivey and all hAo'w^negative, Further, the position 
of^he point x* upon which that of p depends, may be 
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determined by any of the methods we have employed 
to fix position in a plane. Thus if x M be drawn 
perpendicular to a b, we have the following instruction 
to find the position of p : Take a step A m along a b, 
containingj'ssay, x units ; then take a step m x to the right 
and perpendicular to ab, but still in its plane, contain- 
ing, say, y units ; finally step uptvards from X the distance 
X p perpendicular to the plane a b o, say, through^ units. 
We shall then have reached the same point p as if we 
had taken the directed step a p. If x had been negative 
we should have had to step backwards from a ; if ^ had 
been negative, perpendicular to A b only to the left ; if 
zc^ had been negative, perpendicular to the plane but 
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doiVtUi-arJs, Tlie reader . will easily convince himself 
that' by observing these rules as to 'the sign of r, y, z 
he could get fi^ni a to any point in Space. 

"?jet i denote unit ^step a>on" ab, j unit step to ths 
right pa’pendicuhir to a B, but in the plane a Bf:!, and 
k uni* step perpendiculo^' to*tlie plane abg up^yards, 
from foot to head. Then we may write 

AP =x .{ -h 2/.i 4- 

where re, y, z* are scalat' quantities possessing f^nly 
magnitude and sign ; but -i, j\ k are vector steps in 
three mutually rectangular directions. 



The step ap may be regarded as the diagonaro.f a 
solid rectangular figure (a ''right six-face^ as^we termed 
it on p.'138), and thus we shall get to the same point 
p by traversing any three of its non-parallel sides in 
succession starting from a. But this is equivalent to 
saying that the order in which we take the directed 
steps cr . i, y . j, and ^ ^ is indifterent. 

The reader will readily recognise that the sum of a 
number of successive steps in space is the equivalent 
to the step which joins the start of the first to the 
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finisb. of tbe last ; and thus a number of propositions 
concerning steps' in space similar to those we have 
proved for steps in a plane may be- deduced.^ By 
dividing all S;pace intq little cubes by three systems of 
planes mutually at right angles, we may plot out su^-’ 
faces just as we plotted out ct^j’^ves. .Thus we shalPchoose 
any values we please for a? and y, and suppose the 
magnitude of ^ the third step related in some constant 
fas^iion to the previous steps^^ For example, if we take 
the rectangle, under z and some constant length a, 
always equal to the differences of the squares <y!r^ and 
j, or sym'bolj.cally if we take az ^ shall 

reach ^ iTy taking the step 

' • ♦ 

AP = aj.i4- y *j -f — . h, 

a 

The series cf points which we should obtayi in this 
way would be found to lie upon a surface resembling 
the saddle-back we have described on p. 89. The 
above relation between z, Xy and y will then be termed 
the equation to a saddle-back surface. 

We cannot, however, enter fully on the theory of 
steps in space without far exceeding the limits of our 
present enterprise. 

§ 181 On Localised Vectors or Rotors, 

-p 

Hitherto we have considered the position of a point 
p relative to a point a, and compared it with the 
position of another point q relative to the same point 
^A. TJius we have considered the ratio and product of 
two steps A p and a q. 

We have thereby assumed either that the two steps 
we were considering had a coipmon extremity a, or at 
least were capable of being moved parallel to themselves 
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till they had such a common extremity. Such steps are, 
as “we have remarked, termed vector steps. 

f^ppose, however, that instead of comparing the" 
position of two points p aiid relative* to the ^ame 
‘point A, we compared their positions relative to two 
different points a and b. AThe position of p relative to 
A will then be determined by the step ap and the 
position of Q relative to b by the step 

ISTow it will be noted tlT^it these steps a p and B q l^ve 
not only direction and magnitude, but have themselves 
-position in space. The step a p«has itself p'osition in 
space relative to the step b q. It is no Jonger a stej 
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merely indicating the position of p with regard to a, 
but taken as a whole it has* itself attained position 
when considered with regard to the step b q. This 
localising^ not of a p'Sint p relative to a point a, but 
of a step A p with regard to another step b q, is a new 
and important conception. S'^ch a localised vector is 
termed a rotor from the part it plays in the theory of 
rotating or spinning bodies. 

Let us try and discover what operation will convert 
the rotor b q into the rotor a p ; in other words : What 

is the operation ? In order to convert b q into 

^ I bq 
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r 

A p we must mate the magnitude and position of b q 
the same as that of a p. Its magiiitude may he made 
'the same by means of a stretching operation which 
stretches b q to a p. This stretchy as we have seen in the 
case of a quaternion (see p. 195)^ may be represented 
by a numerical ratio or a me^e scalar quantity/ Next 
let c D be the shortest distance between the rotors a p 
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and B Q; then 0 D will be perpendicular to both of them«^ 
B Q may then be made to coincide in, position with a p 
by the following process : 

First turn B Q about the shortest distance, 0 D, 
through some angle, Q d q', till it tabes up the posi-* 
tion b'q' parallel to a p ; then slide b'q' along the 

* That the shortest distance ifet'R^een two lines is perpendicular to "both 
of them may be proved in the following manner. Let ns suppose the lines 
replaced by perfectly smooth and very thin rods, and let two rings, one on 
either rod, be connected by a stretched elastic string. Obviously the rings 
will slide along the rods till the elastic string takes up the position of the 
shortest 'distance; for that will correspond to the least possible tension of 
the string. Suppose that the string is then not at right angles to one of 
the rods, say, at the point c. By holding the string firmly at e, we might 
'‘shift th^ring at c along the rod to c', so that the angle e c'c should he a 
right angle. Then since c' is a right angle c e would be greater than c' e, 
being the side opposite the greatest angle of the triangle e c' c. Hence the 
length of string c' e + ed is less than the length on, or cd cannot be the 
shortest distance which we have supposed it to be. Thus the shortest 
flistance must be at right angles to bpth lines. 
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shortest distance parallel to itself till its position cotn- 
cides with a p. If we wished b'q' ’to coincide point for 
poiiih with A p'^e should further have to slide it along^ 
A p tOl b' and A were one. 

Now *the two operations of turning a line %bout 
anoth& line at right ang^s to it, and moving it along 
that line, are just akin to the operations which are 
api^lied to the groove in the head of » ^crew when we 
drive the screw into a hl^ck of wood ; or again to^the 
handle of a corkscrew when we twist the screw into a 
cork. The handle in the one cas^and the grcDve in the 
other not only spin round, but go forwar(^ iii^the dire(!^ 
tioii of the screw axis. Such a mo vemenif along an 
axis, and at the same time about it, is termed a twint. The 
ratio of the forward space described to the angle turned 
through during its description by the liead^of the screw 
is termed the 2ntch of the screw. This pitch will 
^•emain constant for all forward spaces described if the 
thread of the screw be uniform. Thus turn an ordinaiw 
corkscrew twice round, and it will have advanced twice 
as far through the cork as when it has been turned 
only once round. Let us see whether we cannot apply 
this conception of a screw to the operations by which we 
bring the rotor b q, into the position of the rotor A p. 
Upon a rod placed at c d, the shortest distance, suppose a 
fine screw cut with such a thread that its jitch equals 
the ratio of c d to the angle Q n q'. Then if we suppose 
B Q attached to a nut upon this screw at d, when we 
turn B q through the angle Q D q\ the nut with b q will 
advance (owing to the pitch we have chosen Jbr the 
screw) through the distance D c. In other words, b q 
will have been brought up to a p and coincide with it 
in position and direction. 

Hence the operations by means of which b q can be 
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made to coincide -with A p are a stretcli followed by a 
twist along a certain screw. A screw involves direc- 
tion, position, and pitcb. ; a twist (as ^ a nut) about 
’this^ axis injolves some^uHng .additional, nam^y a 
inagrTitude, viz. that of the' angle through T^hich the 
nut is to be turned, filag^tude associated \Vith a 
screw has been termed by the author of the present 
boot a motor^ (f{smce it expresses the most general 
instantaneous motion of a rigid body). Hence the 
operation by which one rotor is converted into another 
may be described as motor combined with a stretch. 
?^his opergction stands in the same relation to two rotors 
as the" qT?aternion to two vectorsc The motor plays 
such an important part in several branches of physical 
inquiry that the reader will do well to familiarise him- 
self with the conception. 

The sum of two vector steps is, as we have seen 
(p. 153), a third vector ; but unlike vector steps the surp 
of two rotors is in general a motor ; only in special 
cases does it become either a rotor or a vector. The 
geometry of rotors and motors, which we have only 
here been able to hint at, forms the basis of the whole 
modem theory of the relative rest (Static) and the rela- 
tive motion (Kinematic, and Kinetic) of invariable 
systems. 


§ 19. On the Bending of 8;pace, 

The peculiar topic of this chapter has been position, 
position namely of a point p relative to a point a. 
This relative position led naturally to a consideration of 
the geometry of steps. I proceeded on the hypothesis 

* ‘Preliminary Sketch of Biquaternions/ Proceedings of the London 
Mathematical Society^ toI. iv. p. S83. 
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that all position is relative, and therefore^ to be detV- 
niined only by a stepping- process. * The relativit}^ of 
position was a^DOstnlate deduced from the customary 
metSbds of determining poSitioy, such n^ethods in* fact 
{\lways gaving relative position. Relativity of position 
is thus a- postulate deriv^^ from experience. The late 
Professor Clerk-Maxwell fully expressed the weight of 
this postulate in the following wox-ds ^ 

All our knowledge, botli of time and place, is* rel^ive. 
AViien a man has acquired the habit of putting woi’ds together, 
without'troubiing himself to form th% thoughts which ought to 
correspond to them, it is easy for him to frame rfh antithesfe 
between this relative knowledge and a so-called absolute know- 
ledge, and to point out oui- ignorance of the absolute position of 
a point as an instance of the limitation of our faculties. Any 
one, however, who will try to imagine the state of a mind con- 
scious of knowing the absolute position of a poin^wiil ever after 
be content with our relative knowledge.* 

It is of such great value to ascertain how far we can 
be certain of the* truth of our postulates in the exact 
sciences that I shall, ask the reader to return to our 
conception of position albeit from a somewhat different 
standpoint. I shall even ask him to attempt an exami- 
nation of that state of mind which Professor Clerk- 
Maxwell hinted at in his last sentence. 

Suppose we had a tube of exceedingly small bore 
bent into a cii-cular shape, and within this tube a worm 
of length AB. Then in the limiting case when we 
make the bore of the tube and the worm infinitely fine, 
we shall be considering space of one dimension. For 
so soon as we have fixed one point, c, on the tube, the 
length of arc o a suffices to determine the position of 
the worm. Assuming that the worm is incapable of 

^ flatter and Motion, p. 20, 
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recognising anjtHin^ outside its own tube-space, it 
would still be able ^ to draw certain inferences as to the 
nature of the space in which it existed^TOre it capable 
of distinguishing some mark o o'n the side of^ its tube. 
Thus it would notice when it returned to the ppint C, 
and it would find that this ^*eturn would continuallj 
recur as it went round in the bore ; in other words, the 
worm would reatlilj postulate the finiteness of space. 
Farther,’ since the worm wou^d always have the same 
amount of hencUng, since all parts of a circle are of the 
same shape, it might oiaturally assume the sameness of 



all space, or that space possessed the same properties at 
all points. This assumption is precisely akin to the one 
we make when we assert that the postulates of Euclidian 
geometry, which, experience teaches us, are practically 
true for the space immediately about us, are also true 
for all space ; we assume the sameness of our three- 
dimensioned space. The worm would, however, have 
better reason for its postulate than we have, because it 
would have visited every part of its own one-dimen- 
sioned space. 

Besides the finiteness and sameness of its space the 
worm might assert the relativity of position, and deter- 
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mine its position by the •length of "the ^rc betvreep c 
and A. Let ns now make a variation in our problem 
and^suppose worm incapable either of making or 
of recoij’nisino* any mark on* th^ tube. •Then it would 
clearly be impossible for the worm to ascertain wnether 
its space were limited ^r not ; it would never- know 
when it had made a complete revolution in its tube. In 
fact, since the worm would always f obsess the same 
amount of betiding, it jvould naturally associate^ that 
henclinij ivitli its i^hifsical constitution; cr^d not ivlih tJ'.e 
space ^ -which it ^cas traversing. % It might* thus very 
reasonably suppose its space was infinite^ or^th at it yfis 
moving in an infinitely long tube- If the^>vorm thus 
associated bending with its physical condition it would 
find no diiference between motion in sj)ace af constant 
bend fa circle) and motion in what is teru^d homaloidal 
or flat space (a straight line) ; if suddenly transferred 
**from one to the other it would attribute the feeling 
arising from difference of berfiling to some change 
which had taken place in its physical constitution. 
Hence in one-dimension ed space of constant bend alt 
position is necessarily relative, and the finite or in- 
finite character of space will be postulated according as 
it is possible or not to fix a p«;>int in it.^ 

Let us now sup)pose our Avorm moving in a difPei'ent 
sort of tube ; for example, that shadow of a circle we 
have called an ellipse. In such a tube the degree of 
bending is not everywhere the same ; the worm as it 
passes from the place of least bending c to the place of 
most bending n, will pass through a successioiv-of bemj- 
ings, and *each point h between c and n Avill have its 

^ This sn]3poses the one-dimen,?ioiied space of constant bend to lie in a 
plane; the argument does not appb' to space like that of a (or the 
form of a corks cre^iv), which is of e 4 >nstant bend, bat yet not finite. 
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own degree “bending. Hence there is something 
quite apart from the' position of h relative to 0 which 
characterises the point h ; namely,. assoc^ted with h is 
a particular de,gree of bending, and the position oi^he 
p>oint E in c D is at once fixed if we. know the degree Of, 
bending there. Thus the wor^ might determine%?>so- 
hite position in its space by the degree of bending asso- 
ciated with its position. The worm is now able to 
appreciate differences of bend^ and might even form a 
scale "of bending rising by equal differences. The zero 
of such scale might be ^ny where the worm pleased, and 


c 



degrees of greater and less bend might be measured as 
positive and negative quantities from that zero. This 
zero .might in fact be pui-ely imaginary ; that is, represent 
a. degree of bending non-existent in the worm’s space ; 
for example, in the case of an ellipse, absolute straight- 
ness, a conception which the worm might form as a 
limit to its experience of degrees of bend,^ Thus it 
would seem that in space of ^ varying bend,’ or space 
which is not same, position is not necessarily relative. 
The relativity has ceased to belong to position in space ; 
it has been transferred to the scale of bending formed 

Physicists may he reminded of the absolute zero of ^temperature. 
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by the worm ; it has become a relativity physical 
incj. In the case of an elliptic tube there are owing to 
its symmetry^nr points of eqnal bend, as e, e, p, and 
G, Ght there is the followiSg ^istincticyi between 
,^d E, <?. If the worm b*e going round in the ditection 
indicated by the letters o h n e, at h or p it will be pass- * 
ing from positions of less to positions of greater bending, ' 
but at E or G from positions of greater to positions 
of less bendiing. Thus J;he worm might easily draw a 
distinction between h, p and E, G. It^ would only be 
liable' to suppose the points h ^nd p identical because 



they possess the same degree of bending. We might 
remove even this possible doubt by supposing the worm 
to be moving in a pear-shaped tube, as in the accom- 
panying figure \ then there will only be tj^o points of 
equal bend, like h and g, which are readily distinguished 
in the manner mentioned above. 

We might thus conclude that in one-dimensioned 
space of variable bend position is not necessarily 
relative. There is, however, one point to be noted with 
regard to this statement. We have assumed that the * 
worm will associate change of bending with change of 
position in its space, but the worm would be sensible of 
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, it as a change physical state or as a change of feeling. 
Hence the worm might very readily be led into the 
eiTOr of postulating the sameness of space^ and 
attribliting all^the changes m its bend^ really due to' its 
position in space, to some periodic (if it moves uniformly, 
round its tube) or irregular (i^it moves in any fashion 
backwards and forwards) changes to which its physical 
constitution was 'Subject. Similar results might also 
arise ^if the worm were either^ moving in space of the 
same bend, which bend could be changed by some es- 
ternal ageiicy as a whc^e, or if again its space were of 
vai-ying bend, ;which was also capable of changing in 
any faslnoiTwith time. The reader can picture these 
cases by supposing the tube made of flexible material. 
The worm might either attribute change in its degree 
of bend to cjiange in the character of its space or to 
change in its physical condition not arising irom its 
position in space. We conclude that the postulate of»- 
the relativity of positioh is not necessarily true for one- 
dimensioned space of varying bend. 

When we proceed from one to two-dimensioned 
space, we obtain results of an exactly similar character. 
If we take perfectly even (so called homaloidal) space of 
two dimensions, that is, a plane, then a perfectly flat 
figure can be moved about anywhere in it without 
altering its ^shape. If by analogy to an infinitely thin 
worm we take an infinitely' thin flat-fish, this fish 
would be incapable of determining position could it 
leave no landmarks in its plane space. So soon as it 
had fixed: two points in its plane it would be able to 
determine relative position. 

How, suppose that instead of taking this homaloidal 
space of two dimensions we were still to take a perfectly 
same space but one of finite^bend, that is, the surface 
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1 ^ 

of a sphere. Then let so streteh an-il^hend on.r flat- 
fish that it would ht on to some part of the sphere. 
>Since the surf^j^e of* the sphere is everywhere space of 
the same shape, ^the fish would then #]»e capable of 
moviigjg about on the surface, without in an}^ vrnf alter- 
ing* the amount of bem.^iig* and stretching* which we 
had found it necessary to apph’* to make the fish fit in 
any one position. Were the fish in<?apable of leaving* 
landmarks on •the snrfag-e of the sphere, it would be 
totally unable to determine position; if it could leave 
at least two landmarks it would be able to* determine 
■y dative position. Just as the 'worm in tl^ circular tiiSe, 
the fish without landmarks niig*bt reasonably* suppose 
its space ixfinite, or even look upon it as perfectly flat 
(homaloidal) and attribute the constant degree of bend 
and stretch to its ph}'siea1 nature. ^ 

Let us now pass to some space of two dimensions 
“'which is not same — to some space, for example, like the 
saddle-back surface we have Considered on page 89, 
which has a vandng bend. In this case the fish, if it 
fitted at one part of the surface, would not necessarily 
fit at another. If it moved about in its space, it w^ould 
be needful that a continual process of bending and 
stretching should he carried on. Thus every part of 
this two-dimensioued space would be defined by the 
particular amount of bend and stretch aaecessaiy to 
make the fish fit it, or, as it is usually termed, by the 
• mreature. In surfaces with some degree of symmetry 
there would necessarily be parts of equal curvature, and 
in some cases the fish might perhaps dfctinguish 
between these points in the same fashion as the worm ^ 
distinguished between points of equal curvature in the 
case of an elliptic tube. In irregular surfaces, however, 
it is not necessary that such points of equal curvature 
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should arise, r. "We are thus led to conclusions like those 
we have formed for one-dimensioned space, namely: 
Position in space of two dimensions wl^h is not ^me 
might be det'crmined aisohitely by means of the. curva- 
ture. 'Our fish has only , to carry about with it scale 
of degrees of bending and stitching corresponding to 
various positions on the surface in order to determine 
absolutely its position in its space. On the other hand, 
the fish might very readily attribute alh these changes 
of bend and stretch to variations of its physical nature 
in nowise dependent on its position in space. Thus it 
nSght believe itself to have a most varied physical life, 
a continuant' change of physical feeling quite indepen- 
dent of the geometrical character of the space in which 
it dwelt. -It might suppose that space to be perfectly 
same, or eve^i degrade it to the ^ dreary infinity of a 
homaloid.’ ^ 

As a result, then, of our consideration of one and two-*^ 
dimensioned space we^'find that, if these spaces be not 
same (d fortiori not homaloidal), we should by reason 
of their curvature have a means of determining absolute 
position. But we see also that a being existing in 
these dimensions would most probably attribute the 
effects of curvature to changes in its own physical 
condition in nowise connected with the geometrical 
character of its space. 

What lesson may we learn by analogy for the three- 
dimensioned space in which we ourselves exist? To 
begin with, we assume that all our space is perfectly 
same, or^hat solid figures do not change their shape in 
passing from one position in it to another. We base this 
postulate of sameness upon the results of observation 

* In this case of two-dimensioned space asstim© it to he a plane. • Of. 
CHfibrd’s Lectures md Essays^ yoI, i, p^323. 
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in tliat somewliat limited portion joj| space of ^rlGcIi 
we ‘are cognisant.^ ‘ Supposing our ofeervations to 
he correct, it bj no. means follow^ that because the 
port^n of spa^e of, which* we are cognisant is for 
practicai purpose"^ same,’ that therefore all space is 
same.^ Such an assumption is a mere dogmatic ex- 
tension to the unknown* of a postulate, which may 
perhaps be true for the space upon ^hich we can ex- 
periment. make such dogmatic assertions with 
regard to the unknown is rather characteristic ot the 
mediseval theologian than of the modern scientist. On 
the like basis with this postulate as to the samenees 
of our space stands the further assumptiqj^i ttiat it is 
homaloidal. When we assert that our space is eyery- 
where same, we suppose it of constant curvature (like 
the circle as one and the sphere as two-dimensioned 
space) ; •tvhen we suppose it homaloidal we assume that 
^this curvature is zero (like the line as one and the 
plane as two-dimensioned spa^e). This assumption 
appears in our geometry under the form that two 
parallel planes, or two parallel lines in the same plane— ^ 


^ It may be Held by some that the postulate of the sameness of onr 
space is based upon the fact that no one has hitherto been able to form any 
geometrical conception of space-curvature. Apart from the fact that man- 
kind habitually Assumes many things of which it can form no geometrical 
conception (mathematicians the circular points at infinity, theologians 
transubs^antiation), I may remark that we cannot expert any being to 
form a geometrical conception of the curvature of his space till he views it 
from space of a higher dimension, that is, practically, never. 

- Yet it must be noted that, because a solid figure appears to ns to retain 
the same shape when it is moved about in that portion of space with 
which we are acquainted, it does not follow that the figur«^ reallyi do»s 
retain its shape. The changes of shape may be either’ imperceptible for 
those distances through which we are able to move the figure, or if they do 
take place we may attribute them to ‘physical causes’ — to heat, light, 
or magnetism — which may possibly be mere names for variations in the 
curvature of our s^ace. 
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tliSt is, planers, c> .lines in tke same plane, wliick how- 
ever far produced will never meet—liave a real existence 
in our space. This real existence, of wliicL it is clearly 
impossible fog ns to be (Cognisant, w^Tpostnlate^as a 
result'»bnilt upon onr experience of" what happens in 
a limited portion of space. ^ We may postulate that 
the portion of space of which we are cognisant is 
practically homarJoidal, but we have clearly no right 
to dogmatically extend this postulate t(j all space. A 
constant curvature, imperceptible for that portion of 
space upon which we^can experiment, or even a cur- 
vfiture which may vary in an almost imperceptible 
manner^ wifth the time, would seei?i to satisfy all that 
expei’ience has taught us to be true of the space in 
which we dwell. 

But we may press our analogy a step further, 
and ask, since our hypothetical worm and fich might 
very readily attribute the effects of changes in th^ 
bending of their spaces to changes in their own phy- 
sical condition, whether we may not in like fashion be 
direating merely as physical variations effects which are 
i-eally due to changes in the curvature of our space ; 
whether, in fact, some or all of those causes which we 
term physical may not be^ due to the geometrical con- 
struction of our space. There are three binds of 
variation ii^ the curvature of our space which we ought 
to consider as within the range of possibility. 

(i) Our space is perhaps really possessed of a curva- 
ture varying from point to point, which we fail to appre- 
ciate bgcause we are acquainted with only a small 
portion of space, or because we disguise its small varia- 
tions under changes in our physical condition which we 
do not connect with our change of position. The mind 
that could recognise this varying curvature might be 
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assumed to know the absolute positioii ^ f a point. Ibr 
such a mind the postulate of the relativity of position 
would cease to have a meaning. It -does not seem so 
hard ^^o conceiv'N such a st»te of mind as the .late 
•Professor* Clerk-Maxwell would ‘have had us balieve. 
It woi?ld be one capable of *distinguishing those so- 
called physical changes -s^hicli are really geometrica]* 
or due to a change of position in space^ 

(iij Our space may be really same (df equail curva- 
ture), but its degree of curvature may change a?S a 
whole with the time. In this Avay our ge'ometrv based 
on the sameness of space would still hold good for aH 
parts of space, but, the change of eurfatjj.re •might 
produce in space a succession of apparent physical 
changes. 

(hi) We may conceive our space to have every where 
a nearly uniform curvature, but that slight Variations of 
the curvature may occur from point to point, and them- 
selves vary with the time. Th^se variations of the 
curvature with the time may produce effects which we 
not unnaturally attribute to physical causes indepen- 
dent of the geometry of our space. We might even go 
so far as to assign to this variation of the curvature of 
space * what really happens in that phenomenon which 
we term the motion of matter.^ ^ 

* This yemarkable possibititf/ seems first to liaYC been Suggested by 
Professor Clifford in a paper presented to the Cambridge Philosophical 
Society in 1870 {Mathe-matical Patters, p. 21). I may add the following 
remarks: The most notable physical quantities which vary Yoth position 
and time are heat, light, and electro-magnetism. It is these that we ought, 
peculiarly to consider when seeking for any physical changes, whi^h may be 
due to changes in the curvature of space. If we suppose the boundary of 
any arbitrary figure in space to be distorted by the variation of space- 
curvature, there would, by analogy from one and two dimensions, be no 
change iif the volume of the figure arising from such distortion. Further, 
if we assume as an axiom that space resists curvature with a resi-'^taure 
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" We have introduced these considerations as to the 
nature of our 'space to bring home to the reader the 
character* of the postulates make in the exact 
sciences. ‘ ^hese postulates are rSot, as to<^ often 
assumed, necessary and Universal truths f they ^are 
merely axioms based bn our experience of ascertain 
limited region. Just as i^i any branch of physical 
inquiry we staid; by making experiments, and basing on 
our experiments a set of axioms which form the founda- 
tioh of an exact science, so in geometry our axioms are 
really, although less obviously, the result of experience. 
^On this ground geometry has been properly termed at 
the cempiencement of Chapter JI. a ‘physical science. 
The danger of asserting dogmatically that an axiom 
based on the experience of a limited region holds 
universally will now be to some extent apparent to the 
reader. IC may lead us to entirely overlook, or when 
suggested at once reject, a possible explanation gf 
phenomena. The hypotheses that space *is not homa- 
loidal, and again, that its geometrical character may 
change with the time, may or may not be destined to 
play a great part in the physics of the future ; yet we 
cannot refuse to consider them as possible explanations 
of physical phenomena, because they may be opposed to 
the popular dogmatic belief in the universality of 
certain geometrical axioms — a belief which has arisen 
from centuries of indiscriminating worship‘s of the 
genius of Euclid. 

proportional to the change, we find that waves of ‘ space-displacement ’ are 
precisely similar to those of the elastic medium which we siippose to propa- 
gate light and heat. We also find that ‘ space-twist ’ is a quantity exactly 
corresponding to magnetic induction, and satisfying relations similar to 
those which hold for the magnetic field. It is a question whether physicists 
might not find it simpler to assume that space is capable of a varying 
curvature, ^and of a resistance to that variation, than to suppose the exist- 
• ence of a subtle medium pervading ajn invariable homaloidal space. 
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CHAP^E V. 

MOTION. 

§ 1 . On the Various Kinds of Motion, 

While the chapters on Space an(^ Position considered 
the sizes^ the shapes, and the distances of things, the(% 
present chapter on Motion will treat of the clianges in 
these sizes, shapes, and distances, which take place from 
time to time. 

The difference between the ordinary meaning at- 
tached to ftLe word ^ change ^ in everyday lile and the 
meaning it has in the exact sciences is perhaps better 
illustrated by the subject of this chapter than by any 
other that we have yet studied. 'We attained exactness 
in the description of quantity and position by substitut- 
ing the method of representing them by straight lines 
drawn on paper for the method of representing them by 
means of numbers ; though tiys, at first sight, might 
easily seem to' be a step backwards rather than a step 
forwards, since it is more like a child’s sign of opening 
its arms^to show that its stick is so long, than a process 
of scientific calculation. 

It is, however, by no means an easy thing to give 
an accurate description of motion, even although it is 
itself as common and familiar a conception as quantity 
or position. 

Let us take a simple case.- Suppose that a man, on a 
railway journey^ is sitting at one end of a compartment^ 
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with, his fa^e '^owai’ds the -engine; and that, while the 
train is going along, he gets np and goes to thfe other 
end of the compartment and sits down with his back to 
the engine.^^ For ordinary purposes'^his descr'^tion is 
amply sufficient, but it is very far indeed .?r(m being 
an exact description of the motion of the man during 
that time. In the first piace, the train was moving, 
and it is neces.^^ary to state in what direction, and how 
fast itcwas going at every instant during the interval 
considered. Next, we must describe the motion of the 
man relatively to the train; and, for this purpose,' we 
^must neglect the motion of the train and consider how 
the nmn^riwould have moved if the train had been at 
rest. First of all, he changes his position from one 
corner of the compartment to the opposite corner; 
next, in doing this he turns round ; and, lastly, as he is 
walking along or rising up or sitting down, ftie size and 
shape of many of his muscles are altered. We should 
thus have to say, first, exactly how fast and in what 
direction he was moviiig at every instant, as we had to 
do in the case of the train ; then, how quickly he was 
turning round; and, lastly, what changes of size or 
shape were taking place in • his muscles, and how fast 
they were occurring. 

, It may be urged that this would be a very trouble- 
some ope;ration, and that nobody wants to describe the 
motion of the man so exactly. This is quite Vue ; the 
case which has been taken for illustration is not one 
which it is necessary to describe exactly, but we can 
easily ^find another case which is very analogous 
to this, and which it is most important to describe 
exactly. The earth moves round the sun once in every 
year ; it is also rotating on its own axis once every day ; 
the floating parts of it — ^the ocean and the air — are 
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constantly nndergoing changes of and stafe 

which we can observe and which it is of the utmost 
importance that ^ we should be able* to predict and 
calcula^J^ ; even tde solid nucSeus, of the ^rth is con- 
stantly ,^Aject to slight changes in size and shape, 
which, however, are not lar^e enough to admit of* ac- 
curate observation. Here,^then, is a problem whose 
complexity is quite as great as that of ^he former, and 
whose solution is of pressing practical importanoe. 

The method which is adopted for attacking fhis 
problem' of the accurate descriptioi^ of motion is’to begin 
with the simplest cases. By the simplest cases' we meam 
those in which certam complicating cirdhmaAanices do 
not arise. We may first of all restrict ourselves to the 
study of the motions of those bodies in which there is 
no change of size or shape. A body which preserves 
its size and shape unaltered during the interval of time 
considered is called a rigid body. The word ^ rigid ^ is 
here used in a technical sense belcmging to the science 
of dynamic, and does not mean, as in ordinary lan- 
guage, a body which resists alteration of size and shape, • 
but merely a body which, during a certain time, 
happens not to be altered in those respects. Then, as the 
first and simplest case, we shojild study that motion of 
a rigid body in which there is no turning round, and 
in which therefore every line in the body teeps the 
same direction (though of course not the same position) 
throughout the motion. We state this by saying that 
every line ^ rigidly connected ^ with the body remains 
parallel to itself. Such a motion is called a motion of 
translatiofiy or simply a translation ; and so the first and 
simplest case we have to study is the translation of 
rigid bodies. After that we must proceed to consider 
their turning refund, or rotation j and then we have to^ 
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(Jescribe tb% cl^^tages of size or shape which, bodies may 
undergo, these last changes being called strains. The 
study of motion therefore requires the further study of 
translation^,. of rotations, and of strains, and <Jih.rther, 
the^^rt of combining th|5se together. Wheii ;^e Have 
studded all this we shall 1^ able to describe 'motions 
exactly; and then, but not' till then, will it be possible 
to state the ^xact circumstances under which motions 
of a given bind occur, The^ exact circumstances under 
which motions of a given kind occur we call a law of 
nature^ 

^ 'Translation and the Gwve of Positions, 

■ Let us talk, to begin with, of the translation of a 
rigid body. 

Suppose, a table to be taken from the top to the 
bottom of a house in such a manner that th^ surface of 
it is always kept horizontal, and that its length is made 
always to point due Horth and south ; it may be taken 
down a staircase of any form, but it is hot to be turned 
round or tilted up. The table will then undergo a 
translation. If we now consider a particular corner of 
the table, or the end of one of its legs, or any other 
point, this point will have described a certain curve in 
a 'Certain manner ; that is to say, at every point of this 
curve it will have been going at a certain definite rate. 
Now the important property of a motion of translation, 
twhich makes it more easy to deal with than any other 
motion, is that for all points of the body this curve is 
the same in size and shape and mode of description. 
That this is so in the case of the table is at once seen 
from the fact that the table is never turned round 
nor tilted up during the motion, so that the different 
.points of it must at any instant be movjlng in the same 
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direction and at tlie same rate. In or^^.er^lierefore to 
describe this motion of the table it will lDe sufficient to 
describe the motion of* any point of it, say the end of 
one of^ts legs. \nd ‘SO, in^ge^jeral, th^^ problem of’ 
‘describwif^the motion of tran§][ation of any rigid 'bbdy 
is reduced to the problem of describing the motion of 
a point along a curve. ^ 

Now this is a very much easier^ task than our 
original problem of descrij)ing the motion of the earth 
or the motion of the man in the train ; but we sliall 
see that, by properly studying tl^s, it will bG ^asy to 
build up out of it other more complicated cases. Stilly 
even in this form \)ur problem is noff qu^te •simple 
enough to be directly attacked. What we have to-do, 
it must be remembered, is to state exactly, where a 
certain point was, and how fast it was going at every 
instant oftime during a certain interval. This would 
require us first to describe exactly the shape of the 
curve along which the point moved ; next, to say how 
far it had travelled along the curve from the beginning 
up to any given instant ; and lastly, how fast it was • 
going at that instant. To deal with this problem we 
must first take the very simplest case of it, that, namely, 
in which the point moves a^png a straight line, and 
leave for the present out of account any description, of 
the rate of motion of the point ; so that w^ have only 
to say where the point was on a certain straight line 
at every instant of time within a given interval. 

But we have already considered what is the best way 
of describing the position of a point upon a straight 
line. It is described by means of the step which is* 
required to carry it to that position from a certain 
standard place, viz. a step from that place so far to the 
right or to the^left. To specify the length of the step. 
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if we are to^d^^^cfibe it exactly,. we must not make use 
of any words or numbers, but must draw a line wbich 
will represent the length corresponding to every instant 
of time wit^iin a certain inteTvaV so that^ we may 
alws»ys be able to answer the question, Wi^e was 
the ;^oint at this particular /nstant ? But a question, 
in order to be exactly answered, must first be exactly 
asked ; and to So this it is necessary that the instant 
of time* about which the question is a^'sked should be 
accurately specified. 

Now time, like bngth, is a continuous quantity 
which cannot^ in general be described by words or 
numbek, ]jat can be by the drawing of a line which shall 
represent it to a certain scale. Suppose, tbfen, that the 
interval of time during wliich the motion of a point has 
to be described is the interval from twelve o^clock to 

f 

one o’clock. We must mark on a straight line a point 
to represent twelve o’clock and another point to repre- 
sent one o’clock; then every instant between twelve 
o’clock and one o’clock will be represented by a point 
'"which divides the distance between these two marked 
points in the same ratio in which that instant divides 
the interval between t,wolve o’clock and one o’clock. 
Then for every one of these points it is necessary to 
assign a certain length, representing (to some definite 
scale) the distance which the point has travelled up to 
that instant ; and the question arises. In what way shall 
we mark down these lengths ? 

Let us first of all observe the difficulty of answering 
this question. If we could be content with an approxi- 
mate solution instead of an exact one, we might make 
a table and put down in inches and decimals of an inch 
the distances travelled, making an entry for every 
minute, or even perhaps for every second during the 
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Bein’. SucB taBles are in fact consi^ ructed and ;^nb- 
lislied in the ^ NTautical Almanac ^ for tl?e -positions of the 
moon and of the planets. The labour of making this 
tahle^ill evide^itlj depend* upgn its deg|ee of minute- 
ness ;«il ‘will of course talse sixty times as long iK) make 
a table showing the position of the point at^ every' 
second as to make one Ihowing the position at every 
minute, because there will be sixty times as many 
values to calculate. Bjit the problem of d?escribing 
exactly the motion of the point requires us to make a 
table 'showing the position of th^ point at ev^vf instant ; 
that is, a table in which are entered an infinite number 
of values. These t^alues moreover are fo b#' shbwn, not 
in inches -and decimals of an inch, but by lengths drawn 
upon paper.. Yet we shall find that this picto3:ial mode of 
constructing the table is in most cases vep^ much easier 
than thS other. We have only to decide where we shall 
put the straight lines which represent the distances 
that the point has travelled at different instants. 



Let ah he the length which represents the interval 
of time from twelve o’clock to one o’clock, and let m be 
the point representing any intermediate instaj^t. Then 
if we draw at w a line perpendicular to ah whose length 
shall represent (to any scale that we may choose) the 
distance that the point has up to this instant travelled, 
then p, the extremity of this line, will correspond juo 
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an &try in onr ^;able. Bnt if such, lines be drawn 
perpendicular to a b from every point in it, all the 
points py which are the several extremities of these 
lines, will lie Tjpon some^curve ; and this curve wiii re- 
present ‘an infinite number g£ entries, in our table*. \<|,For5 , 
when once the curve is drawn, if a question is asked : 
What was "^he position of the point at any instant 
between twelve o’clock and one o’clock ? (this instant 
being specified in the right way by marking a point 
between a and h which divides that line in the same 
ratio as the given instant divides the hour), then the 
arr::wer to this question is obtained simply by drawing 
a line through ’the marked point perpendicular to a 5 
until it meets the curve; and the length ofothat line 
will represent, to the scale previously agreed upon, the 
distance travelled by the point. 

Such a curve is called the curve of positio^cs for a 
given motion of the point ; and we arrive at this result, 
that the proper way of ^specifying exactly a translation 
along a straight line is to draw the curve of positions. 

^ We have now learned to specify, by means of a 
curve, the positions of a body which has motion of 
translation along a stihight line; and we have not 
only represented an infinite number of positions in- 
stead of a finite number, which is all a nurn'Orical table 
would admil^ but have also represented each position 
with absolute exactness instead of approximately. It 
is important to notice that in this and in all similar 
cases the exactness is ideal and not practical ; 'it is 
exactness pf conception and not of actual measurement. 
For though it is not possible to measure a given length 
and to state that measure any more accurately by 
drawing a line than it is by ;v7riting it domi in inches 
and decimals of an inch, yet the representation by 
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means o£ a line enables ns to reason ^ipon it with an 
exactness which would be impossible' if we were re- 
stricted to numerical measurement. 

§ ‘ 3 . TJniform Motion, 

Hitherto we have supposed our point te be moving* 
along a straight line, but were it to «iove along a curve 
the construction given for the curve of positions would 
still hold good, only the distance traversed ^at any 
instant must now be measui^d from som^ standard 
position along the curve. Hence any motion of a poilnt, 
or any motion of translation whatevei^caifi b6 specified 
by a properly drawn curve of positions, and the problem 
of comparing and classifying different motipns is there- 
fore reduced to the problem of comparmg and classi- 
fying Curves. Here again it is advisable and even 
necessary to begin with a simple case. Let us take 
the case of uniform motion, in which the body passes 
over equal distances in equal times ; and then, as we 
may easily see, the curve of positions is a straight liiTe. 
Uniform motion may also be described as that in which 
a body always goes at the same rate, and not quicker 
at one time and slower at pother. It is obvious that 
in this case' any two equal distances would require equal 
times for traversing them, so that the two, descriptions 
of uniform motion are equivalent. 

It was shown by Archimedes (the proof is an easy 
one, depending upon the definition of the fourth pro- 
portional) that whenever equal distances ar^ traversed 
in equal times, different distances will be traversed in 
times proportional to them. Assuming this proposition, 
it becomes clear that the curve of positions must be a 
straight line^ for a straight line is the only curve which 
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has .the proper-tjr |fiat the height of every point of it is 
proportional to its horizontal distance from a fixed 
straight line. 

W6 may.ateo see in^^the foil owing .mhnner the'^con- 
nectiop^ between the straigh^o line and uniform motton. * 
. Suppose we walk up a hill^so as always to get over 
a horizontar distance of four 'miles in an hour. The 
rate at which we §o up will clearly depend on the steep- 
ness of the hill; and if the hilhis a plane, i.e. is of the 
same steepness ^11 the way up, then our rate of ascent, 
will be the same at everyinstant, or our upward motion 
wifi be uniform^ If the hill be four miles long and 
one mile\igli, then, since the four ihiles of horizontal 
distance will be traversed in an hour, the oite mile of 
vertical distance will also be traversed in an hour, and 
we shall be g>e^ining height at the uniform rate^ of one 
mile an hour. If the hill were two miles high, dr, as we 
say twice as steep, then we should have been gaining 
height at the rate of two miles an hour. But now if 
we suppose a hill of varying steepness, so that the out- 
line of it seen from one side is a curve, then it is clear 
that the rate at which we go up will depend upon the 
part of the hill where we are, assuming that the rate at 
which we go forward horfeontally remains always the 
samel This ^ elevation ’ of the hill may be taken as the 
curve of positions for our vertical motion ,* for the 
horizontal distance that we have gone over, being 
always proportional to the time, may be taken to repre- 
sent the time, and then the curve will have been cbn- 
st.>^ucted a'ccording to our rule, viz. a horizontal dis- 
^tance will have been taken proportional to the time 
elapsed, and from the end of this line a perpendicular 
will have been raised indicating the height which we 
have risen in that time. Uniform motion then has 
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for its curve of position's a straigM ''ine, and the^jate 
of the motion depends on the steepness of the line. 
Variable motion, on the other hand, has a curved line 
for Tts^ curve positions, a^d the #r^te of motion 
^Sepe'^ids upon its varying steepness. * ^ 

In the ease of uniform motion it is very easj' indeed 
to understand what we i^ean by the rate ol^he motion.' 
Thus, if a man walks uniformly sfe, miles an hour, 
we know that he walkg a mile in ten minute's, and the 
tenth part of a mile in one minute, and^so on in propor- 
tion! It may not, however, possible to "'sf)ecify this 
rate by means of numbers ; that is to sg^y, the man fSay 
not walk any defirlite number of miles in ifche liour, and 
the exact distance that he walks may not be capable of 
representation in terms of miles and fractions of a mile. 
In that case we shall have to represent J^he velocity or 
rate at^ which the man walks in much the same way as 
we have represented other continuous quantities. We 
must draw to scale upon papef* a line representing the 
length that he has walked in an hour, or a minute, or 
any other interval of time that we decide to selecTt; 
thus, for example, a uniform rate of walking might be 
specified by marking points corresponding to particular 
hours upon an Ordnance m«tp. The rate of motion, or 
velocity, is then a continuous quantity which can be 
exactly specified, as we specify other continuous quan- 
tities, but which can be only approximately described by 
means of numbers. 


§ 4. Variable Motion, 

Let us now suppose that the motion is not uniform, 
and inquire what is meant in that case by the rate at 
which a body moves. 
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.A train, foj ^^mple, starts from a station and in 
the course of a few minutes gets up to a speed of 30 
miles an hour. It began by^being at rest, and it ends by 
having this la^^ge velocity. What has happened^ttT it in 
the n^Entime ? We can understand already in a though 
"sqrt or way what is meant b;^ saying that at a certain 
time betwe't^ the two moments the train must have been 
going at 16 miles ^n hour, or at any other intermediate 
rate ; but let us endeavour to^make thi^ conception a 
little more exaQ.t. Suppose, then, that a second train, 
which is indefinitely long,is moving in the same direction 
atTa uniform r^|e of 15 miles an hour on a pair of rails 
parallel lo that on which the first lirain moves ; thus, 
when our first train is at rest the second one #ill appear 
to move past it at the rate of 16 miles an hour. When 
the first traift. starts an observer seated in it will see 

r 

the second train going apparently rather more slowly 
than before, but it will still seem to be moving forwards. 
As the first train gets up its speeds, this apparent 
forward motion will gradually decrease until the second 
train will appear to be going so slowly that conversation 
may be held between the two ; this will take place when 
the rate of the first train has amounted to something 
nearly but not quite equal (^to 15 miles an hour, which 
we supposed to be the constant rate of the second train. 
But as the rate of the first train continues to increase 
there will come a certain instant at which the second train 
will appear to stop gaining upon the first and to begin 
to lose. At that particular instant it will be neither 
gaining n€?r losing, but will be going at the same rE^te ; 
at that particular instant, therefore, we must say that 
the first train is going at the rate of 15 miles an 
hour. And it is at that instant Only, for the equality 
of, the rates does not last for any fraction^'of a second, 
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however small; the very instant that* the second train 
appears to stop gaining it also appear^i^tS begin losing. 
The two trains then run exactly together for no distance 
at all^not even^for the siSallest fraction of an ^ inch, 
^d we have"" to say that a^ one par^ctlar ^nsifant 
our first train is going at the rate of 15 miles a^^hour,- 
although it does not continue to go at that during 
the smallest portion of time. Th^e is no way of 
measuring this instantaneous velocity except tl\at which 
has just been described 3f comparing the motion «?7ith a 
Uniform motion having that particular ^elocii^. 

Upon this we have to m^e the very importa^it 
remark that the 3;ate at which a boif ig, gQing is a 
property as purely instantaneous as is the precise 
position which it has at that instant. 'Thus, if a stone 
be let fall to the ground, at the moment that it hits 
the groimd it is going at a certain definite^rate ; and yet 
at any previous moment it was not going so fast, since 
it does not move at that rate foi;the smallest fraction of 
a second. This' consideration is somewhat difficult to 
grasp thoroughly, and in fact it has led many people to 
reject altogether the hypothesis of continuity ; but still 
we may be helped somewhat in understanding it by 
means of our study of the curve of positions, wherein 
we saw that to a uniform motion corresponds a straight 
line and that the rate of the motion depends on the 
steepness of the line. 

Let us now suppose a motion in which a body goes 
at a very slow but uniform rate for the first second, 
during the next second uniformly but somewhat faster, 
faster again during the third second, and so on. The 
curve of positions will then be represented by a series 
of straight lines becoming^ steeper and steeper and form- 
ing part of a polygon. From a sufficient distance off 
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polygon wilf'lo.ot like a c.urved line ; and if, instead 
of taking int&^^ls of a second during whicli the rates 
of motion are severally considered uniform, we had 
takeii intervals of a tenth df a second, ihen the p^ygon 
would -look like a curved line without our goih^so faj’ 
~away"^ before. Eor the shorter the lengths of the sides 
of our polygon, the more wilkit look curved, and if the 
intervals of tim^ are reduced to one-tenth the sides 
will be 9nly one-tenth as long. The rate at which the 
body under consideration is moving when it is in the 
position Act which any point of the polygon corresponds, 
obtained by prolonging that side of the polygon 
which passes 'trough the “point ; the rate will then 
depend on the steepness of this line, since, where the 
line is a side of' the polygon, it represents the uniform 
motion which the body has during a certain interval. 
When the polygon looks like a curve the sides ^^are very 
short, and any side, being prolonged both ways, will 
look like a tangent to the curve. 

Now in considering the general case of varying 
motion we should have, instead of the above polygon 
which looks like a curve, an actual curve ; the difference 
between them being that, if we look at the eurve-li]?:e 
polygon with a sufficiently strong microscope, we shall 
be able to see its angles, but however powerful a micro- 
scope we may apply to the curve it will always look like 
a curve. But there is this property in common, chat if 
we draw a tangent to the curve at any point, then, since 
the steepness of this tangent will be exactly the same as 
the steep9,ess of the curve at that particular point, it will 
give the rate for the motion represented by the curve, just 
as before the steepness of the prolonged small side of the 
polygon gave the rate for the motion represented by the 
polygon. That is to say, the instantaneous velocity of 
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a body in any position may-be learnt .frf>m its curve <ff 
positions by drawing a tangent to this cuA=/at tbe point 
corresponding to the position ; for the’ steepness of this 
tangent^ill give the>veloci?y o^rate which we want, 
Sin^e tfe^ tangent itself •corresponds to^a' uniform 
ipotion of the same velocity as that belonging to^'lhe 
given varying motion at thd^ particular instarj^ From 
this means of representing the rate we^an see how it 
is that the instj\ntaneous velocity of a body generally 
belongs to it only at an ins1:ant and not for any leiTgth 
of time* however short ; for the s:^eepness*of th# curve 
is continually changing as we go from one part of 
to another, and the corve is not straight f^ a:^y portion 
of its length however small. 

The problem of determining the instantaneous ve- 
locity in a given position is therefore reduced to the 
problem o^ drawing a tangent to a given curve. We 
have a sufficiently clear general notion of what is meant 
by eachj|ff these things, but the motion which is suf- 
ficient for purposes of ordinary discourse is not sufficient 
for the purposes of reasoning, and it must therefore be • 
made exact. Just as we had to make our notion of 
the ratio of two quantities exact by means of a definition 
of the fourth proportional, or^of the equality of two 
ratios which tvere expressed in terms of numbers, 
here we shall have to make our idea of ^ velocity 
exact by expressing it in terms of measurable quan- 
tities which do not change. 

We have no means of measuring the instantaneous 
velocity of a moving body ; the only thing tha^ we can 
measure is the space which it traverses in a given interval * 
of time. In the case in which a body is moving uni- 
formly, its instantaneous velocity, being always the same, 
is completely sj)ecified as soon as we know how far 
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the body lias gone in a definite time. And, as we 
liave alread^T^-Cbserved, tbe result is the same whatever 
this interval of time may be ; tbe rate of four miles an 
hour is tbe sjame as ^eignt mile^ in xtwo bour^ or two 
miles in baif an bonr, or^ one mile in a qu^l'f-er of^^an 
boitr. But if a body be moving with a velocity wbicb 
* is continually changing, tbcr knowledge of bow far it has 
gone in a givei?!^ interval of time tells us nothing about 
the instantaneous velocity for any position during that 
intel:vaL To say, for instance, that a man has 
travelled a distance of four miles during an hour, does 
^not give us any information about the actual rate at 
which-bej7a^ going at any moment during tbe hour, 
unless we know that he has been going at a uniform 
rate. Still we are accustomed to say that in such 
a case he must have been going on an average at the 
rate of four miles an hour; and, as we shall find it 
useful to speak of this rate as an ^ average velocity,’ 
its general definition-may be given as follows :|h 

If a body has gone over a certain distance in a 
- certain time its mean or average velocity is that with 
which, if it travelled uniformly, it would get over the 
same distance in the same time. 

This mean velocity is very simply represented by 
the help of the curve of positions. Let a and h be two 
points on the curve of positions; then the mean 
velocity between the position represented by a hnd that 
represented by & is given by the steepness of the 
straight line a h. This, moreover, enables us to make 
some' p]^ogress towards a method of calculating instan- 
" taneoiis velocity, for we showed that the problem of 
finding the instantaneous velocity of a body is, in the 
above method of representation, the problem of draw* 
ing a tangent to a curve. Now the mean velocity of a 
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body is defined in terms of quantities 'Vhicb we eum 
already able to measurfe^ for it requi^es^&e measure- 
ment of an interval of time and ’of tbe distance 
traverse^ daring "yiat interval ; and further the chord 
of ^ cur^e?'^.^. the line joiniijg gne point of i^to anciher. 



Fig. 93. 

is a line which we are able to draw. If th?n we can 
find some means of passing from the ch«rd of a curve 
to the tangent, the representation we have adopted will 
help us to^ pass from the mean to the instantaneous 
velocity. 


§ 5. Oji the Tangent to* a Curve, 

Now let us suppose the chord a h joining the ^ 
points on the curve to turn round the point which 
remains fixed ; then h will travel along the curve 



towards and if we suppose h not to stop in this 
motion until it has got beyond Or to a point such as b 
on the other* side, the chord will have turned round 
into the position a V, Now, looking at the curve which 
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is drawn in the figure, we eee that the tangent to the 
curve at a olifvfiously lies between a b and V a. Thus if 
a h turn round a so as to move into the position a V it will 
at -some instant have t6 pass over fee positiqu of the 
tangent. At the mstaat * when it passes."" 4ver feis 
position where is the point b? We can at once see 
from thd^Efignre that it canifot be anywhere else than at 
a, and yet we cannot attach any definite meaning to a 
line described as joining two coincident points. If we 
could, the determination of the tangent would be very 
easy, fer in order to .draw the tangent to the curve at 
we should merely say, Take any other point b on the 
curve ^ jo^n ^'b by a straight line ; then make b travel 
along the curve towards a, and the positior^of the line 
a b when h has got to a is that of the tangent at a. 
Here however arises the difficulty which we have already 
pointed out, namely, that we cannot form my distinct 
conception of a line joining two coincident points; 
two separate pointst are necessary in order to fix a 
straight line. But it is clear that, although it is not 
yet satisfactory, there is still something in the defini- 
tion that is useful and correct ; for if we make the 
chord turn from the position a 6 to the position of the 
tangent at a, the point p does during this motion move 
along the curve up to the point a. 

This difficulty was first cleared up and its explana- 
tion made a matter of common sense by HewtOn. The 
nature of his explanation is as follows: — Let us for 
simplicity take the curve to be a circle. If a straight 
stick taken and bent so as to become part of a 
circle, the size of this circle will depend upon the 
amount of bending. The stick may be bent completely 
round until the ends meet^and then it wih make a very 
_small circle ; or it may be bent very slightly indeed, and 
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then it will become part of. a very la]:gl circle. Nojv, 
conversely, supj)Ose that we begin with%"^small circle, 
and, ^holding' it fast at one point, niake it get larger 
and larc^er, so tha^ the, piece Ve have hold of gets Jess 
•an.4 les^.bent ; th&, as th?e ^ircle becom^ ‘extremely 
large, any small portion of it '^ill more and ^ore 
nearly approximate to a stwght line; Hen^a circle' 
possesses this j^roperty, that the more^it is magnified 
the straighter it becomes ; this property like\yise be- 
longs to all the curves v%ich we require to consider. 
It is sometimes expressed by saving that thd ^urve is 
sti’aight in its elements, or in its smallest parts ; bul^ 
the statement must Jbe understood to nwJan orjy this, 
that the gmaller the piece of a curve is taken the 
straighter it will look when magnifi^ to a given 
length. 

Now Itt us apply this to the problem of determining 
the position of a tangent. Let us suppose the tan- 
gent a ^ of a circle to be already drawn, and that a 



certain convenient length is marked off upon it 5 from 
the end of this T let a perpendicular be drawn to meet 
the circle in JB, and let a be joined to 5 by a straight 
line. We have now to consider the motion of the point 
B along the circle as the chord aB is turning found 
a towards the position a T ; and the difficulty in our way 
is clearly that figures like aB T get small, as for ex- 
ample aht^ and continue ^o decrease until they cease 
to be large enough to be definitely observed. Newton 
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geAs over this difficulty by supposing that the figure is 
always magnified to a definite size ; so that instead 
of considering the smaller figure ahtwe magnify it 
throughout until a t is^ equal to the original lenp^th a T. 
But the portmn ah g{ tho/uircle with which wekre n^w 
conGerned is less than the former portion a B ; conse- 
quently ^jJjen it is magnifitSd to the same length (or 
nearly so) it mu^t appear straighter. That is to say, in 
the new figure a V T, which i^aht magii^fied, the point h 
will be nearer to the point T than B in the old one aB T; 
consequently," also, elsJ) moves along to a the chord a'h 
will get nearer to the tangent a T, or, what is the same 
thing, the ^ngle t ah will get smaRer. This last result 
is clear enough, because, as we previously supposed, the 
chord a h is always turning round towards the position 
at. 

But now the important thing is that, hf taking b 
near enough to a, we can make the curve in the magni- 
fied figure as straighhas we please ; that is to say, we 
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can make ¥ approach as«-near as we like to T, If we 
were to measure off from T perpendiculai-ly to a T any 
length, hor^ever small, say T d, then we can always 
draw a circle which shall have a T for a tangent and 
which shall pass between T and d ; and, further, if 
we like to draw a line a d making a very small angle 
with '"a then it will still be possible to make h go so 
close to a that in the magnified figure the angle VaT 
shall be smaller than the angle daT which we have 
drawn. r 

Now mark what this process, which has been called 
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Newton’s microscope, really means. .'W'^ile the figure 
which we wish to study is getting smli^a^and smalleir, 
and. finally disappears, altogether, we suppose it to be 
continis%ny magiii^ed, so as tb retain a convenient si?:e. 
• Wb hav^ one point moving #-long a cnrv# u‘p tojsvards 
another point, and we want to cpnsider what hap|)ens 
to the line joining them wien the two pointa^proach 
indefinitely near to one another. The^result at which 
we have arrive^ by means of onr microscope j.s that, 
by taking the points neir enough together, th» line 
may be made to approach as near as w^ ple^^ to the 
tangent to the curve at the point a. This, therefore 
gives us a definition of the tangent ^ ^ c^rve in 
terms only of measurable quantities. If at a certain 
point a of a curve there is a line a i^^possessing the 
property that by taking h near enough to a on the cur^e 
the line it h can be brought as near as wb like to a ^ 
(that is, the angle hat made less than any assigned 
angle, however small), then at called the tangent to 
the curve at the point a. Observe that all the things 
supposed to be done in this definition are things which 
we know can be done. A very small angle can be 
assigned ; then, this angle being drawn, a position of 
the point h can be found wh^f h is such that a b makes 
with a t an sCngle smaller than this. A supposition is 
here made in terms of quantities which we already 
know and can measure. We only suppose in addition 
that, however small the assigned angle may be, the 
point h can always be found; and if this is possible, 
then in the case in which the assigned angle •is ex- 
ti^emely small, the line ah or at (for they now coin- 
cide) is called a tangent.. 

It is w^orth while to observe the likeness between 
this definition^ and the one that we previously discussed 
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of the fourth proportional pr of the equality of ratio. 
I'n that defijsijtiou we supposed that, a. certain fraction 
being assigned, if the first ratio, were greater than this 
fraction, so also was the Second ration and if l^s, less; 
and the que^Jion whether these ratiosVere greii^r or ^ss 
is ene that can be settled by measurement and com- 
parison-^ We then made j^ie further supposition that 
whatever fracti|)n were assigned the same result would 
hold good ; and we said that in that case the ratios 
werecCqual. Now in both of ^hese definitions, applying 
respect^yoly to tangents and to ratios, the diffieulty is 
^hat we cause a particular supposition to be extended 
so as tp be g:^*ieral ; for we assume that a statement 
which can be very easily tested and found true in any 
one case is tru5 in an infinite number of cases in which 
it has not been tested. But although the test cannot 
be applied individually to all these cases in practical 
way, yet, since it is true in any individual case, we know 
on rational grounds tfiat it must be satisfied in general ; 
and therefore, justified by this knowledge, we are able 
fo reason generally about the equality of ratios and 
about the tangents to curves. 

Let us now translate the definition at which we 
have thus arrived from the language of curves and tan- 
gents into the language of instantaneous and mean 
velocities. The steepness of the chord of the curve of 
positions indicates the mean velocity, while th6 steep- 
ness of the tangent to the curve at any point indicates 
the instantaneous velocity at that point. The process 
of making’ the point h move nearer and nearer to the 
point a corresponds to taking for consideration a 
smaller and smaller interval of time after that moment 
at which the instantaneous velocity is wanted. 

Suppose, then, the velocity of a body, viz. a railway 
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traiB;,tobe varying, a^d that we want to ^nd what its vglue 
is at a given instant. We might get a teif'je.'‘ough approzi- 
mation to it, or in some^^ses no approximation at all, by- 
taking the mean velocity dnfing the hour which follpws 
that ii?^'uant. We should ge^ a closer appfoximajiion by 
taking the mean velocity during^&e minute succeeding, 
that instant, because • the ^instantaneous velp^tty would 
have less time to change. A still clo^pr approximation 
would be obtained were we to take thS mean, velocity 
during the succeeding second. In all motions we should 
have to consider that we could make the*apprc^imatioii 
as close as we like by taking a sufeciently small intervaji. 
That is to say, if ^ve choose to name^i}^ vejy small 
velocity, such as one with which a body going uniformly 
would move only an inch in a century, "^hen, by taking 
the interval small enough, it will be possible to make the 
mean veh)city differ from the instantaneoSs velocity by 
less than this amount. Thus, finally, we shall have the 
following definition of instantanQpus velocity : If there is 
a certain velocity to which the mean velocity during the 
interval succeeding a given instant can be made to 
approach as near as we like by taking the interval small 
enough, then that velocity is called the instantaneous 
velocity of the body at the given instant. 

In this way then we have reduced the problem of 
finding the velocity of a moving body at any instant to 
the problem of drawing a tangent to its curve of posi- 
tions at the corresponding point ; and what we have 
already proved amounts to saying that, if the position of 
the body be given in terms of the time by meaias of a 
curve, then the velocity of the body will be given in 
terms of the time by means of the tangent to this «urve. 

Now there are many curves to which we can draw 
tangents by simple geometrical methods, as, for example, 
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to t?ie ellipse an(f tlie parabola ; so tbat^ wbenever tbe 
curve of positiJ^it^ of a body happens to be one of these, 
we are able to find by geometrieal construction the 
velocity of the body at^any instant. S’hus in t]^ ease 
of a falling body the ^ curve 6f positions is a p^abolfe, 
and '^e might find by the known properties of the tan- 
gent to a*^rabola that the velocity in this case is pro- 
portional to tKe<rtime. But in the great majority of 
cases the problem of drawing a tangenjt to the curve 
of positions is just as difficult as the original problem 
of determining^ the velocity of a moving body, and in 
fsct we do in many cases solve the former by means of 
the latter.^ r ^ 

§ 6, On tlieT)eiermination of Variable Velocity, 

What is actually wanted in every case will be 
apparent from the consideration of the problem we 
have just mentioned — that of a body falling down 
straight. We note, fi’om the experience of Galilei, that 
the whole distance which the body has fallen from rest 
at any instant is proportional to the square of the time ; 
in fact, to obtain this distance in feet we must multiply 
the number ' of seconds by itself and the result by a 
number a little greater tha^ sixteen. Thus, for instance, 
in five seconds the body will have fallen "rather more 
than twenty-five times sixteen feet, or 400 feet. Now 
what we want is some direct process of proving that 
when the distance traversed is proportional to the square 
of the time the velocity is always proportional to the 
time. '^In^the present case we can find the velocity at 
the end of a given number of seconds by multiplying 
that number by thirty-two feeh; thus at the end of five 
seconds the velocity of the hody will be 1130 feet per 

^ [T1i 6 method is due to Boberval (1602-1675). — K. P.] 
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second.^ Now as a matter of fact -a process (of which 
there is a simple example in the foc^^ote) has been 
worked out, bj which from any algebraical rule telling 
us ho'^ to calculate the distance traversed in teiMHB o'f 
the ti^he we can find another ^^Jgebraical rule which 
will tell us how to' calculate the velocity in terms t)f tl^ 
time. One case of the process is this : If ^lie distance 
traversed is at any instant a times *the ^th power of the 
time, then the^ velocity at any instant will be ^%a times 

‘ ^ TJie following may be taken as a proof. Let £7-*be thS (gistance from 

rest moved over by the body in t' seconds,^ that moved over by it in 
seconds, so that t seconds is the interval we take to find out the m?an 
velocity. Now by onr ruie just quoted, since a fee#^re^pasaed over in t 
seconds, we have 

<2 = 16^^ 

and similarly 6 = 1 6(^ + ^ 

Hence we have = + 

giving the distance moved over in the interval If. But the mean velocity 
during this interval is' obtained by dividing the distance moved over by the 
time taken to traverse it ; hence the mean velocity in our case for the 
interval of t’ seconds immediately succeeding the t seconds 

_h — a 

t' 

^ 16 ( 22 ^ + 0 

= 32zf+16iJ'. 

Now if we look at this result, which we have obtained for the mean velocity, 
we see that there are two terms in it. The first, viz. Z2t, is quite inde- 
pendent of the interval t' which we haveTaken ; the second, viz. IGzl', depends 
directly on it, and will therefore change when we change the interval. Now 
the distance per second represented by 16if' feet can be made a« small as 
we like by taking t' small enough ; so that the mean velo(??ty during the 
interval f seconds succeeding the given instant can be made to approach 
322 ^ feet per second as near as we like by taking f small enough. Ifecurring 
to our definition of instantaneous velocity, it is now evident that the instan- 
taneous velocity of our falling body at the end of t seconds is 32^ feet per 
second. 
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tlie power of the time: It is by means of this 
process of alte^'ihg one algebraical rule so as to get 
another from it that both of the ^problems which we 
have shown to ~be equivalent to one another are^olved 
in practice. ' % 

^ Tfiere is yet another* problem of tery great import- 
ance in t^^f^tudy of natural phenomena which can be 
made to depend On* these two. When a point moves 
along a straight line the distance of it from some fixed 
point ih the line is a quantity which varies from time 
to time. '^The rate of phange of this distance is' the 
s£6ne thing as the velocity of the moving point ; and 
the rate Of change of any continuous quantity can only 
be properly rep^sented by means of the velocity of a 
point. 

ThuSj for instance, the height of the tide at a given 
port will vary from time to time during the da5^, and it 
may be indicated by a mark which goes up and down 
on a stick. The rate Ut which the height of the tide 
varies will obviously be the same thing as the velocity 
wfth which this mark goes up and down. Again the 
pressure of the atmosphere is indicated by means of the 
height of a mercury barometer. The rate at which this 
pressure changes is obviou§iy the same thing as the velo- 
city with which the surface of the mercury moves up and 
down. Now whenever we want to describe the changes 
which take place in any quantity in terms of the time, 
we may indeed roughly and approximately do so by 
means of a table. But this is also the most troublesome 
way ; tSie proi^er way of describing them is by dra^ving 
a curve in which the abscissa, or horizontal distance, at 
any point represents the timej^while the height of the 
curve at that point represents' the value of the quantity 
atethattime (seep. 181). Whenever this is done we 
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practically suppose the variation of ?he quantity k) be 
represented by the motion of the p(5^t on a curve* 
The quantity can only be adequately represented by 
inarki^ off a It^gth proportional to jt on a line*; so 
that if' the quantity varies' then^the len|th marked off 
will vary, and coiisequently the*end of this length wiji' 
move along the curve. The rate at which quantity 
varies is the rate at which this point moves ; and when 
the values of the quantity for different times are repre- 
sented by the perpendicular distances of joints on a 
curve from the line which represents tfie tiroie, its rate 
of variation is determined by the tangent to tl^t 
curve. 


§ 7. On the Method of FlvMons. 

Hence we have three problems which are practically 
the saufe. First, to find the velocity of a moving point 
when we know where it is at every instant ; secondly, to 
draw a tangent.to a curve at atsy point ; thirdly, to find 
the rate of change of a quantity when we know how great 
it is at every instant. And the solution of them ^11 
depends upon that process by which, when we take the 
algebraical rule for finding the quantity in terms of the 
time, we deduce from it a^jother rule for finding its 
rate of chahge in terms of the time. 

This particular process of deriving ong algebraical 
rule from another was first investigated by ISTewton. 
He was accustomed to describe a varying quantity as 
a fluent, and its rate of change he called the fluxion of 
the quantity. On account of these namess, tlfe entire 
method of solving these problems by means of the 
process of deriving one . algebraical rule from Another 
was termed the Method of Fluxions* 

In generg/1 the rate of variation of a quantity jvill 
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itsell change froin^time to time; but if we consider 
only an intervsfe very small as clomp ared with that re- 
quired for a considerable variation of the quantity, we 
may legitimately suppos^e tliat it has altere^^much 
during <rthat’ ifiterval. Ibis' is practically equivalent to 
•^.uppc^sing that the law of change has been uniformly 
true duri^ that interval, anck that the rate of change 
does not differ v^ry much from its mean value. ISTow 
the mean rate of change of a quantity during an interval 
of timer is just the difference b^etween the values of the 
quantity the beginning and at the end divided by 
tte interval. If any quantity increased by one inch in 
a second,oth^5V!though it may notdiave beon increas- 
ing uniformly, or even been increasing at all du?:ing the 
whole of that second, yet during the second its mean 
rate of increase was one inch per second. Now if the 
rate of increase only changes slowly we maj^ as an 
approximation, fairly suppose it to be constant during 
the second, and therefoiPe to be equal to the mean rate ; 
and, as we know, the smaller the interval of time is, the 
less is the error arising from this supposition. This is, 
as a matter of fact, the way in which that process is 
established by means of which a rule for calculating 
position is altered into a ^^ule for calculating velocity. 
The ^difference between the distances of the moving 
point from some fixed point on the line at two different 
times is divided by the interval between the times, and 
this gives the mean rate of change during that interval. 
If we find that, by making the interval smaller and 
smaller^ tljis mean rate of change gets nearer and 
nearer to a certain value, then we conclude that this 
value fs the actual rate of change when we suppose the 
interval to shrink up into an instant, or that it is, as 
we^call it, the instantaneous rate of change. 
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Because two difPerences are used the argument 
' * ^ -# 

which establishes the ’-process for chatigjjg the one rule 
into the other^ this process was called, first in other 
countries and th^n also in^ England, the Differential 
C%ilcul^. The name is an ryifortunate due, because the 
rate of change which is therein ^chlculated has ixoihin^ 
to do with differences, ^the only, connecfcw with 
differences being that they are menti^jired rn the argu- 
ment which is used to establish the process. Howev-er 
this may be, the object of the differential calculus or of 
the method of fluxions (whichever nanie we choose to 
give it) is to And a rule for Calculating the rate 
change of a quantity when we have ^rule for calcu- 
lating the quantity itself ; and we have seen that when 
this can be done the problem of dra\ffng a tangent to 
a curve and that of finding the velocity of a moving 
point sbisj^ also solved, 

§ 8. Of the Belationshff of Quantities, or Functions. 

But we not only have rules for calculating the value 
of a quantity at any time, but also rules for calculating 
the value of one quantity in terms of another quite in- 
dependently of the time. Of the former class of rules an 
example is the one mentioned above for calculating the 
rise of the tide. We may either write down a formula 
which will enable us to calculate it at a given instant, 
or we* may draw a curve which shall represent its rise 
at different times of the day. Of the second kind of 
rule a good example is that in which the pressure of a 
given quantity of gas is given in terms of its#volume 
when the temperature is supposed to be constant; tke 
algebraical statement of the rule giving the relation 
between them is that the^ two things vary inversely as 
one another, or that the product representing them is 
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coi^stant. Thn^if we compress a mass of air to one- 
half of its natm^parvolume the pfvsssure will become twice 
as great, or will be, as it is called, two ^ atmospheres.’ 
And so if we compress it fo one-fifth 0 i the volume the 
pressure will-become five times as great, or fiv#; atm^t)- 
>^phe^es. ^ ^ 

If w^ like to represent ^his by a figure we shall 
draw a curve" in which the * abscissa, or horizontal 
distance from "^the starting point, will^ represent the 
volume, and a vertical line drdTwn through the extremity 
of this aKsciss'a will represent the pressure. For any 
particular temperature the curve traced out by the ex- 
tremity /)f the«*rine representing the pressure will be 
a hyperbola having one asymptote vertical ^and the 
other horizontal; and for difPerent temperatures we 
shall have different hyperbolas with the same asym- 
ptotes. Thus every point in the plane will represent a 
particular state of the body, since some hyperbola can 
be drawn through it;«the horizontal distance of the 
point from the origin will represent the volume, and its 
vertical distance the pressure, while the particular 
hyperbola on which it lies will indicate the tempera- 
ture. We have here an example of the physical im- 
portance of a family of ci^rves, to which reference was 
made in the preceding chapter (see p. 163).' 

When the connection between two quantities has 
to be found out by actual observation, this is done by 
properly plotting down points on paper (as in § 11, 
Chap. IV.) to represent successive observations. Thus 
in the^cas^e of air the pressure would be observed for 
different values of the volume. For each of these 
observed pairs of values a point would be marked in 
the plane; and when a sufScient number had been 
marked it would become obvious to the eye that, 
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roughly speaking, the point lay on a hyperbolic curve. 
But it is to be noticed that it is only foi^^ly that this 
result holds, because observations are never so accu- 
rate that^he curve^doe.^ not require to be drawn pretty 
'freoly int^passing through the^ipoints. Butidkectlj the 
geometer has seen that the shape of* the curve is hyj^r- 
bolic he recognises the law t!^at pressure varies i^^ersely 
as volume. ^ ^ 

We have here the relation between iwo quantities 
expressed by means of a cdrve. Whenever two qutanti- 
ties are related in some such way, so that' one them 
being given the other can be calculated or found, each 
is said to be a fimctwn of the other. ^a function 

may be supposed to be given either by an algebraical 
rule or by a curve. Thus to find the pressure corre- 
sponding to a given volume we might say that a certain 
number vlns to be divided by the number representing 
the volume, and the result would be the number of units 
of pressure ; or we might say that from the given point 
of the horizontal line which represented the volume a 
perpendicular was to be drawn and continued till it met 
the curve, and that the ordinate (or the part of this 
between the horizontal line and the curve) represented 
the pressure. We have thus ^ connection established 
between the science of geometry and the science^ of 
quantity, as, for example, the relation between the two 
quantities, volume and pressure, is expressed by means 
of a certain curve. 

Now every connection between two sciences is a 
help to both of them. When such a connection is 
established we may both use the known theorems- 
about quantities in ordei; to investigate the natuire of 
curves (and Ihis is, in fact,, the method of co-ordinates 
introduced by ^Descartes), or we may make use of 
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known geometrical properties of curves in order to 
find out tlie^i'ems about tbe^ay in whicb quantities 
depend upon one another. For the first purpose the 
relation between the two quantities is regarded as an 
equation; «Thus, instead of saying that ayprec:5ure 
varies inversely as'" a volume we should prefer to say 
that t^e product of the pressure and the volume is 
equal to Ha. certain constant, the temperature being 
supposed unaltered; or, paying attention only to the 
geometrical way of expressing this^ we should say that, 
for points aiong the curve we are considering, the 
product of the abscissa and the ordinate is equal to a 
certain fixed auantity. This is written for shortness 

Q *T W 

and from such an equation all the properties of a hyper- 
bola may b;^ deduced. 

But we may also make use of the prlS^erties of 
known curves in order to study the ways in which 
quantities can depend on one another. Thus the per- 



pendicular distance P M from the point P of the circle 
to a fixed diameter is a quantity whose ratio to 
-the radius OP depends in a certain definite way upon 
the magnitude of the angle POA^ or, what is the same 
thing (p. 143), upon the length of the arc AP. The ratio 
is in fact what we have termed the sine of the angle, or, 
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as it is sometimes calledj thq sine of tlie arc. If the arc 
AP is -made proportionE^ to the time; oic^what is the 
same things if P is made to move uniformly round the 
circle^ then the lei^th of the' line PM will represent 
■'the'^dista^ce from fhe centre Q oPa point* <Sr oscillating 
according to a law which is defined Tdj this geometriysal 
construction. This particular kind of oscillation.^which 
is called simple harmonic motion^ occur^ whSh the air,, 
is agitated by sound, or the ether by l?ght, or^ when 
any elastic body^is set into a tremor. Eelations^such 
• as that- which we have just mentioned betweeh^arcs of 
a circle and straight lines drawfl according to some 
simple constructions in the circle give rj^e to what are 
often termed circular functions. Thus the trigono- 
metrical ratios considered in § 7 of CMipter lY. are 
functions of this kind. We have also hyperholic func- 
tions, depending on the hyperbola in soifiewhat the 
same way in which circular functions depend upon the 
circle, and elliptic functions, so caljed because by means 
of them the length of the arc of an ellipse can be cal- 
culated. 

But ’ the most valuable method of studying the 
properties of functions is derived from the considera- 
tions of which we have been treating in this chapter, 
viz, considerations of the rate of change of quantities. 
When the relation between two quantities is known, the 
relation^'between their rates of change can be found by 
a known algebraical process ; and we have shown that 
the problem of finding this relation ultimately comes 
to the same thing as the problem of drawing a tangent 
to the curve which expresses the relation between the-* 
two original quantities. Thus, in the case we pre- 
viously considered of two quantities whose product is 
constant or which vary inversely as one another,* it is 
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clear tliat one^ust increase when the other decreases ; 
it is found « 5 |iha 1 i the ratio of * these rates of change 
is equal to thd ratio of the. quantities themselves. 
Thus the rate of change of the volume of a gas is 
to tKe rate^c® change of^ the pressure (the tehiperssbure 
be^.ng kept constant) as the volume is to the pres- 
sure, it being always remembered that an increase of 
the one implies a decrease of the other. 

Tb© consideration of this ratio of the rates of change 
is of' great importance in determining one of the fun- 
damen,t‘ll changeable properties of a body, namely, its 
elasticity. We define the elasticity of a gas as the 
change of pr^sure which will produce a given contrac- 
tion ; where by the term contraction is meant the change 
in the volumeTIivided by the whole volume before change. 
Thus if the volume of a gas diminished one per cent., it 
would experience a contraction of *l^en, in 

accordance with our definition, we divide the pressure 
necessary to produce this contraction by or, what 
is the same thing, multiply it by 100, we shall get 
^what is called the elasticity. Now in our case the change 
of pressure divided by the whole pressure is equal to what 
we ha.ve called the contraction, that is, to and 
therefore the change of^ressure is equal to j^th of the 
whole pressure. But we have just proved that the elas- 
ticity is 100 times the change of pressure necessary to 
produce the contraction we have been considering, and it 
is therefore equal to the whole pressure. Consequently 
the elasticity of a gas is measured by the pressure of 
the gaSj^ 

§ 9. Of Acceleration and the Hodogra^h. 

We may then consider the rate of cTiange of any 
mea'Surable quantity as another quantity which we can 
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find; and we have derived, onr notion of it from the 
velocity of a moving ’ ^oint. In the lumpiest case, 
whezi this point is moving along a straight line, the 
rate at ;^hich it going is' the rate of ^hang§ of 
' its*^istaiice from a point '*ficed in the \me^ B^t in 
the general case, when the poin-^ is moving not- on a 
straight line, but along any.^sort of curve, we sllall not 
give a complete description of its state motion if we» 
only say how fast it is going ; it will be^ neces^aiy to 
say in addition in what direction it is going. Eence 

must not only measure the miantity bf a ’velocity, 
but also a certain quality of* il, viz. the direction 
Now we do as a matter of fact contrive jto stu^y these 
two things together, and the method by which we do so 
is perhaps one of the most powerful Tnstruments by 
which the scope of the exact sciences has been extended 
in recent% times. Defining the velocity o^ a moving 
point as the rate of change of its position, we are met 
by the question. What is its position ? 

This question has been answered in the preceding 
chapter. The position of a moving point is determined- 
when we know the directed step or vector which con- 
nects it with a fixed point. If then the velocity of the 
moving point means the rate ^f change of its position, 
and if this position is determined by the vector which 
would carry us from some fixed point to the moving 
point, in order to understand velocity we shall have to 
get a clear conception of what is meant by the rate of 
change of a vector. 

FiO. 98. 

% 

Let us go back for a mpment to the simpler case of 
a point moving along a straight line ; its position js 
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determined by Ineans of tbe step A P from tbe point A 
fixed in the ssV'aight line to thS moving point P. Now 
this step alters with, the motion of the point % so ihat 
if. the poiht comes to^P" ^he step ia^changed^om A P 
to ArP'- ' Sow is this change ■ made in tie st^p ? ' 
Cle^^riy by adding to the original step A P the new 
step P P', and we specify the velocity of P by saying 
ct what rate th?s addition is made. 

Now let ns resume the general case^ We have the 
fixed -^oint A given; and tSe position of the moving 
point Pris defermined^ by means of the step A P. 
eP moves about, this step gets altered, so that when 
P comes to^P' ^his step is J. P'' ; it is therefore obvious 
that it is altered not only in magnitude but also in 
direction.. Now the change may be made by adding 
to the original step A P the new step P P ' ; and it is 
quite clear that if we go from A to P and Ift^n from 
P to P' the result is exactly the same as if we had gone 





directly frgm A to P\ The question then is : At what 
rate does this addition take place, or what step per 
second is added to the position? The answer as before 
is of the nature of a step or vector — that is, the 
chan^ of position of the moving point has not only 
magnitude but direction. We shall therefore have 
to sa^ that the rate of chang<e of a step or vector is 
always so many feet per second in a certain direction. 

To"" sum up, then, we state that thi^ velocity of a 
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moving point is fclie rate of change of the step which 
specifies the position; 'sind that .in“ord$3? to describe 
accurately this velocity, we must draw a line of given 
length ^ a givei|^ direction; we observe^also j^hat 
' th*!^ rate* of change of a directed quantii^ is itself a 
directed quantity. * This last ren^ark is of the uti^^iost 
importance, and we shall n^pw apply it to a considera- 
tion of the velocity itself. ct * ^ 

If a point is,moving uniformly in a straight Jine its 
velocity is always the sanfe in magnitude and th#* same 
direction ; and consequently a line 'dra^/^ to re- 
present it would be unaltered dtiring the motion. Bufe 
if a point moves uniformly round a circle its yelocity, 
although* always the same in magnitude, will be con- 
stantly changing in direction, and fhe line which 
specifies this velocity will thus be always of the same 
length, %ut constantly turning round so as always 
to keep parallel with the direction of motion of the 
moving point. And so, generally, when a point is 
moving along any kind of curve let us suppose that 
through some other point, which is kept fixed, a line js 
always drawn which represents the velocity of the 
moving point both in magnitude and direction* Since 
the velocity of the moving point will in general change, 
this line wilT also change both in size and in direction, 
and tl^e end of it will trace out some sort of curve. 
Thus in the case of the uniform circular motion, since 
the velocity remains constant, it is clear that the end 
of the line representing the velocity will trace out a 
circle ; in the case of a body thrown into the 'uir the 
end of the corresponding line would be found to de- 
scribe a vertical straight line. This curve described 
by the end of the line which represents the velocity at 
■ any instant may be regarded as a map of the motion. 
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and was for that reason called by Hamilton the 
Twdograpk. we know the path of the moving point 
and also the hodograph of the motion, we can find the 
velocity o'^, the movii^ point at any: particul^ position 
in itsjpath.^ !^!! we have* to do is to draw thrbngh'^he 
centre of reference of the hodogrsfph a line parallel to 
the tafigent to the path nt the given position ; the 
length of this'^ Itne will give the rate of motion, or the 
velocity of the point as it passes through that position 
in its^ath. Hamilton proved that in the case of the 
planeta:^y orbits described about the sun the’hod:^"' 
egraph is always a circle. In this case it possesses 
other ip-teij^stmg properties, as, for example, that the 
amount of light and heat received by the planet during 
a given inteiwaT of time is proportional to the length of 
the arc of the hodograph between the two points corre- 
sponding to the beginning and end of that interval. 

But the great use of the hodograph is to give us a 
clear conception of tire rate of change of the velocity. 
This rate of change is called the acceleration. Now, it 
must not be supposed that accelei'ation always means 
an increase of velocity, for in this case, as in many 
others, mathematicians have adopted for use one word 
to denote a change that may have many directions ; 
thus a decrease of velocity is called a negative accelera- 
tion. This mode of speaking, although rather puzzling 
at first, becomes a help instead of a confusion when 
one is accustomed to it. Now a velocity may be 
changed in magnitude without altering its direction — 
that is t(^ say, it may be changed by adding it to a 
velocity parallel to itself. In this case we say that the 
acceleration is in the direction of motion. But a 
velocity may also be changedfin direction without being 
changM in magnitude, and we have seen^that then the 
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liodograph, is a circle. ^ Tlie velocity is altered^ by 
adding -to it a velocity* perpendicular itself, for the 
tangent at any point to a circle is at right angles to 
the ra^s draw^ to .that point, and in tiis case, we 
' ^.y sa^hat the accelera'fci^n is at rigli^rigle^ to the 
direction of motion. But in g^eral both the magni- 
tude and the direction of t^ie velocity will vary,*and then 
we shall see that the acceleration Ui ^neither in tie 
direction of m^otion nor at right angles to it, Jbut that 
it is in some intermediate direction. • 

If we consider the motion in the hodograph of the 
end of the line representing tl?e velocity, we observe ttse 
motion of a point whose position is de^.ne(| by the step 
to it from the centre of the hodograph. Now this, step 
is just the velocity of the point P in t1!e original curve, 
for the line 0 Q is supposed to be drawn at every instant 
* ' 

o 


A 

, FiO. 100. 

* 

to represent the velocity of P in magnitude and direc- 
tion. Now we saw that the rate of change of the step 
from some fixed point 4 to P was the velocity of P. 
Hence, since the step 0 Q drawn from the fixed point 
0 to Q defines the position of Q, it is obvious that the 
rate of change of the step 0 Q is the velocity of ^ Since 
0 Q represents the velocity of P, it follows that the velo- 
city of the point Q descpbing the hodograph is the rate 
of change of the velocity;of P ; that is to say, it is the 
acceleration of the motion of P. This acceleration 
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beir|.g the velocity of Q, and a* velocity being as we bave 
seen a vector, at bnce follows^, that the acceleration 
is a vector or directed quantity. - 
' In- cliai?B 3 ^ing tbe magnitude^ and- directic^ of the, 
velocity^ of a S^^dving point we'may .consider that' we a^ 
pourkig in, as it were, ^velocity of a 'Certain kind at a 
certain 'bate. In the case^ of a stone thrown up 
oWiquely and allawed to fall again the path described 
is a parabola, and the direction of motipn, which ori- 
ginally '^pointed obliquely upwards, turns round and 
becomes ^horizontal, and then gradually points inorr^ 
m.dL more downwards. But what has really been 
happening t^e whole time is that velocity straight 
downwards has been continually added at a uniform 
rate during^ every second, so that the original velocity 
of the stone is compounded with a velocity vertically 
downwards, increasing uniformly at the rate o^ thirty- 
two feet a second. In this case, then, we say that the 
acceleration, or rate of change per second of the velocity 
of the stone, is constant and equal to thirty-two feet a 
second vertically downwards. 

If we whirl anything round at the end of a string 
we shall =be continually pouring, in velocity directed 
towards the end of the stripg which is held in the hand ; 
and since the velocity of the body which is being 
whirled is perpendicular to the direction of the spring, 
the added velocity is always perpendicular to the exist- 
ing velocity of the body. And so also when a planet is 
travelling round the sun there is a continual pouring in 
of velocity ;t3owards the sun, or, as we say, the accelera- 
ti<5n is always in the line joining the planet to the sun. 
In addition it is in this case found to varj^ inversely 
as the square of the distance &:om the sun. 
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§•. 10. OvlJ^Jie Laws of 

» These examples prepare us to understated that law 
^ moi^gn whicl^is the basis o| all exacya’eatmeirfc of 
^ysics. When a body ft Aiovin^ let u^^onsid«r what 
it is that depends upon the oircumstances^ meaning 
by the ^ circumstances ’-i the instantaneous ~ position 
relative to it of other bodies as well E^^the instantane- 
ous state of tbe body itself irrespective of its* motion. 
We might at first be inclined to say that tjie^velocity 
the body depends on the (jircumstances^* but very- 
little reflection will show u§ that in the same ci?- 
cumstances a body*may be moving with different 
velocities. At a given height above the earth’s su-.face, 
for example, a stone may be moving upwards or down- 
wards, or horizontally, or at any inclination, and in any 
of thes#modes with any velocity whatever ; and there is 
nothing contrary to nature in supposing a motion of this 
sort. Yet we should find that? no matter in what way 
the stone may move through a given position, the rate 
of change per second of its velocity* will always be the 
same, viz. it will b^ thirty-two feet per second vertically 
downwards. When we push a chair along the ice, in 
order to describe the circumstances we must state the 
compression of those muscles which keep our hands 
against the chair. Now the rate at which the chair 
moves does not depend simply upon this compression ; 
for a given amount of push may be either starting the 
chair from rest or may be quickening it when it is 
going slowly, or may be keeping it up at a bigli rate. 

What is it, then, which does depend upon the cir- 
cumstances ? In whichever of these ways, or in what- 
ever other way this given amount of push is used, its 
result in evejry case is obviously to change the rate of 
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motion of the chair; and this change of the rate of 
motion will Yar|p witfi the amount of push. Hence it is 
the rate of change of the velocity, or the acceleratiourof 
the chair w%ich depends upon the ckcumsta^^s, and^.- 
these circum dances are pal'tJy the^ compression "of o^ 
muscles and partly the friction of the ice ; the one is 
. increasing and the other is d^.minishing the velocity in 
th^. direction in w^ich the chair is going. 

The law of motion to which allusion has just been 
" made is'<3his : — The acceleration of a body, or the rate of 
change ofcdts velocity d^|)ends at any moment upon th^ 
pfisition relative to it of ^ the surrounding bodies, but 
not upon^th§, rate at which the bo^dy itself is going. 
There are two different ways in which this dependence 
takes place.^ In some cases, as when a hand is pushing 
a chair, the rate of change of the velocity depends on 
the state of compression of the bodies in contact ; in 
other cases, as in the motion of the planets about the 
sun, the acceleration d6pends on the relative position 
of bodies at a distance. 

^The acceleration produced in a body by a particular 
set of surrounding circumstances must in each case be 
determined by experiment, but we have learnt by ex- 
perience a general law whi<?h much simplifies the expe- 
riments which it is necessary to make. This law is as 
follows : — I£^the presence of one body alone prodp^ces a 
certain acceleration in the motion of a given body, and 
the presence of a second body alone another accelera- 
tion ; then, if both bodies are present at the same time, 
the one %aa in general no effect upon the acceleration 
produced by the other. That is, the total accelera- 
tion of*the moving body will be the combination of the 
two simple accelerations; or,^"" since accelerations are 
dir^ted^^quantities, we have only to combine the simple 
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accelerations^ as we did vector steps in § 3 of the^ pre- 
ceding cliapter, in dfder to find' the ^'esult of super-’ 
pgsing^ two sets of surrounding circumstances. 

Now while fb-is great Inw of nature yimplifies* ex- 
^temely^ur consid^ratidh ^f the moti^ 'of -^e same 
body under different suri’ouivimg circumstaiK^s, it 
does not enable us to stjte anything as to the motion , 
of different bodies under the same surrounding circraa- 
stances. This case^ however, is amply provided for by 
. another comprehensive '*law which experience •also has' 
4iaught us. We may thus state this third all#important 
law of motion : — The ratio (tf the accelerations whish 
any two bodies produce in each othe-jf b3^th^ir mutual 
influeiice is a constant quantity, quite independent of 
the exact jihysical characteristics that influence. 
That is to say, however the two bodies influence one 
anotheir, whether they touch or are connected by a 
thread or being at a distance still alter one another’s 
velocities, this, ratio will remam in these and all other 
cases the same. 

• 

§ 11, 0f3Iass and Force. 

Let us see how we can apply this law. Suppose we 
take some standard body i4 and any other Q, and note 
the ratios 'of the accelerations they produce in each 
other under any of the simplest possible circumstances 
of mutual influence. Let the ratio determined by ex-* 
periment be represented by m, or m expresses the ratio of 
the acceleration of the standard body P to that of the 
second body Q. This quantity m is termed Ihe mass 
of the body Q. Let mf be the ratio of the accelerations 
produced in the standard body P and a third bddy B by"^ 
their mutual influence. Now the law as it stands above 
enables us to treat only of the ratio of the acc^erations 
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of P and Qy or eLg^in of P and B under varied cir- 
” curfistances of piufn^al influence,^' It does not tell ns 
any tiling about the' ratio of tbe accelerations wbicb Q 
and ^^migbi produce in ea^Ji otber. Experience, how- 
ever, again us out of aur di%3ulties an^T^ells 

that If ’Q and B mutually influence*- each other, the 
^ ratio of the acceleration of ^ to that of B will be m- 
ve^ely as the ' r^t|o of m to m\ If then we choose to 
term unij:y the "mass of our standard body, we may 
•■"state generally that mutual accelerations are inversely as 
%iasses. Hence; when we have once determined - th^ 
nesses of bodies we are able to apply our knowledge 
of the effect of ^(py set of circumstances on one body, 
to calculate the effect which the same circumstances 
would produce uj^bn any other body. 

The reader will remark that mass as defined above 
is a ratio of accelerations, or in other words ^ mere 
numerical constant experimentally deducible for any 
two bodies. It is found<that for two bodies of the same 
uniform substance, their masses are proportional to 
they* volumes. TI^s relation of mass to volume has 
given rise to much obscurity. An indescribable some- 
thing termed matter has been associated with bodies. 
Bodies are supposed to consist of matter filling space, 
and the mass of a body is defined as the amount of matter 
in it. An ^ditional conception termed force has been 
introduced and is supposed to be in some way resident in 
matter. The force of a body P on a body Q of mass m 
is a quantity proportional to the mass m of Q and to 
the acc 0 leration which the presence of P produces in 
the motion of Q. It will be obvious to the reader that 
^ this conception of force no more^ explains why the pre- 
sence of P tends to change the velocity of QJ' than the 
conception of matter explains why mutual accelerations 
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are inversely as masses. The custom of basing our 
ideas of motion on these terms ^ jhatter ’ ‘and force ’ 
has too often led to oblcurity^ no't only i1l mathematical, 
but in philosophical reasoniiig. We do no: know wliy^ 
Hj^e pr.eii^ce of ^e body^ tender to cham^^ .the ^^'elocity 
of another ; to sa;^ that it arises fnom th^ force fesident 
in the first body acting upon th^ matter of the mSving 
body is only to slur over ftur ignorance^ •All that we 
do know is that the presence of one -body may t^d 
to change thewelocity of another, and that, if it does, 
the change can be ascertained from experiment, an^ 
ooeys the above laws. ^ • * 

To calculate by means of the laws of motion from the 
observed effects on a simple body of a*sim{)le^et of cir- 
cumstances the more complex effects^ of any combina- 
tion of circumstances on a complex body or system of 
bodies is the special function of that branob of the exact 
sciSncef which is termed Mathematics* 
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Bric-k-Brac, Being some PJlotoprints illustrating art object 9 *at 
Gower Lodge, Windsor. With descriptions. Super royal Svo, 

1 5 j. ; extra binding, 21 ^. o ^ # 

Last Bays of Mary Antoinette. An Historical Sketch. 
With Portrait and Facsimiles, Fcap, 4 tf, los. 6d, 

Notes of a Tour from Brindisi to Yokohama, 1883- 
1884, Fcap. Svo, 2s. 6d, 

is Ruipert of the Rhine : A Biographical Sketch of the Life ^ 
Prince Rupert. With 3 Portraits. • Crown Svo, buckram, 6s. 

GRAHAM, William, M.A . — The Creed of Science, Religious, Morale 
and Social.. Second Edition, R!!fevised. Crown Svo, 6s, 

The Social Problem, in its Economic, Moral, and 
Political Aspects. Demy Svo, 14 ^. 

GUBERNATIS, Angelo de. — Zoological ^ Mythology ; orj The 
Legends of Animals. 2 vols, Svo, Ss, 

GURNEY, Rev, Alfred,— SNsigner^s Parsifal, A Study;. Fcap. Svo, 
IJ-. 6d, 

LLADDON, Caroline . — The Larger Life; Studies in Hinton’s 
Ethics. Crown Svo, 5 ^. 

HAGGARD, H. Cetywayo and his White Neighbours ; 

or, Remarks on Recent Events in Zuhtland, 'iNTatal, and the 
Transvaal. Third Edition. Crown Svo, 6s, 

HALDEMAN, S, .S’.— Pennsylvania Butch s A Dialect of South 
Germany with an Infusion of English, Svo, 3 J. 6d, 

HALL, F. 71— The Pedigree of the Bevil. With 7 Autotype 
Illustrations from Designs by the Author. Demj' Svi?, *js. 6d. 

HALLO C LI, Charles,— IDxe Sportsman’s Gazetteer and General 
Guide. The Game Animals, Birds, and Fishes of North 
America. Maps and* Portrait. Crown Svo, 15 a 



HabaHton, Memoirs dt Artliur, of Trf^^ity College, Cam- 

bridge. Cro-yn Svo, 6 s, 

Handbook of Home Rule, be^g Articles on the Irish Question by 
. r Various Writers. Edited by James j'^PYCE, M.P^ Second 
BditioiR ^fown 8vo,*^ij. se;v^d, or is. 6 d. cloth. ^ 

ffAREIS^ Emily harion.-i;-The Narrative pf the Holy Bible. 
^ Crown Svo, ^s. c 

, ilARTMAMAl, Franz. ~~Ma.gic, ^hite and Black ", or, The 

Science Fi^nite and Infinite bife. Crown 8vo. ‘js. 6 d. 

(<n 

The Life of Praracelsus, and the Substance oh his Teach« 

■ ings. Post Svo, loj'. 6 d. ^ 

Life &nd Doctrines of Jacob !^ehmen. Post Svo, lo's. 6 d. . 

PAWTHORNE, Ahthaniel. — ^Works. Complete in Twelve Voiun^s. 
Large post Svo, *]s. dii’.'^each volume. 

ifECKER, J. F. C.— The Epidemics of the Middle Ages. 
Translated by G. B. Babington, F.R.S. Third Edition. 

Svo, 9A td, 

HENDRIK, I^emoirs of Hans Hendrik, the Arctic 

Traveller ; serving under Kane, Hayes, Hall, and Nares, 
1853-75. Translated from the Eskimo Language by Dr. Henry 
Rink. Qrown 8vo, 3^. 6 d, 

^{ENDRIKS, Dorn Lawrence, — The London Charterhtfase f its 
Monks and its Martyrs. Illustrated. Demy Svo, 14^. 

HERZEN, Alexander, — Du I^eveloppement des Idees Revolu- 
tionnaires en Russie. i2mo, 2s. 6 d, ' 

A separate list of A. Herzen’s works in Russian may be had on 
application. 

HILL, Alfred.— Tlae History of the Reform Movement in the 
Dental Profession in Great Britain during the last twenty years. 
Crown Svo, lor. 6 d. 

HILDEBRAND, France and the French in the Second 

Half of the Nineteenth Century, Translated from the 
Third German Edition. Post 8vo, loj. 6 d. 

HINTON, y, — Life and Letters. With an Introduction by Sir W. 
W. Gwll, Bart., and Portrait engraved on Steel by C. Hf Jeens. 
Sixth Edition. Crown Svo, 8 s. 6 d. 

Philosophy and Religion, Selections from the Manuscripts of 
the late James Hinton. Edited by Caroline H addon. Second 
Edition. Crown Svo, 5^. 

The Law Breaker, and The Coming of the Lavsr- 

Edited hy Margaret Hinton. Crown Svo, 6^. 

The Mystery of Pain, New Edition. Fcap. Svo, is. 
'HODGSCfN, y. E. — Academy Lecturec. Crown Svo, 7/. 6 d, 
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Holbein Socie-^.— Subscription, one^ gdnea per annum. Liit of' 
^Publications on application. ' ♦ J 

HOLMES-FORBES, Avary Science of Beanty. An 

* Analytical Ipq^iiry into the Laws of Esthetics. Seconci Edition, 

^ 2^04 Svo, 3^*. 6d. % , ^ » 

HOLYOAKE, G. History o^ Co«o|)eration* in Eng- 

land ; Its Literature and its Advocates. 2 vols. ' Cro^m Svo, ’ 
14s. 

Self-Help by the Peo]^e, Thirty- three»y^rs of Co-operation' 
in Rochdale. Ninth* Edition. Crown ^o, 2s. 6d. ^ 

HOME^ Mm^9^Jd>^nglas.’—V>. D. Home : His Life aifd Mission, 

. With Portrait. Dem3^8vo, i2j. 6^. 

.Gift of D. D. Home, Demy Svo, 10s. ^ 

* • 

Homer’s Iliad, Greek Text with Tmnslation. By J.* G. Cordery, 
C.S.I, Two vols. Demy SvB, 14$*. Cheap Edition, Translaliion. 
only. One vo]^ Crown Svo, 5^. 

HOOLE, Benry.'—The Science and Art ol? Trainifig. A Hand- 
* book for Athletes. Demy Svo, 3^. 6d, 

HOOPER, Mary—'IAXX\^ Dinners ; How ^o Serve them with 
Elegance and Economy, Twenty-first ‘Edition. Crown 
Svo, 2s, 6d. 

^ Co1)h.ery for Invalids, Persons of Delicate Digestioai^ 
and Children. Fifth Edition. • Crown Svo, 2s. 6d, 

Every-day Meals. Being Economical and Wholesome Recipes * 
for Breakfast, Luncheon, and ^pper. Seventh Edition. Crown 
Svo, 2s. 6d, 

HOPKINS,* Ellice. — Work amongst Working Men. Sixth 
Edition. Crown Svo, 3^. td, » 

HORNADAY, W. 71— Two Tears in a Jungle, With Illustrations, 
Demy Svo, 21s. ^ 

HOWELLS, JV, D . — A Little Girl among the Old Masters. 
With Introduction and Comment. 54 Plates. Oblong crown 
Svo, loi’. 

HUMBOLDT, Baron Wilhelm Von. — The Sphere and Duties of 
Government. Translated from the Geriaan by Joseph 
COULTHARD, Jun. Post 8 VO, 5J. 

HYNDMAN, H M. — The Historical Basis of Socialism in 
England, Large crown Svo, Ss, 6d. 

IM THURN, Everard Al —Among the Indians of Guiana. 
Being Sketches, chiefly anthropologic, from the Inteilor of British 
Guiana. With 53 Illustrations and a Map. D?my Svo, iSjt^ 

INGLE BY, the late Clement M , — Essays. Edited by his Son. Crown* ♦ 
8v§, 7 j. 6^/. 



A List of 


54 


Irresponsibility a^d i-fe Recognition. By a Graduate of Oxford. 
Crown Svo, 6d, 

JAGIELSKI, F.— Modern Masrsage Treatment in Gombina- 
^ ction with the Electric Bath, * Svot? is, 6d. 

/AFP, A^xander Days with '^IndrjfStrials. Aaventtires £id 

Experiences^ among- Curious Industries*, With Illustrations, 
r Crown 8vo, 6s, * 

■JBNRYNS, E„jind RAYMOND, Architect’s Begal 

Handbuoh:. Fourth Edition, Revised. Crown 8vo, 6^. 

r 

JENKId^S,;- E. — A '"Modern Paladin. Contemporary Manners. 
Crown 8vo, ^s. ^ 

JENKINS, Vest-Pocket Lexicon, An English Dictionary" 

^ of alJL excepi; familiar Words, including the principal ScientMc 
and Technical Tenns^ And Foreign Moneys, Weights, and 
Measures. 64mo, is, 

JENKINS, Rev, fanor. R, C , — Heraldry : English and Foreign. 
With a dictionary of Heraldic Terms and 156 Illustrations. 
Small crown 8’^, ss. 6d, 

-Jesus the Carpenter of Nazareth. By a Layman. Crown Svo, 
7 j. 6d. 

fHOENSON, C, P.— Hints to Collectors of Original Ed!tion^5 of 
the Works of Charles Dickens. Crown Svo, vellum, 6s. 
"Hints to Collectors of Original Editions of the Works 
of William Makepeace Thackeray. - Crown Svo, vellum, 
6s. 

JONNSTON, H. H., iT'.Z.d'.— The Kilima-njaro Expedition. 
A Record of Scientific Exploration in Eastern Equatorial Africa, 
and a General Description of the Natural History, Languages, 
and Commerce of the Kilima-njaro District. With 6 Maps, and 
over^So Illustrations by the Author. Demy Svo, 21s, 

The History of a Slave. With 47 Illustrations. Square Svo, 6 a 

-Juvenalis Satirae. With a Literal English Prose Translation and 
"Notes. ByJ.D. Lewis. Second Edition. 2 vols. Svo, I2a 

KARDEC, Allen . — The Spirit’s Book. The Principles of Spiritist 
Doctrine on the Immortality of the Soul, etc. Transmitted 
through various mediums. Translated by Anna Blackwell. 
Crown Svo, yj. 6d. 

The Medium’s Book ; or, Guide for Mediums and for Evoca- 
tions. TTranslated by Anna Blackwell. Crown Svo, '^s. 6d. 

''Heaven and Hell; or, The Divine Justice Vindicated in the 
Hurality of Existences. Translated by Anna BlacICWELL. 
Crown Svo, ^s. 6d. 



Kegan Paul^ Trervch^ Trilbner & CoJs Publications. ,fi% 

KAUFMANN, M., M.A,—Soci3ilisml its ,Nature/its Dlingers, ’ 
and its Remedies coi'feidered. Crown Svo,^j. Sd. 

" Utopias ; or, Schemes of Social Improvement, from Sir Thomas 
•More to Karl J^arx., Crown 8vo, 5^. 

Chrls'feian Socialism, CJrqwn S^o, 4^. 6d.* ^ ^ 

/lERR/SOJV, Lady Qir^me,~K Comiii.onpla1:e Booj^ of the 
Fifteenth Century, Confining a. Religious Pl^y and 
Poetry, Legal Forms, and Local Accounts. From the Original 
MS. at Brome Hall, Suffolk. Edited ^b3(^ Lucy ’Toulmin ’ 
Smith. With 2 Fadfeimiles. Demy 8v(J, *js. 6d. ^ 

JirmGSFOJUJJi^Anna, M-F.—riie Perfect '^ay in lilet. A 
Treatise advocating a l^eturn to the Natmal and Ancient Food of 

' our Race. Third Edition. Small crown 8vo, * 

The Spiritual Hermeneutics of Asti^olog:^^ and Hol^ 
Writ, Illustrated. 4to, pasclilnent, lox. 6d. 

KINGSFORD, Anna,^and MAITLAND, Edward.— r\\^ Virgin 
of the Worfd of Hermes Merci^rius Tj;‘ismegistus. 

. Rendered into English. 4to, parchment, lOs^Cid. 

The Perfect Way ; or, The Finding 0% Christ. Third Edition, 
Revised. Square i6mo, 6d, . ■ 

KINGSFORD, William. — History of Canada. ^ vols. Svo, £2 5^'. 

KITTON, Fred. 6^.— John Leech, Artist and Humourist. A 
Biographical Sketch. Demy i8mo, is. ^ 

ICRAUS, y.— Carlsbad and its Natural Healing Agfents, 
With Notes, Introductory, b;^ the Rev. John T, Wallers. 
Third Edition, Crown Svo, 6s. 6d. 

LAMB, Charles. — Beauty and the Beast ; or, A Rough Outside 
with a Gentle Heart. A Poem. FcaJ>. Svo, vellum, los.^d. 

LANG, Andrew. — Lost Leaders, Crown Svo, 5^. 

Lathe (The) and its Uses ; or, Instruction in the Mi of Turning 
Wood and Metal. Sixth Edition. Illustrated. Svo, los. 6d. 

J^EE, Frederick Geo. — A Manual of Politics, In three Chapters. 
With Footnotes and Appendices. Small crown Svo, 2s.'6d. 

LEFEVRE, Right Hon. G. Shaw. — ^Peel and O’Connell, Ddmy 
Svo, los. 6d. 

Incidents of Coercion. A Journal of Visits to Ireland. Third 
Edition. Crown Svo, limp cloth, i^. 6d. ; paper covers, is. 

Irish Members and Knglish Gaolers, Crown Svo, limp 
cloth, IS. 6d. ; paper covers, is. 

Combination and Coercion in Ireland. A Sequel to 
“Incidents of Coercion.” Crown Svo, cloth, is, 6d,; paper 
covers, is. ■'* 
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LEL^IND, Charles. 6^.— The . BreitmaiTn Ball^^ds. The only an- 
thorized EQtion. Complete in^ i voL, including ^Nineteen 
Ballads, illustrating his Travels in Europe (never before printed). 
Crown 8vo, 6 s, ^ a 

Ga^-deaxmj.s.c HumorGus Poems translated from ijhe^Qermaf^ of 
J<QSEPH VfcTOR ScHEFFEL and otheift. i6mo, 3^. 6 d, 

The English Gipsies ^nd their Language. Second Edition. 

^ Crown 8vo, *js. 6 d. 

FU“Sang Y The Discovery ^of America by Chinese Buddhist 
Priests in the Fifth Century. Crown Svo, *]s. 6 d, 

Pddgdh-English Sing-Song ; or, Songs ^d^^tories in the 
China-English Dialect. With t Vocabulary. Second Edition. 
Crdrt^n Svo, 5^. 

The GOT^sies. Crown 8vo, lOi-. 6 d, ^ 

l£:ght on the Path. For the Personal Use of those who are Ignorant 
of the Eastern Wisdom. Written down by M. C. Fcap. Svo, 

IX. 6^. ^ ^ 

LOCHER, Carh-^E-rx Explanation of Organ Stops, with Hints 
for Effective C^^mbinations. Demy Svo, 5x. 

LONGFELLOW, H, Wadsworth. — Life. By his Brother, Samuel 
Longfei^ow. With Portraits and Illustrations. 3 vols. Demy 
Svo, 42X. ‘ , 0 

LONSDALE,^ Margaret , — Sister Dora : a Biography. With Portrait. 
Thirtieth Edition. Sm^ll crown Svo, 2x. 6 d. 

George Eliot: Thoughts upon her Life, her Books, arid 
Herself. Second Edition. Small crown Svo, ix% 6 d, 

Lotos^ Series (The). rPot Svo, bound in two styles; (i) cloth, gilt 
back and edges ; (2) half-parchment, cloth sides, gilt top, uncut, 
3x. 6 d. each. 

The (Original Travels and Surprising Adventures . of 
Baron Munchausen. Illustrated by Alfred Crowquill. 

The Breitmann Ballads. By Charles G. Leland. Author’s 
^ Copyright Edition, with a New Preface and Additional Poems. 

Essays on Men and Books Selected frona the Earlier 
Writings of Lord Macaulay. Vol. I. Introductory — 
Lord Clive — ^Milton — Earl Chatham — Lord Byron. With Criti- 
cal Introduction and Notes by Alexander H. Japp, LL.D, 
With Portraits. 

The Light of Asia ; or, The Great Renunciation, Being the 
Life and Teaching of Gautama, Prince of India and Founder 
of Buddhism. Told in Verse by an Indian Buddhist, By Sir 
Edwin Arnold, K.C.LE., C.S.I. With Illustrations and a 
Portrait of the Author. 
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The ^Marvellous an(? Rare Conceits Master Tyll 
' Owlglass. Newly 'Collected, Chronicled/ and set forth in an 
English Tongue.^ By Kenneth H. R. Mackenzie. Adorned 
wit 5 3^any most^ Diverting and Ginning IJe vices by A*LFRED 
CfeOWQUILL. > ’ » 

!* ^ 

A Dover’s Ditanies, and other J’oems. By Eric !Mackay. 
With Portrait of the Author. 

The Large Paper Editioi? of these Volumes u»ll be linrited to 
lOl numbered copies for sale in England, i:l^ice 12^-. 6 d. each, i%et. 

Lowder, Cha&es>; A Biography. By the Author of “ TCresa.” 

. Tw^elfth Edition. With j?ortrait. Crown 8vo, 3^. 

LOVyELL, James Russell , — The BiglovY Papers. Tidited by Thomas 
Hughes, Q.C. First and Secoj^d Series in i voL l^cap., 2s. 6 d, 

LOWSLEY, Major B.—A Glossary of Berkshire Words and 
Phrases. Crown 8vo, half-calf, gilt edges, interleaved, I2j. 6 d, 

LUCKES, Eva C, E , — Lectures on General Nursing, delivered to 
the Probationers of the London Hospit^ Training School for 
Nurses. Third Edition. Crown $vo, 2s, C>d, 

LUDl^WIl^, Hermann E.^TlciQ Literature of Ani^rican Abori- 
ginal Languages. Edited by Nicolas Trubner. 8vo,’ 

IQS. 6 d. * , ^ 

LUKIN, y. — Amongst Machines, A Description of Various Me- 
chanical Appliances used in the Manufacture of Wood, Metal, 
etc. A Book for Boys. Second Edition. 64 Engravings. 
Crown 8vo, 3^. C^d. 

' % m 

The Toung Mechanic. Containing Directions for the Use of 
all Kinds of Tools, and for the Construction of Steam-Engines, 
etc. A Book for Boys. Second Edition, With 70 Engravings. 
Crown 8vo, $s. 6 d. 

The Boy Engineers ; What they Did, and How they Did it, 
A Book for Boys. 30 Engravings. Imperial i6mo, $s. 6 d. 

LUMLEY, A. —The Art of Judging the CharacUfer of Indi^ 
viduals from their Handwriting and Style. With 35 
Plates. Square i6mo, 5A 

LYTTON, Edward Bidwer, Lord. — Life, Letters and Literary 
Remains. By his Son, the Earl of Lytton. With Portraits, 
Illustrations and Facsimiles. Demy 8vo. Vols. L ana*II., $ 2 s. 

MACDONALD, W, Humanitism : The Scientific Solution of 
the Social Problem. JLarge post 8vo, 7 a (>d. 
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MAdniAVELLI.^Mccolh. ^ I ^ 

Discourses <§1 the First Decade, of Titus Divi-os. Trans- 
lated from the Italian by IjJiNiAN Hill Thomson, M.A. Large 
, crown 8 VO, 12s, ' ^ ^ 

Th^ Frfno©/ Transited from^ the Lalian by N. ‘*H. T. Sfnall 
crown 8vo/ printed/ron hand-made paper,^, bevelled boards, 6s, 

MAILEN^ J, B.—TJie Useful IMative Plants of Australia (in- 
cluding Tasmania). Demy 8yo, 12s, 6d, 

M^intenon, Ma^srme de. By Emily Bowles. With Portrait 
Lapge crowfi 8vo, ‘js. 6d, ^ 

MARCBANT, W. T.—ln Praise of ^le. Songs,'' Ballads, Epigrams, 
antf Anecdotes. Crown Svo, ioj. 6d. 

^MARKHAM, Capt. Aldert JR^sfin^s, RM . — The Great Frozen S^as 

< A Personal Narrative of^he Voyage of the Alert during the Arctic 

Expedition of 1875-6. With 6 full-page Illustrations, 2 Maps, 
andf27 '^ood^suts. Sixth and Cheap er’^Edition. Crown Svo, dj". 

Marriage and Divorce. Including Religious, Practical, and Political 
Aspects of therQuestion. By Ap Richard. Crown Svo, 5^. 

MARTIJV, Gi The Family Horses Its Stabling, Care, and 
Feeding^ Crown Svo, 3^. 6d, 

^MATHERS, S, Z. AT.— The Key of Solomon the King. ^Translated 
from Ancient MS'S, in the British Museum. With Plates. 
Crown 4to, 25^. ^ 

The Kabbalah Unveiled. Containing the Three Books of the 
Zohar. Translated into English. With Plates. Post 8yo, 
lOJ. 6d, ^ 

The Tarot I its Occult Signihcation, Use in Fortune- 
Telling, and Method of Play. 32mo, is. 6d, ; .with pack 
of ^8 Tarot Cards, 5^. 

MAUDSLEY^ Zd, M.D . — Body and Will. Being an Essay con- 
cerning Will, in its Metaphy*sical, Physiological, and Pathological 
Aspects. Svo, i2s. 

natural Causes and Supernatural Seemings. Second 
Editi<fn. Crown Svo, 6s. ® 

Mechanic, The Young. A Book for Boys. Containing Directions- 
for the Use of all Rinds of Tools, and for the Construction of 
Steam-Engines and Mechanical Models. By tlie Rev. J. LtJKIN. 
Sixth Edition. With 70 Engravings. Crown Svo, 3^. 6Z 

Mechanic’s Workshop, Amateur. Plain and Concise Directions 
for the Manipulation of Wood and Metals. By the Author of 
“ The Lathe and its Uses.” Sixth Edition. Illustrated, Demy 
Svo, 6 j, ' 



Kegan Patil^ Trench^ Truhner & Go's PuMications, Ig* 

Mendelssohn’s letters tp Igjiaz and ’Clhanlotte Mosclieles. 
'translated by Feli:^ Moschelles. Num(fous Illustrations and 
' Facsimiles. Svo, I2s, ^ 

METCALFS Fredencl^i:i\e Knglisiqman and the Scandina- 
^ iriar^ Post Svo, iSj-. '<» * * t * "* 

MINTON'^ Rev. Eranc/s.— Capital and Wages. * Svo, 15^!* 

The Welfare of the Millions. ’Crown Svo, limp cloth, i7. 6d . ; 
paper covers, ij. , 

Mitchel, John, I-ife. By William Dillon, m vols. With Portrait. 
Svo, ^ 

MITCHELL^ jSk^M . — A Hi;^ory of Ancient Sculpture. With 
numerous Illustrations, including 6 Plates in Photo4yj>e. Super- 
' royal Svo, 424’. '* 

Mohl, Julius and Mary, Letters^ ^nd Recollections of. 

M. C. M. Simpson. With Portraits and 2 Illustrations. Demy 
Svo, iSj. . • 

MOODXEy D. C, The History of the Battles and Adven- 
tures of the British, the Boers, l^he Zulus, etc., in 
Southern Africa, from the Time of Fharaoh Necho to 1S80. 
With Illustrations and Coloured Maps. 2 vols. (jrown Svo, $6^. 

MORFIT, Campbell.--- A. Practical Treatise on '^he Manufac- 
fdre of Soaps. With Illustrations. Demy Svo, £2 12s. 6d. ^ 
A Practical Treatise on Pure Fertilizers, and the Chemical 
Conversion of Rock Guanos, etc., into various valuable Products, 
With 28 Plates. Svo, £^ 4J. 

MOORE) Aubrey L . — Science and the Faith i Essays on Apologetic 
Subjects. Crown Svo, 6s. 

M ORISON) J. Cotter . — The Service of Man ! an Essay towards the 
Religion of the Future. Crown Svo, 5r. 

MORRIS) Charles . — Aryan Sun-Myths the Origin of Religions. 
With an Introduction by Charles Morris. Crown Svo, 6s. 

MORRIS) Goutierneur, U.S, Minister to France . — Diary and Betters. 

2 vols. Demy Svo, 30J. 

MOSENTHAL) J. de, and NAR TING, James A.— Ostriches and 
Ostrich Farming. Second Edition. With S Tull -page Illus- 
trations and 20 Woodcuts* Royal Svo, loj. 6d. 

Motley, John Bothrop. A Memoir. By Oliver Wendell Holmes. 
Crown Svo, 6s. 

MULEALL, M. G. and E. F.— Handbook, of the Riv^r Plate, 
comprising the Argentine Republic, Uruguay, ^nd Paraguay, 
With Six Maps. Fifth Edition. Crown Svo, ^s. 6d. » 

Munro, Major-Gen. Sir Thomas. A Memoir. By Sir A. J. 
Arb^tthnot, Crow:ff ^vo, 3^. 6d. 
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atural History*.^ “ ESverside ” Edite«^ by J. S. Kingsley, 

6 vols. 22oh Illustrations. 4to, ^6, 6^. ^ 

NEVILL, J. ET, W.— The Biology of Daily Life. Post Sj^o, si. 6^4 

NEWMJEE, C^re^^fT'/.—Chafacteri^ics from the 

Being Sell^itions from his vaiious 'Works. Arranged 'with Lhe 
Author’s personal xipproval. Eighth Edition. With Portrait. 
^ Crown 8vo, 6s. 

A Portrait of Cardinal Newi^n, mounted for framing, can 
^ ^ be had, 2s. 6^. 

lEEWJ^Ni^-Francif William . — Essays on Diet. ^9^11 crown 8vo, 
*^cl6th limp, 2s. ^ 

MiscSlJanies. Vol. II., III., and IV. Essays, Tracts, and 
Addresses, ^VCoral and Religious. Demy Svo. Vols. II. and IH., 
I2J.^ Vol. IV., IQS. 6dt. ^ 

Reminiscences of Two Exiles and Two Wars. Crown 
8vo,^^. 6 d. ^ 

Phases of Faith ; or, Passages from the History of my Creed. 
Crown 8vo, sjt^ 6d. 

The Sonl : Her Sorrows and her Aspirations. Tenth Edition. 
Post Svo, 3^. 6cl. 

Hebrew Theism. Royal Svo, 4s. 6d. 

Anglo-Saxon Abolition of Hegro Slavery. Demy Svo, 5^. 

Kew South Wales, Jourivd and Proceedings of the Royal 
Society of. Published annually. Price ioj. 6d. 

Rew South Wales, Publications of the Government of. 
List on applicat^n. 

Rew Zealand Institute Pul;)lications 

I. Transactions and Proceedings of the New Zealand In- 

stifate. Vols. I. to XX., 1868 to 1887. Demy Svo, stitched, 
£1 is. each. ^ 

II. An Index to the Transactions and Proceedings of 
" the New Zealand Institute. Edited by James Hector, M.D., 

F.R.^. Vols. I. to VIII. Demy 8vo, 2j'. 6d. ^ 

New Zealand: Geological Survey. List of Publications on ap- 
plication. 

OATES, Frank, .^.^.G.^S.—Matabele Land and the Victoria 
Falls. A Naturalist’s Wanderings in the Interior of South 
Africa. Edited by C. G. Oates, B.A. With numerous Illustra- 
tions aiad 4 Maps. Demy Svo, 2i.f. 

O'BRIEN, R. Barry.-’^lvish Wrongs and English Remedies, 
•y/itli other Essays. Crown Svo, 
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0*BRIEN^ R, Ba^y. — contmitsd. 

Tlie Home Ruler^ Manual. Crow.f Svo, cloth, u. 6^/. % 

' paper covers, ir. ^ 

OLCOTT^ Henry Reygion, and Occult Science. 

■> Wit^ Glossary of Eastern* Words. Crown^S-to, 6^:^ 

Posthumous Humanity. A Stuc^ of Phantoms. By Adolphs 
D’Assier. Translated and Annotated by Henry S. CXcott. 
Crown Svo, yj. 6d, , 

* * # 

Our Public Schools — EUbn, Harrow, Winchester, Rugby, 
Wa^toinster, Marlborough, Tile Ch^rte^ouse. 
Crovm^\K>, 6s, 

» ^ M 

OWBH, Rohen Dale , — Footfalls on the Boundary nf Another 
’ World. With Narrative Illustrations. Post 8v^ ^s, 6d, » 

The Debatable Land betw^n this World and the NTeT^yt. 
With Illustrative Narrations. Second Edition. Crown Svo, 
7s-6d, ' t • 

Threading my Way. Twenty- Seven Years; of Autobiography. 
Crown Svo, Js. 6d. # 

OXLEY, William.— Modevn Messiahs and Wonder-Workers. 

A Histoiy of the Various Messianic Claiman^^ to Special Divine. 
^Prerogatives. Post Svo, 5^. 

% 

Parchment Library, Choicely Printed on hand-made paper,. limp, 
parchment antique or cloth, 6s. ^ vellum, ys. 6d. each volume. 

Selected Poems of Matthew Prior. With an Introduction 
and Notes by Austin Dobson. 

Sartor Resartus. By Thomas Carlvle. 

The Poetical Works of John Milton. 2 vols. 

Chaucer’s Canterbury Tales, Edited by A. !{/. Pollard^, 
2 vols. 

Letters and Journals of' Jonathan Swift. Selected and 
edited, with a Commentary and Notes, by Stanley Lane-Poole, 

De Quincey’s Confessions of an English Opium Eater. 
Reprinted from the First Edition. Edited by RicSard Garnett. 

The Gospel according to Matthew, Mark, and Luke- 

Selections from the Prose Writings of Jonathan Syrift, 
With a Preface and Notes by Stanley Lane-Poole and 
Portrait. • 

English Sacred Lyrics. ^ 

Sir Joshua Reynolds’s Discourses. Edited by Edmund 
Gosse. 
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ParAiment U^'t^T^--^continued, ^ 

Selections tlom Milton’s Prose Writings. 5:dited by 
Ernest Myers. 

^ The Book of Psalin^. Translated b»^ the Rev. Canon T. K. 
(Iheyn‘E,<^A., D.D.' r* ^ 

The Vicar of Wakefield. With Prefac>e and Notes by Austin 
Dobson, 

English Comic Dramatists^ Edited by Oswald Crawfurd. 

r English Lyrics. 

Ti^.e .-Sonnets of John Milton, Edited by Pattison, 
With Portrait after Vertue. 

French Lyrics. Selected and Annotated by George Saints- 
BUR^. Wfth a Miniature Frontispiece designed and etclie(>by 
H. G. Glindoni. ^ r 

Fables by Mr, John Gay, With Me|noir by Austin Dobson, 
and #an ^tch^ Portrait from an unfinished Oil Sketch by Sir 
Godfrey iCneller. ^ 

Select Letters of Percy Bysshe Shelley. Edited, with an 
Introduction, by Richard Garnett. 

The Christian Year, Thoughts in Verse for the Sundays and 
Holy D^s throughout the Year. With Miniature Poijrait the 
Rev. J. Kebh, after a Drawing by G. Richmond, R. A. 

' Shakspere’s Works, Complete in Twelve Volumes. 

Eighteenth Century Essays. Selected and Edited by Austin 
Dobson, With a Miniature Frontispiece by R. Caldecott. 

(T 

.Q, Horati Place?* Opera, Edited by F. A. Cornish, Assistant 
Master at Eton, With a Frontispiece after a design by L. Alma 
Tadema, etched by Leopold Lowenstam. 

Edgsfr Allan Poe’s Poems, With an Essay on his Poetry by 
Andrew Lang, and a Fro;ntispiece by Linley Samboume, 

Shakspere’s Sonnets. Edited by Edward Dowden. With a 

, ' Frontispiece etched by Leopold Lowenstam, after the Death 
Mask« e 

English Odes, Selected by Edmund Gosse. With Frontis- 
piece on India paper by Hamo Thomycroft, A.R.A. 

Of the Imitation of 'Christ, By Thomas i Rempis. A 
revised Translation. With Frontispiece on India paper, from a 
Design by W. B, Richrnond. 

Poems; Selected from Percy Bysshe Shelley, Dedicated to 
Lady Shelley. With a Preface by Richard Garnett and a 
Ikiniature Frontispiece. 
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PARStOE, Our , Railways- ^ Sketches/ Historicai -and • 

Descriptive. With I^acti^l Infomation a,J to Fares and Rates, 

, etc., and a Chapter ’on Railway Reform. Crown 8vo, 6s. 

PA TOP] A. A.— A BCj^story of tde Egyptian Revolution, from 
tli^ ^riod of the Mamelukes to ■%he Deatl^ of Mohammed Ali. 
Becond Edition. ^ vols. Demy Svo, ‘js, 6dP * ^ 

PAUZI, Remhold. — Siinon de Montf^ort, Earl of Leicester, the 
Creator of the House of Commons. Crown Svo, 6s. ** 

Paul of Tarsus. By the Au:^or of Rabbi ^esl^ia.’^ Crown Svo, * 
4 ?. 6d. ^ ^ 

PEMBERTOdUl^ T. Edgar. — Charles Dickens ^nd the,S^^e. A 
Record of*his Connectici^n with the Drama. Crown Svo, 6s, 

PEZZI, Domenico. — Aryan Philology, according to th€ most recent* 
* researches {Glottologia Aria Recentissima). * Translated by E. S. 
Roberts. Crown Svo, 6s. ^ 

PFEIFFER^ Emily. — Women and Work. An Essay on Se 
Relation to Health and Physical Devejopment of the Higher 
. Education of Girls. Crown Svo, 6s. ^ 

Phantasms of the Living, By Edmund journey, Frederic W. 
H. Myers, M.A., and Frank Podmore, M.A., 2 vols. Demy 
Svo, 2IS, 

Philological Society, Transactions of. Pu^i^shed irregularly^ 
iist of Publications on application, ^ 

PIC Cl 0 TTOi James, —Sketches of Angio- J ©wish History. Pemy 
Svo, 12^. , 

Pierce Gambit :* Chess Papers and Problems, By James 
Pierce, M.A., and W, Timbrell Pierce. Crown Svo, 6s. 6d. 

PIESSEi Charles /T.— Chemistry in the :^rewing-Room,^ Being 
the substance of a Course of Lessons to Practical Brewers. 
Fcap., Sa 

PZ/A^F.—The Letters of Pliny the Younger, Translated by 
J. D. Lewis. Post Svo, 5^. 

PZUMPTREj Charles JoJm.-A^xhg^s College Lectures on Elocu- 
tion. Fourth Edition. Post Svo, 15^. 

POOZfl, W. Z'.— An Index to Periodical Literature. Third 
Edition. Royal Svo- ;if3 13J. 6Z 

POOZE, W. F., and FZETCRER, W. /.—Index to Periodical 
Literature. First Supplement. 18S2 to 1887. Royal Svo, 
£i i6s. 

Practical Guides. — France, Belgiupi, Holland, and the Rhine, is. 
Italian Lakes, is. Wintering Places of ' the South. 2j. 

. Switzerland, Savoy, and North Italy, zs. '6S. General ,Con- ' 
tinental Guide. 5^. Geneva, i.f. Paris, is, Bernese Ober- 
land. IS, Italy, ^s. 
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Psy<^iical Resea-rcli, Froceedings of theSoq^ety for. Published 
irregularly. 1 Post 8vo. Vol."'!. to*III. i ox. each. VoL IV. 8 s 
Vol. V. lox. 

PURITZ, -Code-Book of Gymnag^tic Exercises. Trans- 

kfed by ^Cnofe a£d J. W./Macqueen. 6 d. ^ 

RAPSOdt, Edzmrd^’ y Struggle ISet'^reen England and 

^ France for Supfei?iacy in India. Crown Svc, 4x. 6Z 

RAVENSTEIN, E. G,, and HULLEY, The Gymnasiuna 

and its^FIttings. \yith i ^Plates of Illustrations. 8vo, 2x. 6Z 

RESIDE, Wmwood.-r-^t^he Martyrdom of Man. Thirteenth Edition. 

7x. 6 d. ^ 

RENDELE, y. M . — Concise Haifdbook of the Island of 
Madeira.^ With Plan of Funchal and Map of the Island, gecond 

^ Edison. Fcap. 8vo, p. 6 d. c 

R^H'YS, y o/m.— J^ectures on Welsh Philology. Second Edition. 
Crown 8vo, 15X. ^ 

RIDEAZ, C.^F.-r-Wellerisms, from Pickwick ” and “Master 
■ Humphrey’s Clock.” i8mo, 2x. 

RIPPER, PFzl/ia 7 n.-~^a.chine Drawing and Design, for En- 
gineering Students and Practical Engineers. Illustrated by 55 
Plates and numerous Explanatory Notes. Royal 4to, 25X, 

ROBINSON, A, Mary P.—Th.e Fortunate Lovers. T\^sentyi#even 
Novels of the'^Queen of Navarre. Large crown 8vo, lox. 6 d, 

ROLFE, Eustace NeviUe, and INGLEBY, Holcombe . — Naples in 
1888 . With Illustratfbns. Crown 8vp, 6x. 

ROSMINI SERB A TI, Antonio. — Life. By the Rev, W. Lockhart. 
2 vols. With Portraits. Crown 8vo, I2x. 

ROSSi Percy . — A Prof&sor of Alchemy. Crown- 8vo, 3X. 6Z. 

ROUTLEDGE, yames . — English Rule and Native Opinion in 
India. 8vo, lox. 6 d. 

RULE, Martin, — The Life and Times of St. Anselm, 
Archbishop of Canterbury and Primate of the 
Britains. 2 vols. Demy 8vo, 32X. 

RUTHERFORD, Marh.—TtYi.^ Autobiography of Mark Ruther- 
ford ^and Mark Rutherford’s Deliverance. Edited by 
Reuben Shapcott. Third Edition. Crown 8vo, 7x. 

The Revolution in Tanner’s Lane. Edited by Reuben 
Shapcott. Crown 8vo, *]s. 6 d. ‘ 

Mirj^am’s Schooling : And other Papers, Edited by Reuben 
Shapc^^tt. Crown 8vo, 6 s. ■ , 

SAMUELSON, yames. — India, Past and Present : Historical, 
Social, and Political. With a Map, Explanatory Woodcuts and 
Collotype Views, Portraits, etc., fit)m 36 PhotograpJjs. 8vo, 2ix. 
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SAMUELSON", ^mes — continued. 

History of Drink. A Review, Social, Aientific, and Political. 

^ Second Edition. 8vo, 6j. ^ 

Bulgaria, Pas.^ and Present ; Historical, Political, and Be- 
, scriTstive. With Map a'ljd num^ous Illiast^ati^ns. ^Demy 8vo, 
los. 6 d, ^ ^ t 

SAFEWITR, F. d/.— Egypt as a Winter Resort. Crown Svo. ' 
3^. 6 d. ^ 

SANTIAGOEf Daniel. — The durry Cook’s A^si^tant. ’Ecap. 8vo,' 
cloth. ^d. ; papei^covers, is. ^ ^ 

SAYCEj Archibald Henry . — Introdnction to tha S^nce of 
Dahgu^tge. New an^ Cheaper Edition. 2vols. Crown $vo, pj-. 

' SAYJVELL, J. L . — New Popular Handbook of iglounty Diat 
' lects. Crown 8vo, 5.f. ’* t 

SCHAIBLE, C. H.—Etx Essay on^tfie Systematic^raining of 
the Body. Crown 8vo, 5^'. ^ 

SCHLEICHER^ Atigiist . — A Compendium ^f the Comparative 
• Grammar of the Indo-European, SJanskrit, Greek, 
and Datin Languages, Translated from the Third German 
Edition by Herbert Bendall. 2 pails. 8vo, 13A (id. . 

SCO ONES, W. Baptiste. — Four Centuries of English Letters s 
A Selection of 350 Letters by 150 Writers, fr^ the Period of the 
.1* iiPaston Letters to the Present Time, Third Edition. L^jge 
crown 8vo, 6j. ^ 

SCOTT, Benjamin.— E. State Iniquity; Its Rise, Extension, • 
and Overthrow. Demy 8'To, plain cloth, 3^*. (d. •, gilt, S^, 
SELBY, H. df.— The Shakespeare Classical Dictionary; .or, 
Mythological Allusions in the Plays of Shakespeare Explsiined. 
Fcap. 8vo, is. ^ ^ 

Selwyn, Bishop, of New Zealand and of Lichfield. A Sketch of his 
Life and Work, with Further Gleanings from his Letters, 
Sermons, and Speeches. By the Rev. Canon CiytTEis. Large 
crown 8vo, 7^. (d. 

SERJEANT, W. C. Eldo 7 z.~—i:lx& Astrologer’s Guide (Anima 
Astrologiae), Demy 8vo, ^s. 6 d. 

Shakspere’s Works. The Avon Edition, 12 vols.^fcap. Svo, cloth, 
iSj-. ; in cloth box, 2ij. ; bound in 6 vols., clofn, i5j‘. 
Shakspere’s Works, an Index to. By Evangeline O’Connor. 
Crown Svo, 5J. 

SHAKESFkARE.—'T'hQ Bankside Shakespeare. The Comedies, 
Histories, and Tragedies of Mr, William Shakespeare, as pre- 
. sented at the Globe and Blackfriars Theatres, «Vr<2 1591-1623. 
Being the Text furnished the Players, in partial pages with the , 
iirst revised folio text, with Critical Introductions. Svo. 

[In preparation. * 
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SHAMESPEARE-^continfied. j f 

A New Stuc^^f o'f Shakespeare- ^ An Inquiry into the Con- 
nection of the Plays and Poems, with the Origins of the Classical 
. Drama, and with the Platonic Philosophj^ through the Mysteries. 
8vo,^l{)J. (xl. r , ^ 

Shakespearer.s Gymbeline. Edit(fJ, with Notes, by C. M. 
Ingleby. Crown bvo^. is. 6 d. 

A New Variorum Edition of Shakespeare. Edited by 
Horace fHqjVARD Furness. Royal 8vo. Vol. I. Romeo and 
^ Juliet. i8^. ^ol. II. Macbeth*^ iSs. Vols. III. and IV. 
^lanr-let. 2 Ws. 36^*. Vol. V. King Lear. j^s. Vol. VI. 
Othello. iSs. 

r f ' 

Shakspore Society (The New). — Subscription, one guinea per 
annujn. List of Publications on application. 

SlfEZZEY, Percy Bysshe. — Life. By Edward Dowden, LL.D. 
2 vols. With Portrtiits. Demy 8vo, 

SIB PEE, James,^un.‘-~^'h.e Great African Island. Chapters on 
Madagascar. A Popular Account of the Physical Geography, 

, etc., of the Cotihtry. With Physical and Ethnological Maps and 
4 Illustrations. Svo, ioj. 6 d. 

SIGERSOH, Gevrje, Political Prisoners at Home and 

^ Abroad. \Yith Appendix on Dietaries. Crown Svo, '^‘2^.’^. 

SIMCOXi Episodes in the Lives of Men, Women, 

and Lovers. Crown «6vo, ys. 6 d. 

SINCZAIRy Thomas, — Essays; in Thx'ee Kinds. Crown Svo, 
IS. 6 d. 5 vrrappers, is. 

SinclSrs of England (The). Crown Svo, i2j’. 

SHINE TT, A. A— The Occult World. Fourth Edition. Crown 
Svo,«'3J'. 6 d. 

Incidents in the Life of Madame Blavatsky. Demy Svo, 
ioj'. 6 d, 

Skinner, James ; A Memoir. By the Author of ‘'Charles Lowder.” 
With 2r Preface by the Rev. . Canon CARTER, and Portrait, 
Large crown, ys. 6 d. 

Also a cheap Edition. With Portrait. Fourth Edition. Crown 
Svo, 35. 6 d. 

SMITNj Htmtington . — A Century of American Literature ; 
BeDjamin Franklin to James Russell Lowell. Crown 
Svo, Sj, 

<5 * 

SMITH, .S'.— The Bivine Government. Fifth Edition. Crown 
" Sfb, 6.r. 
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SMVTH, R. Bro^igh.—Xh,^ Aborigines of Victoria. Compiled- 
for the Government^of Victoria. ' With M^ps, Plates, and V/ood- 
* * cuts. 2 vols. Royal 8vo, 3^*. 

Sopbobles \ The Se^^n Pkys in ?)nglish Verse, Translated by Lewis 
^ Cat\|PBell. Crown 8vo, *]s, 6^^ » ^ 

Specimens of Ei^li^ Prose Style frora Malory to Ma- 
caulay, Selected and Annot§.ted, with an Introductory Essay, ' 
by George Saintsbury. Large crown Svo, printed on hand- 
made paper, parchment^fintique or cloth, vellum, i^s, 

SPEDDINGy yafnes^—lRsx&'tAt^ and Tinadl^of Francis Bacon, 

2 Post Svo, 21^. ^ 

Spinoza, Benefent de ; PJis Life, Correspondence, and Ethics. By 
R. Willis, M.D, Svo, 21J. '* 

SpRACUE, Charles E . — Handbook ^f Volapiik ! Tfee International 
Language. Second Edition.'* Crown Svo, 5^. ^ 

ST, HILL^ Katharin »^ — The Grammar of Palmistry. With 
18 Illustrations. i2mo, is, ' » ^ < 

STORIES, Whitley , — Goidelica ; Old and Early-Middle Irish 'Glosses. 
Prose and Verse. Second Edition. Mfed. Svo, iSs, 

STRACJIEV^Siryohn, G,C.S,I,--ln6.iSL, With Map.’ Demy Svo, 15^. 

STREET, J. C.— The Hidden Way across thfe Threshold ; or, 

^ * ’^he Mystery which hath been hidden fo^Ages andjrom Genlf^ 
tions. With Plates. Large Svo, ‘15 j-, 

SUMNER, W, G . — What Social Classes owe to Each Other. 
iSmo, 2^.''6d. ' 

SWINBURNR^i Algernon Charles, — A Word for the Havy. 
Imperial i6mo, 5^'. ^ ^ 

The Bibliography of Swinburne, 1857 - 1887 - Crown Svo, 
vellum gilt, 6 j. 

Sylva, Carmen (Queen of Roumania), The Life of, ‘Translated by 
Baroness Deichmann. With 4 Portraits and i Illustration. Svo, 
12^,^ 

TAYLER, J, y.—A Petrospect of the Heligious -Life of 
■ ^ England ; or, Church, Puritanism, and Free Inquiry. Second 
Edition. Post Svo, 7^. 6d, ^ 

TA YZOR, Rev. Canon Isaac, LL,D , — The Alphabet. An Account of 
the Origlxi and Development of Letters. With numerous Tables 
and Facsimiles. 2 vols. -Demy Svo, 36^, 

Lea-ves from an Egyptian JKTote-book. Crowji Svo, 5i*. 

TA YLOR, Sir Henry,— Statesman. Fcap. S-^), 3^. (^d, 

'Taylor, Heynell, C.B., C.S.I. : A Biography, By E. Gambier^ 
P4RRY, With Pdtait and Map. Demy Svo, 14^. ^ 
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TedhSlological Dictioirary. of the Terms emplo;sred in the Arts and 
Sciences ; A(phifecture ; Eng^neeri^lg ; Mechanics ; Shipbuilding 
. and Navigation ; Metallurgy; Mathe'matics, etc. Seconcf Edition. 
3 vols. 8vo. ^ 

Vol. J. Cpmaij^-English^Erench. r I2 j. 

En^|sh-German»French". i2J>r 

Vol. III. French-Germai^-English. 15^. 

-THACKERAY, Rev, S, W„ AZ.Z)— The Land and the Com- 
munity ^Crown 8vo, 3^. 6A 

THACKERAY, Will&m Makepeace, — An Essay on the Genius of 
^s-Gedrge Gmikshank. Reprinted verbatim fsbm the West- 
minster Review, 40 Illustration^ Large p^r^iTEdition, Royal 
8vo,^ftj‘. ^d, 

Sultai^ Stork ; and other Stories and Sketches. i829“i&^. 
Now First Collected.^ T^o which is added the Bibliography of 
Thackeray, Revised and Considerably Enlarged. Large demy 
8vo, rox. od, ^ 

THOMPSON, Svr H.—Yi\^\ in Relation to Age and Activity, 
Fcap. 8vo, cloA, is, 6d, ; paper covers, is. 

Modern. Cremation. Crown Svo, 2^*. 6^/. ^ 

Tobacco Talk and Smokers’ Gossip, i6mo, 2s. 

J^RANT, Willia7?t, — Trade Unions; Their Origin, Obj^.ct^<and 
Efficacy, < 5 mall crown Svo, u. 6^. ; paper covers, is, 

TRENCH, The late R. C,, Archbishop. — Letters and Memorials. 
By the Author of “ Charles Lowder./’ With two Portraits, 
2 vols. Svo, 2ls, 

A Household Book of English Poetry. ^ Selected arid 
Arranged, with Notes. Fourth Edition, Revised. Extra fcap. 
Svo, 5^. 

. An Essay on the Life and Genius of Calderon, With 
Translations from his “ Life’s a Dream” and “ Great Theatre of 
the World.” Second Editjpn, Revised and Improved. Extra 
fcap. Svo, 5^. 6d, 

Gustavus Adolphus in Germany, and other Lectures 
on the Thirty Tears’ War, Third Edition, Enlarged. 
Fcap. ^ VO, 4^*. * 

Plutarch : his Life, his Lives, and his Morals. Second 
Edition, Enlarged. Fcap. Svo, 3^. 6d, 

Remains of the late Mrs. Richard Trench. Being Selec- 
tions from her JournalSj^ Letters, and other Papers. New and 
Cheaper Issue. With Portrait. Svo, 6s. 

Lectures'^ on Mediaeval Church History. Being the Sub- 
stance of Lectures delivered at Queen’s College, London. Second 
Edition. Svo, 12s, 



Kegdn Paul^ Trench, Tyiihner & Co!s Pii^licatio,ns. j2<p 

TREN'CH^ The IatC%R. C, A;^ch&ishoji:> — contiUtied, • '? * 

English, Past and. ^Present. Thirteenthhidition, Revised and 
, Jmproved. Fcap. 8vo, 5-?. 

On 'lihe Study"^ of "Words. .^Twentieth Edition, Revised:. 
’Fcap?8vo, 5.f. ^ -* ^ ^ . 

Select Glossary of English WOrds uled Formerly in 
Senses Different from th^ Present. Seventh Fj^ition, 
Revised and Enlarged. .|'cap. 8vo, 5^. 

Proverbs and Thei2> Lessons. Sevefidi Sdition, Enlarged. 
Fcap^Svo, 4^. ^ » 

TRIM^N^ i?^7/^z«SN^outh-A^rican Butterflies. A Mon^aph of 
' the Extra-Tropical Species. With 12 Coloured fjates. 3 vols.^ 

T, ' Demy 8vo, £2 I2J. C>d. , 

Trubner’s Bibliographical Gui^Je^to American literature. 
A Classed List of Books published in the United States “Ibf 
America, from ^817 to 1857. Edited by Nicolas Trubner. 

^ 8vo, half-bound, iSj-. 1* ^ « 

TRUMBULL^ B. Clay.— The Blood-Covenant, a Primitive 
Ritej and its Bearings on ScripttJre, Post 8vo, 7^. 6 d. 

TURNER^ Charles Edward. — Count Tolstoi, as Novelist and Thinker, 
^ Lectures delivered at the Royal Institution, ^rown 8vo, 3^. 6//. 

The Modern Novelists of Russia. ^Lectures delivered 
the Taylor Institution, Oxford. Crown 8vo, 3^. td. 

TWEED IE ^ Mrs., Alec.— The Ober'»Ammergau Passion Play, 
1890 . Small crown 8vo, 2 s. 6 d. 

VAUGBAB,^ B. British Reason in English Rhynoe. 

Crown 8vo, 6 s. ^ ^ 

VESCELIUS-SBELDON, Louise.— Ba 1 . D. B. in South Africa. 
Illustrated by G. E. Graves and Al. Hencke. Crown 8vo, 
yj. 6 d. « 

Yankee Girls in Zulu-I^nd. Illustrated by G. E, Graves. 
Crown 8vo, 5^. 

Victoria Government, Publications of the. \List in preparation. 

VINCENT, Frank. — Around and about South America, 
Twenty Months of Quest and Query. With Maps, Plans, and 
54 Illustrations. Medium 8vo, 2ir. 

WAITE, A. E.—XS'ves of Alchemystical Philosophers. Demy 

8 VO, los. 6 d. 

The Magical Writings of ’fhomas Vaughan."* Small 410, 
icxf. 6d. * ^ 

The Real History of the Rosicrucians. With Illustrations,. 
Crvwn 8vo, yx. 6 d. 
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The MysterieJ of Magic. A Digest of the Writings of filiphas 
Levi. With Illustrations. <Oemy Svo, los, 6d. r 

WAItE/C. StanUan^.~-Sev^nXSWQYs\xi^i%xid oth^r^Kssa-ySj, 
w^th a^Clfapter on Toteralsm. ^Demy Svo, loj. 6d. 

The Development ^of ^Marriage and Kinship. Demy 
^ Svo, 1 8^. 

^Wales.—T'hron|;h North Wales Tvith a Knapsack. By Four 
^ Schoolmistresseifi>, With a Sketch Map. Small crown Svo, 2^. 6d. 

JVALZ,^eof^e.—i:)ie Natural History of Tlmr^t in its 
Practical Aspect, from its prigin ipi:’t:St‘ancy« Demy 

f 8vo, i^,s. 6d, 

Ut4LLACE, Alfred* Russel . — On Miracles and Modern Spirit^- 
ualism. Second Edifiop. Crown Svo, ^s. 

J'P^ILROZE, Chas, George . — A Short History of Ireland from the 
Earliest Tii}c^es to the Union with Great Britain. 
With 5 MzTps and Appendices. Third Edition. Crown Svo, 6^. 

PFAZTERS, y. Cumif^.—'Ux Tennyson Land. Being a Brief 
Account c of the Home and Early Surroundings ’'of the Poet'* 
Laureate. With Illustrations- Demy Svo, $s. 

]^RTER^ y. W.~An Old Shropshire Oak. 2 vols. D*>my 

^ WATSON, R. G.— Spanish and Portuguese South America 
during the Golonial'^Period. 2 vols. -Post Svo, 21^. 

PVEDGWOOE, IT.-- A Dictionary of English Etymology.- 
Fourth Edition, Revised and Enlarged. With Introduction on 
^he Origin of Lang^lage. Svo, fi is. 

Contested Etymologies in the Dictionary of the Kev,. 
W. Skeat. Crown Svo, Sj-. 

WEDGWOOD, yiilia . — ^The Mor^l Ideal. An Historic Study. 
Second Edition. Demy Svo, gs. 

WEISBACH, Julius . — ^Theoretical Mechanics. A Manual of the 
Mechanics of Engineering. Designed as a Text-book for Tecfenical 
Schools, and for the Use of Engineers. Translated from the 
German by Eckley B. Coxe. With 902 Woodcuts. Demy 
Svo, 3IJ. (^d. 

WBSTROPP, Hodder J/.—Primitive Symbolism as Illustrated 
in Phallic Worship ; or, The Reproductive Principle. With 
an Introd^iction by Major-Gen. FOEEONG, Demy Svo, parch- 
r ment, *]s. 6d. 

PYtZEEZDQN, J. P. — Angling Resorts near London, The 
Thames and the Lea, Crown Svo^^per, is. 6d, 
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WHIBLEY, Chas^ir-ln Cap and Gown! Three Centuries or’ Cam- 
J^ridge Wit. CrowmSvo, 6 d. ' t 

Szdn^j/.—Xm-pevial Germany. A Critical Study of Fact 
aj^^d Character. ■!> Crown Svo, ys. 6d. . - • 

W^GS7X)N',^HV, F, C . — Kermes Stella; or, JjJtes* and jottings on 
the Bacon Cipher.^ Svo, 6s, ■% ’ 

Wilberforce, Bishop, of Oxfo^'d aM Winchester, Life. his 
Son Reginald Wilberforce. Crown Svo, 6 s, ^ 

WILDRIDGE, T, Tj/ndciR.-<c)ie Bance of ^ea?h, in Painting 
anc^in Print. With Woodcuts, 4to, ^s, 6d-, tjie WodUcuts 
coloufe44t^and, 5^. * ^ 

^WOLTMANN, D^Alfred, arid WOERMANN, Dr, History* 

of Painting. With numerous Illustrations. Medium Svo. 
Vol. I. Painting in Antiquity-* and the Middle* Ages. 2 ^s : ; 
bevelled boards, gilt leaves, ^s, Vol. II. The Painting of t^ie 
Renascence, ^s. ; bevelled boards, gilt leaves, 45^. 

WOOD, M. W , — Dictionary of Volapiik.*' VoJapiik'English and 
* English- Volapulc. Volapiikatidel e cif. Crown Svo, lo^. 6 d. 

WORTEiY, QharUs , — Practical Heraldr'iy’^; or, An Epitqme of 
English Armory. 124 Illustrations. Crown 8v6, ys, 6 d* 

WRIGHT, Thomas,— ’UliQ BConaes of Other Q^ys. A History 
Iff Domestic Manners and Sentiments during the Middle Ag^ 
With Illustrations from the Illuminations #1 Contemporaiy Manu- 
scripts and other Sources. Drawn and Engraved by F«,- W. 
Fairholt^ F.S.A. 350 Woocfcuts. Medium Svo, 2 Ij. 

Anglo-Saxon and Old English Vocahnlaries. Seccawi 
Edit¥)n. Edited by Richard Paul Wulcker. 2 vols. Demy 
Svo, 28 j. 9 • 

The Celt, the Roman, and the Saxon. A History of the 
Early Inhabitants of Britain down to the Conversion of the Anglo- 
Saxons to Christianity. Illustrated by the Anc^nt Remains 
brought to light by Recent Research. Corrected and Enlarged 
Edition. With nearly 30o1Engravings, Crown Svo, gs, 

YELVERTON, Christopher, — Oneirps ; or, Some Questions of the 
Day. Crown Svo, Sj*. 


THEOLOGY AND PHILOSOPHY. 

ALEXANDER, William, D,D., Bishop ofDer'ty , — The G3?eat Ques- 
tion, and other Sermons. Crown Svoi 6 s, * , 

AMBERLEY, Viscount,— Nix Analysis of Religious Belief.^ 
2 vpls. Demy Svo, ^os, ^ 
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'Antiq^ia Mater: A Sti^^dy.of Christian Origins. Crown 8vo, 
^s. 6d. <5* ^ « c 

BELANY^ Rev. i?.— The Bible a^d the Papacy. Crown 8vo, 

BERTTHAM^ Jeremy . of :Legisla1?lon. Translf.ted from 
th^Fren'ishr^fEtieniie Dumont 6y R. Hildreth. <!Fifth Edition. 
Po^t 8vo, ^s.^6d. f ^ r 

BESTf George P^zj«^.--Morality and Utility. A Natural Science 

r of Ethics. Crown 8vOi. Ss. 

" fr 

BROQR'E, Rev. Stopfor^ A . — The Fight Gf Faith. Sermons preached 
^on various ocdasions. Fifth Edition. Crown 8vo, p^. 6d. 

The Spirit of the Christian jp<ife. Th45^=^dition. Cro\ra 
Svo, 

Theology in ‘'the EngHsh Poets. Cowper, Coleridge, Words- 
worth, and Burns. Sixth ^Edition. Post Svo, 5^-. 

Christ in Modern Life. Seventeenth Edition. Crown Svo, $s, 

Sermonc. ^irst<3eries. Thirteenth Edition. Crown Svo, 5^. 

Sermons. Second Series. Sixth Edition. Crown Svo, 

BROWN, Rev. J. Balawin . — The Higher Life. Its^ Reality, Ex- 
perience, and Destiny. Seventh Edition. Crown Svo, ^s. 

Doctrine of Annihilation in the Light of the Gospel of 
Love. Five discourses. Fourth Edition. Crown 8v0, 

The Christian Policy of Life. A Book for Young Men of 
Business. Third Edition-, Crown Svo, 3^. 6d. 

BUNSEN, Ernest de . — Islam ; or. True Christianity, Crown Svo, 5s. 

Catholic Dictionary. Containing some Account of the DoctrineJ 
•^Discipline, Rites, Ceremonies, Councils, and Religious Orders of 
the Catholic Church. Edited by Thomas Arnold, M. A. Third 
Edition. Demy Svo, 2ij, 

■CHEYNE, Canon .— Prophecies of Isaiah. Translated with 
Critical Notes and Dissertatic^s. 2 vols. Fifth Edition. Demy 
Svo, 25J. 

Job and Solomon ; or, The Wisdom of the Old Testament. 
Demy ^vo, 12^-. 6i/. « 

The Psalms ; or. Book of The Praises^ of Israel. Translated 
with Commentary, Demy Svo. i6j. 

'CLARKE, Jaynes Freeman . — Ten ^Great Religions. An Essay in 
Comparative Theology. Demy Svo, ioj*. 6d. 

Ten Ghceat Religions, PS,rt II. A Comparison of all Religions. 
Demy Svo, ioj*. td. 

^COKE, Henry ., — Creeds of the Day; or, Collated Opinions of 
Reputable Thinkers. 2 vols. Den^ Svo, 21 s. 
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COM'T£, ^Auguste . — The Catechism of Positive Religion, .Trans- 
lated from the French by Richard Congreve. Second Edition. , 
Crc^n Svo, 2 s. 6^, " ^ ^ ' 

1 ^ '' ^ ^ * 

The Eight Gircula?ss of Anguste Gomt^. Transkted from 
the French. F<2hp. Svo, is, 6d, ^ ^ 

Appeal to Conservatives, Crown Svo, zs, 6d. 

The Positive Philosoph'^’^ of Auguste Comte. Ti^nslated 
and condensed by Harriet Martine.^. 2 vols. Second 
Edition, Svo, 25 J. * 

CPNWAYi Sacred Anthology. Book of 

, Ethnical Scriptures. Edited by MoNCURE IJ. Conway, New 
Edition. Crown Svo, 5^. ^ 

Idols and Ideals, With an Essay on Christianity. Crown? 
Svo, 4?. ^ 

COX, Rev, Samtiel, D.D , — A Commentary on‘\he^ol)k of Job. 
With a Translation. Second Edition. Demy Svo, 15^. 

Salvator Mundi ; or, Is Christ the Saviour of all Men ? Twlfth 
Edition. Crown Svo, 2s, 6d, 


The Larger Hope. A Sequel to Salvator ^undi.” Second 
^ EcStion. i6mo, is. . m 

The Genesis of Evil, and other Sermons, mainly expository. 
Third Edition. Crown Svo, 6s. <« 

Balaam. An Exposition and a Study. Crown Svo, 5 a 
’ Miraclea An Argument and a Challenge. Crown Svo, 2 s. 6d. 

CRANBROOK, fames. — Gredibilia ; or. Discourses on Questi^s of 
Christian Faith. Post Svo, 3x. 6d. 


The Founders of Christianity ; or, Discourses, upon the 
Origin of the Christian Religion. Post Svo, 6s. 

DA PFSOJY, Geo.^ --Prayers, with a Discourse on Prayer. 
Edited by his Wife. First Series. Tenth Edition, Small Crown 
Svo, 3J. 6d, 
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Prayers, with a Discourse on Prayer. Edited by George 
St. Clair, F.G.B. Second Series. Small Crown Svo, 3a 6d, 

Sermons on Disputed Points and Special Occasions. 
Edited by his Wife, Fourth Edition, Crown Svo, 3 j. 6d, 


Sermons on Daily Life and** Duty* Edited by iiis Wife. 
Fifth Edition. Small crown Svo, 3 a 6d. • 

The Authentic Gospel, and other Sermons. Edited by 
George St. Clair, F^G.S Third Edition. Crown 8i»o, 6 a 

Every-&ay Counsels. iEdited by George St. Clair, F.G.S, 

■ Crown Svo, 6 a 



A List of 


DELEPIERRE^ %ctave. — L’Enfer 5 Elssai Philosophique etmHistorique 

• sur les Legendes de la p 7 ie Future. Only 250 copies pfinted, 

^ ^ Crown 8vo, 6s. ^ r- 

DouJ)t€x’s abotft Scieiace and Heligioci. Crowif 8vo, 

^3s. 6d, ^ ^ ^ 

RIQPtTE, Johann Characteristics of the Present Age. , 

Translated by William Smith. Post 8vo, 6s. 

n ■ 

Memoir or 4rohann GottliehrFichte. By William Smith. ' 
^ Sgcond Edition. Post Svo, 4s. ^ 

^n"the Kature of the Scholar, and^J 4 s?^Manifestations, 
Tjf^nslated by William Smit^i. Second Edition. Post 8vo, 3^-. 

FSTew Exposition of the Science of Knowledge. ' l^ans- 
lal?&d by A. E. KROf:GgR. 8vo, 6s. 

FITZ-GERALD^ Mrs. P. A Protest ^against Agnosticisinl 
Introductior^^to a New Theory of Idealism. Demy 8vo. 

An Essay on the Philosophy of Self -Consciousness, 
Comprising |i.n Analysis of Reason and the Rationale of Love, 
Demy 8vo, 5x. 

A Treatise on the Principle of Sufficient Reason, A 
Psychdfogical Theory of Reasoning,, showing the Relatmty of 
Thought teethe Thinker, of Recognition to Cognition^ the Identity 
of Presentation and Representation, of Perception and Appercep- 
tion. Demy 8vo, 6s. ^ 

GALLWEY. Rev. P . — Apostolic Successfon. ' A Handbook. Demy 
8vo, i.f. ^ 

GOUGE, Edward . — The Bible True from the Beginning. A 
Commentary on all those Portions of Scripture’ that are most 
Questioned and Assailed. Vols. I., II., and III. Demy Svo, 
each. 

GREG, W. R . — Literary and ^cial Judgments, Fourth Edition. 

2 vols. Crown Svo, 15^. , , 

The Creed of Christendom. Eighth Edition. 2 vols. Post 
8v0;^I5j'. , 

Enigmas of Life. Seventeenth Edition. Post Svo, loj. 6d. 

Political Problems for our Age and Country, Demy 8vp, 
10s. 6d. 

Miscellaneous Essays. 2 Series. Crown Svo, js. 6d. each. 

GRIMLEY, gev. H. N., J/.A.—Tremadoc Sermons, chiefly on 
^ the Spiritual Body, the Unseen World, and the 
Divine Humanity. Fourth Edition, Crown Svo, 6s. 

The Temple of Humanity, and other Sermon^ Crown Svo, 
6s, 
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HAIIdES, C, Chri5j|:iarrity and Islam in Spain, A.B. 766 - 
Crown 8vo, 2s, 6U, ^ * * • * * 

HAWEIS, Rev, H, 7 ?^, Cui'rentiiCoini'* MateriaRsm—The 

Devil — Crime — Drunkenness — Pauperism — Emotion — Recitation 
— The Sabbath. F^fth Edition. Crown 8vo, ^s. 

Arrows in the Air. ]^ift 3 Edition. Cro^a SUd, 5j. ^ 
Speech^n Season. Sixth Edition. Crown^vo, 5^. * ^ ^ 

Though ts^^?««3^Jhe Tirnes. Fourteenth Edition. CrowTSvo, 5^. 
Unsectarxan Family Prayers. New Edition.** Fcap. Svo, 

^ ' IS, ^ ^ ^ 

hughes. Rev. H, Principles of Natural and Super- 

natural Morals. Vol. I. Natural Morals.' Demy Svo, 12s. ' 

JOSEPH, H. i*.— Religion, Natural and R<wea^ed^ A Series of 
•Progressive Lessons for Jewish Youth. Crown Svo, ^s. 

KEMPIS, Thomas A— Of the Imitation o| Christ. Parchment 
Librarf Edition. — Parchment or cloth, 6 j. ; vellum, ^s. 6d. * The 
Red Line Edition, fcap. Svo, cloth extra, 2s. 6d, The Cabinet 
Edition, small Svo, cloth limp, is. ; cloth boaiUs, is, 6d. The 
Mniature Edition, cloth limp, 321110, is. ; on with red lines, is. 

Of the Imitation of Christ. A Metrical Version. By Henky 
• Carrington. Crown Svo, 5 j. ^ 

Notes of a Visit<»to the Scenes in which his Life was 
spent. With numerous Illustrations. By F. R. Cruise, M.B 9 ^ 
Demy ’Svo, 12s. 

Keys of the Greeds (The). Third Revis^ Edition. Crow*n Svo, 
2s. 6d. 

LEWES, George Henry . — Problems of Life and Mind.^ Demy Svo. 
First Series*; The Foundations . of a Creed. 2 vols. • zSs, 
Second Series : The Physicsii Basis of Mind. With Illustrations. 
l6s. Third Series. 2 vols. 22x. 6d, 

LEWIS, Harry y.— Targum on Isaiah i.-v. With Commentary. 
^DemySvo, 5 j. , ^ 

MANNING, Cardmal. — Towards Evening. Selections from his 
Writings. Third Edition. l6mo, 2s. 

MAR TINEA U, yames.^E.ss£Lys, Philosophical and Theolo- 
gical. 2 vols. Crown Svo, fi 4s. 

MEAD, C. M., Supernatural Revelation. An "fessay con- 

cerning the Basis of the Christian Faith. Royal ^vo, I4r. > 

Meditations on Heath and Eternity. Translated from the 
Genj^an by Frederica Rowan. Published by Her "^lajesty’s 
gracious permission. O^^wn Svo, dj*. 
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MCeditations on ’'Life and its Religious Duties, translated 
■ froiii the German by FEir.DERiCA Rowan. Published by Her 
r Majesty’s gracious permission. Beings- the Companion Volume 
to Mec^sstions on fleath attd Eternity.” Crow bvo^ 6r. 

NEVIlL, -F.— Re'trogrer.sion or Developn^.ent. Crown 8vo, 3 a ^d. 

NKSdOLSi y. Broadimrsi, and EYMOND, Charles William. — Rrac- 
^tical Value of Gliristia^ity. ^ Two Prize Essays. Crown 
8vo, 

PARfCER^ Theodo%. — Discourse on Mattery j^rtaining to 
Religion. People’s Edition's Crown ^d. ; clgth, 2s. 

The Collecl^d Works of Theodore Parker, Minister of the 
Tw^mty-eighth Congregational Society at Boston, U.S. iS 14 
vols, 8vo, 6s, each. ^ 

Yol. I. Discourse on Matters pertaining to Religion. II. Ten Ser- 
moin a^nd R'ayers. III. Discourses on Theology. IV, Dis- 
courses on Politics. V. and VI. Discourses on Slaveiy. VII. 
Discourses 01^ Social Science. VIII. Miscellaneous Discourses. 
IX. and X. ’ Critical Writings. XI, Sermdhs on Theism, 
Atheism, and Popular Theology. XII.^ Autobiographical and 
Miscelljfueous Pieces. XIII. Historic Americans. XIV, 
Lessons from the World of Matter and the World of Man. ^ 
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Plea for Truth in Religion- Crown 8vo, 2s. 6d 

Psalms of the West. Small crown 8vo, 

f*ulpit Commentary, The. (Old Testament Series.)^ Edited by the 
^ Rev. J. S. Ex:^l, M.A., and the Very Rev. Dean H, D. M. 
Spence, M.A., D.D, 

Genesis. By the Rev. T. Whitelaw, D.D. With Homilies by 
th^ Very Rev, J. F. Montgomery, D.D., Rev. Prof. R. A. 
Redford, M.A., LL.B., Rev. F. Hastings, Rev. W. 
Roberts, M.A. An Iifliroduction to the Study of the Old 
Testament by the Venerable Archdeacon Farrar, D.D., F.R. S. ; 
and Introductions to the Pentateuch by the Right' Rev. H. Cot- 
ter^,l, D.D., and Rev. T. Whitelaw, D.D, Ninth ^'Edition. 
I voL, 15J. 

Exodus, By the Rev. Canon Rawlinson. With Homilies byithe 
Rev. J. Orr, D.D., Rev. D. Young, B.A,, Rev. C. A. Good- 
hart, Rev. J. Urquhart, and the Rev. H, T. Robjohns. 
Igourth Edition. 2 volgr., 9 a each. 

Leviticus. By the Rev. Prebendary Meyrick, M.A. With 
Introductions by the Rev. R, Collins, Rev. Professor A. Cave, 
^nd Homilies by the Rev. Prof. Redford, LL.B., Rev. J. A. 
Macdonald, Rev. W. Clarkso]^, B.A., Rev. S. R. Aldridge, 
LL.B., and Rev. McCheyne I?bGAR. Fourth Edition. 15^. 
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Nuiyibers. By the ^i?ev. fe. WinterbotiJam, LL.B. With 
Homilies by the Rev. Professor W. Binnie, D.I)., ReV; E. S. 
Frout, M.A., R^. D- Young, B.A.,Rev. j. Waite, B.A.,and' 
an Introduction by the ^ Rev, 'Thomas •Whlfelaw, D.D. 
Fifth Edition. 15J. ^ * 

Deuteronomy. ^By the Rev. W. JL. Alexander, D.D, With 
Homilies by the Rev. C. Clemance, D.D., Rev. J. Orr, I?.D., 
Rev. R, M. Edgar, M.A., Rev. D. Davies, M. A, ^Fourth 
edition. I5j’. ^ ^ ^ 

Joshua.^ By the Rev. J. J. Lias, M.A. With Homilies hy\he 
Rev. S. RIDGE, LL.B., Rev. R. Glover, Ke^ E. de 

•PressensE, IaD., Rev. J. Waite, B.A., Rev. W.^. Adeney, 
M.A. ; and an Introduction by the Rev. A., Plummer, D.D, 
Fifth Edition. 12s, 6 ci, ^ 

Judges and Ruth. By the BShop of Bath and Wells, and® 
Rev. J. Morison,^D.D. With Homilies by the Rev. A. F. Muir, 
M.A., Rev. W. F. Adeney, M.A., Rev. W. IVL S^tham, and 
Rev. Professor J. Thomson, M.A. Fifth Edition. lo^. 6^. 

1 and 2 Samuel. By the Very Rev. R. Pui Smith, D.D, With 
Homilieh by the Rev. Donald Fraser, D.D:, Rev. ^^rof. 
Chapman, Rev. B. Dale, and Rev. G. Wood, B.A. Seventh 
Edition, 15^. each. ^ 

f Ki'igs. By the Rev. Joseph Hammond, IC.B. With Homilies 
by the Rev. E. de Pressens^, D.D., Rev. J. Waite, B.A., 
Rev. A. Rowland, LL.B., Rev* J. A. Macdonald, and Rev, 
J. UrquharT. Fifth Edition, i^s. 

, 2 Kings. By the Rev. Canon Rawlinson. With Homilies by 
the Rev. J. Orr, D.D., Rev. D. Thomas, D.D., an 4 .Rev. 
C. H. Irwin, M.A. 15J. 

1 Chronicles. By the Rev. Prof, P. C. Barker, M.A., LL.B. 
With Homilies by the Rev. Prof. J. R. Thomson, M.A., Rev. R. 
Tuck, B.A., Rev. W. Clarkson, B.A., Rev. F. Whitfield, 
M.A., and Rev, Richard Gsover. 15^. 

Kzra, N'ehemiah, and Esther. By the Rev. Canon G. 
Rawlinson, M.A. WTth Homilies by the Rev. Prof, J. R. 
H'homson, M.A., Rev. Prof. R, A, Redford, 2/L.B., M.A.; 
Rev. W. S.* Lewis, M.A., Rev. J, A. Macdonald, Rev. A. 
Mackennal, B.A., Rev. W. Clarkson, B.A., Rev. F. Hastings, 
Rev, W. Dinwiddie, LL.B., Rev. Prof. Rowlands, B.A., Rev. 
G. Wood, B. A., Rev. Prof. P. C. Barker, M.A. , LL.B., and 
the Rev. J. S. Exell, M.A, Seventh Edition, i vol,, 12s, 6 d, 

Isaiah. By the Rev. Canon G. Rawlinson, M.A. *With Homilies 
by the Rev. Prof. E. Johnson, M.A., Rev. W. ClarksOn, 
B.A., Rev. W. M. Statham, and Rev, R. Tuck, B.A.^ Second 
EditiQn. a vols., iSAieach. 
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Jeremiah. '*\Vol. I.) By the R^v. Canon T. K. "'Cheyne, 
D.D. With Homilies by the Rev. W. F. Adeney, M.A., Rev. 

' A. F. Muir, M.A.^Rev. S^Conwa^, B.A., RelP. J. Waite, 
^.A.,%n(f^Rev, D. Young, B.A. ^Third EditioS! i^s. ^ 

Jeremiah C^ol. II.'^ and Ramentatidns. By the Rev. Canon 
^ T. K. Cheyne, D.D* With Homilies by the Rev. Prof. J. R. 
Thomson, M.A., Rev. W. F. Adeney, M.A., Rev. A. F. Muir, 
id:. A., Kev.*'§. Conway, B.A., JR.ev. D. Young, B.A. i5a 

^ ^osaa and Joel. By the Rev. Prof. J. J. Give^, Ph.D., D.D, 
^With Homilies by the Rev. Prof. J. R. Tij^soN, M.A., Rev. 

A. JtowLAND, B.A., LL.B., <Rev. C. Jerdan, 'M.A.,' LL.B., 
Rev. J. O^R, D.D., and Rev. D. Thomas, D.D. I5^. . 

r ^ 

Pulpit Coxhmentary, {'Netv Testame7it Series.) 

St. Mark. By the Very Rev. E. Bickersteth, D.D., Dean tTT 
Lichfield. "V^ith Homilies by the Re\\ Prof. Thomson, M.A., 
RevVPrSf. J. 'j. Given, Ph.D., D.D., Rev. Prof. Johnson, M.A., 
Rev. A. Rowland, B.A., LL.B., Rev. A. Muir, and Rev. R. 
Green. FifCi Edition. 2 vols., ioj. 6d. e^ch.^, 

St. Luke- By the Very Rev. H. D, M. Spence. With Homilies 
by the Rev. J. Marshall Lang, D.D., Rev. W. Clarkson, 

B. A., and Rev. R. M. Edgar, M.A. 2 vols., ioa 6«f. ea^. 
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St. John. By the Rev. Prof. H. R. Reynolds, D.D. With 
Homilies by the Rev. l^^of. T. Croskery, D.D., Rev. Prof. J, R, 
Thomson, M.A., Rev. D. Young, ©B.Ar, Rfev. B. Thomas, 
Rev. G. Brown. Second Edition. 2 vols., 15J. each. 

The Acts of the Apostles. By the Bishop of Bath and Wells. 
With Homilies ^by the Rev. Prof. P. C. Barker, M.A, LL.B., 
Rev. Prof. E. Johnson, M.A., kev. Prof. R* A. Redford, 
LL.B., Rev. R. Tuck, B.A,, Rev. W. Clarkson, B.A, Fourth 
Edition. 2 vols., ioa 6d, each. 

1 Corinthians. By the Ve^a. Archdeacon Farrar, D.D. With 

Homilies by the Rev. Ex-Chancellor Lipscomb, LL.D., Rev. 
David Thomas, D.D., Rev. D. Fraser, D.D., Rev.' Prof. 
J. R^ Thomson, M.A, Rev. J. Waite, B.A., Rev. R. Tuck, 
B.A, Rev. E. Hurndall, M.A., and Rev. H. Bremner, B.D. 
Fourth Edition, 

2 Corinthians and Galatians- By the Ven. Archdeacon 
Farrar, D.D., and Rev. Prebendary E. Huxtable. With 
Homilies by the; Rev. ^ Ex- Chancellor Lipscomb, LL.D., Rev. 
£)avid Thomas, D.D.i Rev. Donald Fraser, D.D., Rev. R. 
TucKf B.A, Rev. E. Hurndall, M.A, Rev. Prof. J. R. 
Thomson, M.A., Rev. R. FiNLAYSpN, B.A., Rev. W. F. Adeney, 

Rev. R. M. Edgar, M.A,^and Rev. T. CROSKERY, D.D. 
Second Edition. 21 s. ^ 



KegaH Paul, Trench, Tr^%ier & Co.’s Pu^ications. 


Pulpit CouiTnenImry, — cophmed, . I 

Eplfiesians, Philippdans, and Colossiaril. By the Rev. Prof. 
G. Blaikie, D.D., _Rev.f^. C. Caffin, M.A., and* Rev. G. 
G. ^iNDLAY, B-1^ With Homilies by the Rev. D. T.homas; 
p.H.j.^ev. R. M. Edgarj^M.A., R^v. R. Fit^^Y^ON, I.4., Rev. 
W. F, Adeney, IVbA., Rev. Prof. T. Crc^kery, DtD., Rev, 
E. S. Prout,® M.A., Rev. Caiioi? Vernon Hutton, and 
Rev. U. R. Thomas, D.D. Second Edition. 21s, ^ 

Thessalonians, Timoth-^, Titus, and :^li^enionrf» By the 
Bishop of Bath and Wells, Rev. Dr.XlLOAG, and Rev. Dr. 
Eales With Homilies by the Rev. B. C. CAffin, IVR A., R^v. R. 
Finlays^i^a3.A., Rev. Prof. T. Croskery, D.D., RIv. W. F. 

' Adeney, M.A., Rev. W. M. Statham, and Rev J d. Thomas, 
D.D. I 5 A 

Hebrews and James. By the R^v. J. Barmby, D?D., and Re\% 
Prebendary E. C. S. GibsoNj'^M.A. "With Homiletics by tl^ 
Rev. C. Jerdais!„ M.A., LL.B., and Rev. Prebendary E. C. S. 
Gibson. And Homilies by the Rev. Ws^JoN^s, Rev. C. New, 

• Rev. D. Young, B.A., Rev. J. S. Bright, Rev. T. F. Lockyer, 
B.A., and Rev. C. Jerdan, M.A., LL.B^ Second Edition. 15^. 
Peter, J^obn, and Jude. By the Rev. B. C. Gaffin, ^I.A., 
Rev. A. Plummer, D.D., and Rev. S. D. F, S almond, D.D. 
With Homilies by the Rev. A. MACLAREKf D.D., Rev. C. 
CJlemance, D.D., Rev. Prof. J. R. Thq^son, M.A., Rev. (?“. 
New, Rev. U. R. Thomas, Rev.'R. Finlayson, B.A., Rev. 
W. Jones, Rev. Prof. T. Croskery, D.D., and Rev. J. S. 
Bright, D‘.D. ,15^. * 

Revelation. Introduction by the Rev. T. Randell, 

Principal of Bede College, Durham ; and Exposition by the Rev. 
T. Randell, assisted by the Rev. A? Plummer, M.A^ D.D., 
Principal of University College, Durham, and A. T. Bott, M.A. 
With Homilies by the Rev. C. Clemance, D.D., Rev. S. Conway, 
B.A., Rev. R. Green, and Rev. D. Thomas, D.D, ^ 

FZ/SjEY, —Sermons for Jhe Church’s Seasons from 
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Pali Studies. No, L Analysis, and Pali Text of the Subodhalan- 
kara, or Easy Rhetoric, by Sangharakkhita Theft,. 8vo, 3^. td, 

GHOSE, Loke N , — The Modern History of Itie Indian Chiefs, 
Rajas, etc, 2 vols. Post 8vo, 21J. 

GILES, Herbert ^.“Chipese Sketches. 8vo, lor. 6 d, 

. A Dictionary of Colloquial Idioms in the MandariTi ' 
^ Dialebt, 4to, 28 j. ^ ^ 

Synoptical Studies in Chinese Character, Svo, 

Chinese without a Teacher, Being a Collection of Easy and 
Useful Sentences in the Mandarin Dialect. With a yocabulaiy. 
i2mo, $s. 

The Saij. Tzu Ching ; or, ^Three Character Classic ; ^nd the 
Ch’Jen Tsu Wen; or, Thousand Character Essay. Metrically 
translated by Herbert A. Giles. i2mo, 2s, 6 d. 

GOFER, C. A.— The Folk-Songs of Southern India. Con- 
taining Canarese, Badaga, Coorg, Tamil, Malayalam, and Telugu 
Songs, The Cural. Svo, lor. 6 d. 

GRIFFIN, L, J5r.— The Rajas of the Punjab, History of the 
Principal States in the Punjab, »nd their Political Religions with 
the British Government. Royal Svo, 21s, ^ 

GRIFFITH, F, Z.— The Inscriptions of Slut and Der Rif eh. 
With 21 Hates, 4to,^io^, 



^6o A Lij't* of 
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aSiFJ!'/^ w. it^-TiJS itikado’s Empire^ Book I. History of' 
Japan, fronl B.C. 660 to A.i). i8f?2. Book II, Personal Experi- 
. . ences, Observations, an^Studies in Japan, 1S70-1874. Second 
^ Edition. iSustrat^ed. ^o, 20^,, ® t 

'VTorld. , Stories from the^Wondpr-Ir're of 
fjapan. ^’'ith Plates. Squareridmo, 7^'. 6 d, 

OF SHIRAZ.— ‘Sef^ecXi^ns from his Poems- Translated^ 
from the Persian by HermanNc Bicknell. With Oriental 
^ordering cin gold and colop.r, and Illustrations by J. R. Her- 
BERT, K.A^/ Demy 4to, £? /S 

BAGgHd, W. H., and LB ItRANGE, t;.— The Vazir of Lan- 
Rupan. A Persian Play. Edited, 'v^th a Grammatical Intrp- 
duction, ^ Translation, Notes, and a Vocabulary, giving the 
r Pronunciation. Crpwn Svo, ioj. 6 d. f 

•• HALL, John Cayley. — A Gen&al View of Chinese Civilizatipn, < 
and of the Relations of the West with China. From the French 
of M. i^IERSE Laffitte. Demy Svo, 3^. 

Hebrew Literature Society. — Lists on application. 

HEPbURH, J. C.— a Japanese and Knglis&j Dictionary. 
Second Edition. Imperial Svo, iSs. 

A Japanese-English and English-Japanesf' Distion- 
ary. Abridged by the Author. Square i6mo, 147. 

A Japanese-English and English -Japanese Diction- 
ary. Third Edition. ^ Demy 8vo,c half-morocco, cloth sides. 

HILMY, H.H. Prince fihraliim . — ^The Literature of Egypt and 
the Soudan. From the Earliest Times to the Year 1885 
inclusive. A Bibliography; comprising Printed Books, Periodical 
Writings and Papers of Learned Societies, Maps and Charts, 
ifneient Papyri, Manuscripts, Drawings, etc. 2 vois. Demy 
4 ^ 0 , As 3 J. 

Hindoo Mythology Popularly Treated. An* Epitomised De- 
scription of the various Heathen Deities illustrated on the Silver 
SwSmi Tea Service presented, as a memento of his visit to India, 
to H.R.H. the Prince of Wales, K.G., by His Highness the 
Gaekwar of Baroda. Small 4to, 37. 6 d. 

HODGSON, B. H. — Essays on the Languages, Literature, and 
Religion of Hepal and Tibet. Together with further 
Papers on the Geography, Ethnology, and Commerce of those 
Counides. Royal Svo, i^j-. 

HOPKINS, F. L. — ^Elementary Grammar of the Turkish 
^ Language, With a few Easy^jExercises. Crown Svo, 3^. 



Kegan Paul, T^Mch, Truh'^er & Cb/j PubHcatiSis. 6i^ 

: ‘ M i 

HUNTER, Sir Wiliam Wilson. — The^ Imf)er 4 g^ G-azette^ -of 
India, New Editidli. Ri 14 vols. Wilh Maps. 18^-87. 

' Half-morocco, g , . • 

The Jndian Expire : Its TeopTe, i^tory, and^pdupts,, 
^ Secondhand Revised Edft;on, inc%porarfrjg the genial results 
of the Census of 188^ With Map. Demy ^0, £i is^ * 

A Brief History of the Indian l^eople. Fourth Edition. 
With Map. Crown^Svo, 3^? 6d. 0 

The Indian Musalm^t. Third Editignt |vo, icy. 6d, 

Famind Aspects of Beng 9 ?h^istricts, • A Systein of Ferine 
Warnings. Cr^wn 8vo, ^s. 6d. 

A Statistical Acconn? of Bengal- In 20 vo^. Svo, half-, 
morocco, £^, ♦ 

A Statistical Account of A§s 5 m. 2 vols, \?ith 2 Mapf. 
Svo, half-morocco, lor. .♦ 

Catalogue of Sanskrit Manuscript^ (Buddhist). Col- 
• lected in Nepal by B. H. Hodgson. Svo, 2s. • * 

India,— PubJ-ications of the Geographical Department of 
the India Office, London. A separate list, also liirt of all 
the Government Maps, on application. 

Indi^.— Publications of the Geological Survey of Ind^^. 
A separate list on application. * • 

India Office Publications , 

Aden, Statistical Account^of. 5^. 

Baden JPowell. Land Revenues, etc., in India. I2j. 

* Do, Jurisprudence fctf Forest Officers. i2j. 

Bears Buddhist Tripitaka. 4^, 

Bombay Code, 2IJ. 

Bombay Gazetteer. Vol. II. I4J’. Vol. VIII. 9^.* Vol. XIII. 

(2 ^arts) 16s, Vol, XV. (2 parts) i6j. 

Do. ‘ do. Vols. III. to VII., and X., XT., XII., 

r XIV., XVI. 8 j. each. 

Do. do, Vols. XXL, XXIL, and XXlIL gj. eaeh. 


Burgess’ Archeological Survey of Western India. 

Vol. II. 63^, 

Do. 

do. 

do. Vol.III.42i'. 

Do. 

do, • 

Vols. IV. ^nd V. izdj. 

Do, 

do. 

Southern India. 


Vol. I. V- 


Burrha (British) Gsizetteer. 2 vols. 50^. 
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India Ofiice pt’|ilicWioits — co/^inue^. ^ 

Corpus Inscrip tionem Indicaruna. Vol. I. 32^. " Voi. III. 

■ 4 ^"* \ ^ . ■ " 

Cunhinghaxn^^. Arc}?Lseologioal Sut-yey. Vols.^I, to 5 ^ 111 . 

«• e * " *■ loj-.and 13 ^. each. 

' Bo, Iifdex to Vols. I. to XXllL f2s, 

^Finance and Revenue Accoun-t;S of the Government of 
India for^l 883 - 4 . 2s, 6d^ 

, Gamble. *^Ma?iual of India^^Timbers. los, 

'"Indian Education' Commission, Report of the. 12s, 
Appendices. 10 -vols. 10s. ^ . 

JaschK^e’s T^betan-English Dictionary. 30^. 

Liotai^i’s Silk in India. Part I. 2^. 

Doth. Catalogue of Arabic MSS. ioj. 6 d. 

Markham’s Abstract of Reports of Surveys, is. 6d. 
Mitra (Rd^endralala), Buddha Gaya. 60s. 

Moir. Torrenf Regions of the Alps. is. • 

Mueller. Select Plants for Extra«Tropical Countries. 

8 .. , 

Mysore and Goorg .Gazetteer. Vols. I. and II. iSr. each. 

Do. ' do. Vol, III. 5s, 

N, W. P. Gazetteer, Vols. I. and II. los.* each. 

Do. do. Vols? III. to XL, XIII. and XIV. m, 

each. • ^ 

Oddh ' do. Vols. I. to III, ioj. each. 

Rajputana Gazetteer. 3 vols. 15J. 

Saunters’ Mountains and River Basins of India, 
Taylor, Indian Marine i^urveys. 2s. 6d. 

Trigonometrical Survey, Synopsis of Great, Vols. L to 
,VL los. 6d. each. 

Trumpp’s Adi Granth. 52^. 6d. 

Waring. PharmacopOBia of India (The). 6 s, 

Watson’s Tobacco. 5^. 

Wilson. Madras Army. Vols. I. and IL 21s, 

Intern ati< 5 n al N umismata Orientalia (The) , Royal 4to, in papet 
wrapper, f Part I. Ancient Indian Weights. By E. Thomas, 
F.R.S. With a Plate and Map of the India of Mann, gs, 6d, 
Pgrt II. Coins of the Urtukl Turkumans, By Stai^lev Lane 
Poole, With 6 Plates, 9^. P^^^f III, The Coinage of Lydia 



Regan Pmd, It^^ench, Trlibner & PtMications. 6 ^ 

' % S ^ ? 9 

#1 / ' ' 

International N-i-inisniata Orient<ilia*^Th^f— , 

and Persia, from the Earliest Times to the i’all of the Dynasty, of 
Achsemenidse. By Barclay V. He^d. With s^iitotype 
Plates. * lOA 6f/. ^Part TV. Ixie Cdins m the Tulujii Dynasty.. 

^ By E_%ward Thomas Bpgers. '♦i PM^ Pait^V. The 
Parthian Coinage. J 3 y Percy Gardner. ^ Autotjspe' Plates. 
i 8 s. Fajct VI.*The Ancient Coins aiffi Measures of Ceylon. By 
T. W. Bhys Davids, i Plate. * los, ^ 

Vol. I. Containing the first six parts, as specified above. Royal 
4to, half-bound, ^ 

Vol. II. * Qoins of the Jew:*, Being a ^[istory cJT Jewish 
. Coinage and Money in the Old and New Testaments. By F. W. 
Madden, M.R.A.S. * With 279 Woodcuts ai^ a Plate of- 
^ " Alphabets. Royal 4to, £2, 

Vol. III. Part I. The Coins of /Irakan, of Pegu, and of 
■* Burma. By Lieut.-General Sir Arthur Phayre, C.BT 
Also contains tUe Indian Balhara, and the Arabian Intercourse 
with India in the Ninth and foEowing C^ntu^es.* By Edward 
Thomas, F.R.S. With 5 Autotype Illustrations, Royal 4to, 
S-T. 6^ ^ 

Vol. III. Part II. The Coins of Southern India. *By Sir 
W. Elliot. With Map and Plates. Royal 4J0, 25J. 

H, A . — A Tibet an-Englistt I 3 icjy.onary . With special 
reference to the Prevailing Dialects. To which is added an 
English-Tibetan Vocabulary. Jmperial 8vo, £i los. 

dataka (The), togetha with its Commentary. Being Tales of the 
. Anterior Birth of Gotama Buddha. Now first published in Pftli, 

- by V! Fausboll. Text. 8vo. Vol. I, 28^. Voh II. 28 a 
V ol. III. 28 a Vol. IV. 28 a Vol.^., completing tne work, 
is in preparation. 

yENNINGS, Hargrave . — The Indian Religions ; or, Results'of the 
Mysterious Buddhism. Demy 8 yo, ioa 6 d. * 

yOHHSON, Samuel. — Oriental I^ligions and their Relation to 
Universal Religion. Persia. Demy 8vo, i8a ♦ 

inSTNER^ Otto. — Buddha and his Doctrines. A bibliographical 
Essay, 4to, 2 s. 6 d. 

HNOWLES, y. A^I-Folk-Tales of Kashmir. Post 8vo, i6a 

KOLBE, F. JV.—A Language-Study based on Bantu ; or. An 
Inquiry into the Laws of Root-Formation. Demy 8vo, 6 a 

/CRAPE, Z.— Dictionary of the Sdahili Language, ’^vo, 30A 

LEGGE, James. — The Chinese Classics. Wit 2 a Translation, 
Critical and Exegetical. In 7 vols. Vols. I.~V. in 8 PartSj 
published. Royal 8^0, £2 2s. each part. * 
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LEGGE^ james — c niinu d, 

’ 2 'he Chines 3 >Classics, transAated^^nto Eng"tish. With Prelimi- 
nary Essays &nd Explanatory Notes: Popular Edition.* Ci;Dwn 
Vol. I. Life and Touchings of Confucius.. Sixths Edition. 

• * '10?. ed. Vol. , IX. Works of Mench's. 12s, Vok III. She- 

-.Klng; *>r, ^rok' of Poetry. 12^. t 

LILLIE^ ^ Arthur^ i\LR,Ai.S . — The Popular- Life^ of Buddha. 
Containing an Answer to the Hibbert Lectures of 1881. With 
Illustrations. Cro'vvn 8vo, 6 s, 7 

Buddhisrjr ih/-Christendori?i>- or, Jesus the Essene. With 
- ^ ~ Illustrations. Demy Svo, ^ 

LOBSCBEID, W , — Chinese and English pictionary, arranged 
according to the Radicals. Imperial 8 vo 7 £2 Ss, ' 

English and Chinese Dictionary, with the Punti and l^lan- 
darirr Pronunciation. "'Folio, ;^8 Ss. 

2 Iaha-Yira-Charita ; or. The Adventures of the Great Hero Ramr. 
An Indian Drama. Translated from the Sanskrit of Bhava- 
bhut:. By jeHN Pickford, Crown Svo, Sj-. 

MARIETTE-BE F, Atigiisfe , — The Monuments of Upper Egypt, 
_ A Translation < 5 f the Itineraire de la Haute Egypt ’’ of Auguste 
' Mariette-Bey. By Alphonse Mariette. Crown Svo, yj. 6 d, 

MARSDEN, NTumismata Orientalia Illustratai The 

^ Plates of the Oriental Coins, Ancient and Moderns 
of the CollectTon of the late William Marsden, F.R.S. En- 
graved from Drawings made under his Directions. 57 Plates, 
4to, 3IJ. 6 d. ' ^ ^ - 

MASONy Z?'.-— Burma ; Its People and IToductions ; or, Notes 
on the Fauna, Flora, and Minerals of Tenasserim, Pegu,^ and 
■Burma. Vol. I. Xjleology, Mineralogy, and Zoology. Voi. IL 
Botany. Rewritten by W. Theobald. 2 vols. Royal Svo, ;d 3 - 

MAXWELL^ W, E.—A Manual of the Malay Language, 
Secdnd Edition, Crown Svo, ']s, 6 d, 

MA YERS^ Wm, Fred , — ^The Chii^se Government. A Manual of 
Chinese Titles. Second Edition. Royal Svo, 15^ 

Megha-Dut^ (The)* (Cloud Messenger.) By ICalidasa. "Trans- 
lated from the Sanskrit into English Verse by the late H. H. 
Wilson, F.R.S. The Vocabulary by Francis Johnson. New 
Edition. 4to, lo^. 6 d, 

MOCKLERi E . — A Grammar of the Baloochee Language, as 
it is spoken in Makran (Ancient Gedrosia), in the Persia-Arabic 
anS Roman characters, Fcap. Svo, ^s, 

MUlRi JoJm , — Original Sanskrit Texts, on the Origin and History 
the Pjgople of India. Translated by John Muir, LL.D. 
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MUIR^ John — conf^n^^d, T ^ f » * 

Vol.J. Mythical and Leffenda:^ Accounts of file Origin of Caste, 

* with an Inquiry into its Exigence in th^Vedic Age. ,Thifd 
Edition. • 8 vo, , • • g ^ ^ 

Trans-Simalayap Origin of Hindus, #nd their 
Affinity with the Wes^rn Branches of the Ar^nllace./ Second 
Edition. , 8 vo, u. » • 

Vol. III. The Vedas : Opinions t)f their Anthors, and of later I^ian 
Writers, on their Origin, Inspiration, and Authority. Second 
Edition. 8 vo, 16s. %• • * • ♦ 

Vol. IV. Comparison of the v ^c with the Later Reprqgentatio€ of 
the Princ^al Indian Deities. Second Edition. Svo, is. 

Vol. V. Contributions to a* Knowledge of the Cosmogony, Mytho- 
logy, Religious Ideas, Life and Manners of ^lie Indians in the 
Vedic Age. Third Edition. 8 vo,^i is. • # 

d^IpLLERi F, Max . — Outline Dxctic^ary, for the Use of hlission-a 
aries, Explorers, ♦and Students of Language. i2mo, morocco, 
is. 6d. 0 ^ 

Tlie Sacred Hymns of the Brahmins, as preserved in the 
Oldest. Collection of Religious Poetry, ^he Rig-Veda-Sanhita. 
Translated by F. Max Muller. Vol. I. Hymns to the Maruts, 
or the Storm-Gods. Svo, I 2 j‘. 6 d. 

T^e^^Hymns of the Rig-Veda, in the Samhita and Pac^ 
Texts. 2 vols. Second Edition, ^o, £0 12s. 


Nagananda; or, The Joy of the Snake World. A Buddhist Drama. 
Translated .from the Sanskrit ot Sri-Harsh a-Deva, with Notes. 
By P. Boyd. C?own Svo, 4s* 6(i. ^ 

P'EWMAN, Francis William . — A Handbook of Modern Arabic. 
* Post Svo, 6 a • • 

A Dictionary of Modern Arabic. Anglo- Arabic Dictionary 
and Arabo-English Dictionaiy. 2 vols. Crown Svo, £i is. . 

Oriental Text Society’s Publications. A list ma/ be had on 
application. % 

PALMER^ tlie late E. M.—A Concise Knglish-Persia» Dic- 
tionary. With a Simplified Grammar of the Persian Language. « 
^ Royal i 6 ino, loj*. 6d. ^ . 


A Concise Persian-Knglish Dictionary. Second Edition. 
' Royal i 6 mo, ioa 6d. 


FRA TT, George.— A Grammar and Dictionary of the Samoan 
Language. Second Edition. Crown Svo, iSa 

* m 

REDUOUSE^J. JF.— The Turkish Vade-Mecum of Ottoman 
Colloquial Language. English and TurlSsh, and Turjvhh 
and English. The whole in English Characters, the Pronunci^- 
tion»being fully indicgted. Third Edition. 32nio, 6a 
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R £3110 USE, jMl.~-C(f)Uhmcd. ^ ^ 

On the History, System, a."a^ Varieties of Turkish 
• "poetry, "tllustrated Jpy Selections in the Original arid in 
» inglish Para^^hrase.^ Svb, 2s. 6d . ; vjirapper, is. 6^/. 

A*'x'ent£:tiT:;e' Gnronological Synopsis of the History of 
Arabia and its Neighboif^s, fj^oin b.c. 500,000 (?) to 
A.D. 679. Demy"SY(^ is. ^ * 

Rig-Veda-Sanhita, A Collection of Ancient Hindu Hymns. Trans- 
lated fromcthe Sanskrit by^hg late PI. PI. Wilson, F.R.S. 
Edited Sy E.^‘. Cowell ajid^ F. Webster. In 6 vols. Svo, 
^ cloth. Vols. I., II., III. rcix. each. Vol. IV. ^14! Vols. V. and 
VI. 2is. each, ^ ^ ^ _ 

SACHAU, Edward. — Alberum’s India, An Account of the Re- 
ligion, Pfiilosophy, Literature, Geography, Chronology,««i As- 
tronomy, Customs, and Astrology of India, about A.D. 

1030. Edited in the Arabic Original by Dr. Edward Sach.{^U. 
4 to ,^;^3 3^- 

An Kilglifjh Rdition. With Notes and Indices. 2 vol§. Post 
Svo, 36X, 

SALiWJvA A.^An Arabic-English Dictionary, Com- 
prising about 120,000 Arabic Words, with an English Index of 
about 5 * 0,000 Words. 2 vols. Post Svo, 36^. ^ ^ 

SATOW, Ernest M^o7t.--^An Englisb-Japanese Dictionary of 
the Spoken Language, Second Edition. Imperial 32mo, 
12s. 6d, 

SPHLAGINTWEIT^ Emil . — Bnddhism fh Tibet. Illustrated by 
Literary Documents and Objects of Religious Worship. With a 
« Folio Atlas of 20 Plates, and 20 Tables of Native PrinWn the 
Text. Royal Svo, £2 2s. 

SCOTT^ James George. — Burma as it was, as it is, and as it will 
be^ Cheap Edition. Crown Svo, 2s. 6d. 

SHEERING, M. The Sacked City of the Hindus. An 
^Account of Benares in Ancient and Modern Tim§s. With Illus- 
trations. Svo, 21^". 

STEELE, 2^.— An Eastern Love-Story, Kusa Jatakaya. - Crown 
Svo, 6s. 

SUYEMATZ, JT.— Genji Monogatari. The Most Celebrated of the 
Classical Japanese Romances. Translated by IP. Suyematz. 
Crown Svo, Js. 6d. 

TARRXNH, C, J.—A Practical Elementary Turkish Grammar. 
Crown Svo, 6.r. 

VELzir of Lankuran, A Persian Play. A Text-Book of Modern 
<->Collo<5jiial Persian. Edited by W, H. Haggai^D and G. le 
STRANGEi Crown Svo, lOJ. 6^^" 

m 



Kcgan Paul, Trench, Tnihicr & Cots Puhlimtions, 6f 

1 ^ # ♦ 

WATSON, John Torhes. — to the and Sci^tific 

, 'Karnes of Indian and other Eastern Economic 
^ *Plant^ and Products. "^ipe^alSvJJ £i iis. 

WJ^EZEf^,J, Taldoys.-^Tlae History#! Im^afroxn thg Earliest 
*'Ages? Demy Svo. Vol. I, Contamifi|l tHe Vedic? Period 
and the^ Mali^ Bhai^ta. With Mapi Volf II. The flam ay ana, 
and the* Brahmanic Period. With 2 Maps. 2Ij*. VoL III. 
Hindu, Buddhist, Brahmanical Pevivai. With 2 Maps.^ Svo, 

I Si-. This volume ^ had as a conml^te^vork with the fol- 
lowing title, “ Histo^>iCf India : Hincni, Buddhistf and Brah- 
manix:al.” Vol. IV. Part"it*Mussulman Pule, Vo^ IV. 

Part II," Compipting the History of India down to the time of the 
Moghul Empire. I2^.^ ^ 

Early Records of British India. A Pllsioiy of the English 
Settlements in India, as told^in^the Governmenf Records, alfd 
other Contemporaiy Documents, from the earliest period down 
the rise of British Power in India. Royal Svo, 15.?. 

WIU'INEY, W, Z>.— A Sanskrit Gramm^Lr, ^icliWing both the 
Classical Language and the older Dialects of Veda and Brahmana. 
Secoiid Edition. Svo, I2«f. % 

WHITWORTH, George An Anglo-Indian Dictionary : 

a Glossaiy of Indian Terms used in English, a^d of such English 
TP other Non-Indian Terms as have obtained special meaning%in 
India. Demy Svo, cloth, 12s, • • 

WILLIAMS, S. Wells. — A Syllabic ^Dictionary of the Chihese 
Eangua^e ; arranged according to the Wu-Fang Yuen Yin, 
with the Pronunciation of Ihe Characters as heard in Pe]|in, 
Cant«n, Amoy, and Shanghai. 4to, 5 -^' 

U'lfsoN . — Works of the late Horace Aayman Wils 5 n. 

Vols. I. and II, Essays and Lectures chiefly on the Religion of the 
Hindus. Collected and Edited by Dr. Reiisihold Rost. 2 vols. 
Demy Svo, 21s. * 

Vols. IIL, IV., and V. Essay-t Analytical, Critical, and Philological, 
on Subjects connected with Sanskrit Literature. Colkcted and 
Edited by Dr. Reinholo Rost. 3 vols. Demy Svo, 36^. * 

Vols. VL, VII., VIIL, IX,, and X. (2 parts). Vi 3 hnu Parana, • a 
System of Hindu Mythology and Tradition- P'rom the original 
Sanskrit. Illustrated by Notes derived chiefly from other Puranas, 
Edited by FitzEdward PIall, D.C.L* Vols. I. to V. (2 parts). 
Demy Svo, 4s. 6d. 

Vols. XI. and XII. Select Specimens of the Theatre ofthe Hindus. 
From the original Sanskrit. Third Edition^ 2 vols. Demy 
Svo, 2IS. 1 

WRIGHT, Book of Kalilah and Dimna^. Trans* 
lated from Arabic in^<% Syriac. Demy Svo, 21 j-. 



A Lis^ of 


TRUBNER’S ORIENTaI- SERIES. . 

Essays^^ the Sa\fed -Ean^age, .Writings, and ReKgion 
*of the Pars<;S, Martin HAt/S, Ph.D. Tllird EdSion, 

' Mited ant^Xiilarged by E. W. West. i6a 

Texts from the BudShi^t Canon, commonly known as Dham- 
^ mapada. Translated from fne Chinese by S. Beal. ys. 6d. 

The Hi^ory pf ^Xpidian Liter^.^re, By Albrecht Weber. 
.. Translated from the Germa^J><J. Mann and Dr. T. Zachariae. 
^ecGnd Edition, ioj*. , * 

Sketch Qf the Modern Xangi*ages of the East Indies.. 
With" 2 Da^uage Maps. By Robert Cust. ys. 6d. 

The Birth Gof the War-C'od. A Poem. By Kalidasa. Trans- 
lated from the Sanskrit" by Ralph T. H. Griffiths. Second 
Edition. 5^-. * 

A Classical^ DHtioiiiary of Hindu Mythology and History, 
Geography and literature. By John Dows on, 16s. 

Metrical Translations from Sanskrit Writers.* By J. Muir. 

14 ^. 

Modern IndiS and the Indians. Being a Series ^f l^ipres* 
sions, Notes, '-'.nd Essays. By Sir Monier Monier-williams. 

, Fourth Edition, 14^. • 

The Life or Legend of Gaudama, the ^Buddha of the Burmese. 
By the Right Rev. P. BigaNDET. Third Edition. 2 vols. 2IJ. 

Miscellaneous Essays, relating to Indian Subject?. By H. 
^Hodgson. 2 vois. 28^. 

Selections from the Koran. By Edward William Lane* 
A jNew Edition. With an Introduction by Stanley Lane 
Poole. 9^. 

Chines^ Buddhism. A Volume of Sketches, Historical and Critical. 
By J. Edkins, D.D. i8j. 

The Gulistan ; or, Rose Garden of Shekh Mushfliu-’d- 
Din Sadi of Shiraz. Translated from the Atish Kadah, by 
E. B- Eastwick, F.R.S, Second Edition. loj. 6d, 

A Talmudic Miscellany ; or, ?One Thousand and One Extracts 
from the Talmud, the Midrashim, and the Kabbalah. Compiled 
ard Translated by P. J. Hershon. 14s . 

Th$ History of Esarhaddon {Son 'of Sennacherib), King of 
Assyria, B.c. 681-668. Translated from the Cuneiform Inscrip- 
tions the British Museum. Together With Or;[ginal Texts. 
By E. A. Budge, ioj. 6d. 



Kegdn Pmil^ 1^/ench, Trubmr & CoSs Pudlicftions. 6% 

: » * y- - - J -T^ ^ 

Buddhist Birth-Stories ; or, Tataka- Taffs. he Oldest <*oUec- 
4ion of Folk-Lore extfnt : Deing the jStak^thavannana. Edited 
* in tlie original Pali* by V. EiA^usBOLL, aM translated by T; W. 

^ ^IhysBavids. J'ranslation. ^Vo1.*L A. . . 

Th^ Giassictl Poetry of 'the Jajjane^e# .Cham- 
berlain. ^ • 

Linguistic anti Oriental Es^ys, »By R. Cost, LL.D. First 
Series, ioj. 6d. ; Second Series, with 6 Maps, 21s, ^ 

Indian Poetry. Containir^^ The Indian Sojigs,” from 

the S^mskrit of the Gita^wnda of Jayad^va ; Two Books/rom 
“ The Iliad of India ” (MahaWiarata) ; and other OrTei^al Poems. 

. By Sir Edwin “f^-RNOL]^ K.C.I.E. Third Edition. *js. 6d, 

The- Heligions of India. By A. Barth, 'franslflted by Rev.'^ 
' J. Wood. Second Edition. i6s^ ^ 0 

Hindu Philosophy. The Sankh^a Ivarika of Iswara Krishn^ 
^ An Exposition of the System of Kapila. By John Davies. 6s, 

A Manual of Hindu Pantheism. The# Vei^ntaeara. Trans- 
• lated by Major G. A. Jacob. Second Edition; 6s. 

The Mesne«ri (usually iknown as the Mes»eviyi Sherif, or Holy 
Mesnevi) of Mevlana (Our Lord) Jelalu-’d-Din Muhamm*ed, Er- 
Rumi. Book the First. Illustrated by a Selection of Charac- 
teristic Anecdotes as coll^fcted by their Iftstorian Mevlana 
^emsu-’d-Dln Ahmed, El Eflakl Ei Ari% Translated by J. W, 
Redhouse. £i is. 

Eastern Prove^jbs and Emhleirfe ^illustrating Old Truths. 
By the Rev. J. Dong. 6s. ■* 

The Quatrains of Omar Khayyam. A New Translation. By 
^ E. H. Whinfield. 5j*. • * 

The Quatrains of Omar Khayy5.m. The Persian Text, with 
an English Verse Translation. By E. H. Whinfield. ioa 6d. 

The Mind of Mencius ; or, Political Economy founded upon Moral 
Philosophy. A Systematic Digest of the Doctrines of the 
Chinese Philosopher Mencius. The Original Text Clarified and 
Translated by the Rev. E. Faber. Translated from the German.^ 
with Additional Notes, by the Rev. A. B. Hutchinson. lOj*. 6d. 

Yusuf and Zulaika. A Poem by Jami. Translated from the 
Persian into English Verse by R. T. H. Griffith. Ss. 6d. 

Tsuni- 11 Goam, the! Supreme Being of the Khoi-Khoi. By Theo- 
PHiLUS Hahn. js. 6d. 

A Comprehensive Commentary to the Quran. With Sale’s 
Preliminary Discourse, and Additional Notes.** By Rev. E- M. 
Wherry, Y.oJs, I., IL, and HI. i2a 6d. each. Vol. IV, 
10^ 6 //, 
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Hindja ]Philoso7>^\y r^-Thl Bhagavad 5 or, The Sacred 
Lay.. A o:?nskrit Philosophical ''.Lay. Translated by John 
' . Davies. % 5 .^d. 

TliO S^i>?a-Darsa3t'?a-Satogi:^ha ; or, Review df the ^Different 
System^ of Hinct^ Ph&sophy.^ By Madhava Ac^aHyAj^ Tiwans- 
’Tf^ed b/'E.""B.‘ Cowell and A. E. pouGH. lo.?. 6^. 

Tibetan Tales, Derived ^om Indian Sources. ^Translated from 
tlie Tibetan of the Kay-Gyfir by P. Anton von Schiefner. 
r Done into English from the German''by W. R. S. Ralston. 14^'. 

Linguistic Essays, ^ By Carl AbeJ^ 9^. 

The Indian Empire: Its History, People, and Products. By Sir 
William Wilson Hunter, IC.g.S.I. ^is. 

rlistory of the Egyptian Religion. By Dr. C. P. Tiele, Leiden. 

*r Translated by J. Balt^ngal. 7^. ^ 

The Philosophy of the Upahishads, By A. E. Gough. 9^. ^ 

Udanawarga, A Collection of Verses frofii the Buddhist Canon. 
Compeled^by DharmatrAta, Translated froir. the Tibetan by 
W. WooDviLLE Rockhill. gs. 

A Hisjtory of Burma, including Burma Proper, Begu, Taungu, 
^Tenasserim, and Arakan. From the Earliest Time to the End 
of the First War with British India. By Lieut. -General Sir 
^ Arthur'^'P. Phayre, C.B.*' i4f. ^ ^ 

A Sketch of the 'IVCocfern Languages of Africa. Accom- 
, . panied by a Language Map. By R. N. CUST. 2 vols. With 

31 Autotype Portraits. 18 a * 

Religion in China. Containiifg a Brief ilccount of the Three 
Religions of the Chinese. By Joseph Edkins, ^.D. Third* 
Edition, '7 a 6 d.t>^ % 

Outlines of the History of Religion to the Spread of the 
Universal Religions. By Prof. C. P. Tiele. Translated 
from«^he Dutch by J. Estlin Carpenter. Fourth Edition. 7 a 6 d» 

Si-Tu-Ki. Buddhist Recorcjjs of the Western World. 
Translated from the Chinese of Hiuen Tsaing (a:D. 629). By 

, .Samuel Beal. 2 vols. With Map. 24X. 

The Life of^ the Buddha, and the Early History of his 
Order- Derived from Tibetan Works in the Bkah-Hgyur and 
the Bstan-Hgyur. By W. W. Rockhill. ioa 6d. 

The Sankhya Aphorisms of Kapila, With Illustrative Extracts 
from the Commentaries. Translated by J. R. BallaNTYNE, 
LL^D. Third Edition. f6A 

The ^Ordinanc€3 of Manu. Translated from the Sanskrit. With 
an Introduction by the late A. C. Burnell, C.I.E. Edited by 
E3 Wari?\W. Hopkins. I2a 
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The 31 ife and wJrks of Alexandapp CsQma /l>e*Kdi?ds bet^jeen 
1819 and <*1:842, With a Short. I 5 v< 3 tice o| all his? Woiics and 
• Essays, from Originfl Documents. By T^Duka, M.D. 9^. 

Anoient Prcwverhs and , Maxf^s f^om jfeurmes^^burces ; 

^ or;iThe Niti Littratnre of Burma^ By^^MES Gray.^ 16.?- ‘ 

Manava-Dlfarma-Cast^ip.. The Code of Manf. *Ongiiiar Sanskrit 
Text, \A5ith Critical Notes. By Pro£*J. Jo^ly, Ph.D, lo^s*. 6 d. 

• • 

Masnavi I Ma’navi. #The Spiritual Couplets of Maulana-^alalu- 
’d-Din Muhammad I %Ami. Translate^ and Abridged. By * 
E. PI. WhINFIELD. ^ ^ M 

Eeaves from' my Chinese Sci^p-Book. By F. Balfour. 

- 7j. &d. ' ' t ^ 

Miscellaneous Papers relating to Indo-iChina. Reprinted 
from “Dalrymple’s Oriental Repertory,” “Asiatidk Researchet,” 

^ and the Journal of the Asiatib Society of Bengal.” 2 vols. 21#. 

Miscellaneous Essays on Subjects connected with the 
, Malay Peninsula and the IndiaiJ Archipelago. From 
the “Journals” of the Royal Asiatic, Bengal Asiatic, and Royal 
Geographical Societies ; the “ Transacflloiis ” and “Journal ” of 
the Asiatic Society of Batavia, and the “ Malayan Miscellanies.” 
Edited by R. Rost. Second Series. 2 vols. With 5 Plates 
|ndaMap. 5^-. * • ^ 

The Satakas of Bhartrihari, Translated^rom the Sanskrit by the 
Rev. B. Hale Wortham. 

Alberuni’s India. * An Account of the Religion of India : its 

• Philosophy, Literature, Geography, Chronology, Astronomy, 

^ Customs, Law, and Astrology, abogt a.d. 1030. By^ Edward 
Sachaxt. 2 vols. 36r. 

The Folk-Tales of Kashmir, By the Rev. J. Hinton Knowles. 
i 6 s* * 

Mediasval Researches from pastern Asiatic Sources. Frag- 
ments towards the Knowledge of the Geography and^History of 
Central and Western Asia from the Thirteenth to ttjp Seven- 
r, teenth Century. By E. Bretschneider, M.D. 2 vols. Witfi 
2 Maps. 21S, ^ 

The Life of Hiuen-Tsiang. By the Shamans Hwui Li and 
Yen-Tsung. With an Account of the Works of I-Tsing. By 
Prof. Samuel Beal. lor. 

English Intercourse with Sianfin the Seventeenth Century. 
By J. Anderson, M.D., LL.D., F.R.S. 15^ 

1 

Bihar Proverbs. By John Christian. [Ih fre^araiioiu 
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Original Sanskri^^.Tel^s 6a the Origin and History of the 
People of ^igdia : Their Rdigioif. and Instfcutions. Collected, 
Translated, a^d Illustrated. By J; Muir, LL.D. VoL. I. 

and ‘J^egen^ary 4^ccounts^of the Origiivof Cas4e,-«A^ith 
an 'inquiry into ^sts exif^.ence in the* Ve^Ic Age, Third Editbn, 


MILITARY "'WORKS. 

FtKACICENBURYi CoL C. B., —^Military Handbooks for 
Regimental Officers. ^ 

I. Mkitary Sketchifig^ and Reconnaissance. By Col. 

F. J. Hutchison and Major H. G. MacGregor. Fifth 
Edition. With i6 Plates. Small crGwn Svo, 4s, 

II. The ^ Ehsm^ts of Modern Tactics Practically 

applied to English Formations, By Lieut. -Col. 
WilHnson ^haw. Seventh Edition. AVith 2$ Plates and 
Maps. Small crown Svo, 9^. 

III. Field Artillery. Its Equipment, Organization and Tactics, 

By Lieut.-Col. Sisson C. Pratt, R.A. Fourth rEdffion, 
Small cro’v^i SyOj 6s, 

IV. The Elements of 5 >d!ilitary Administration. First 

Part ; Permanent System of Administration. By Major 
J, W. Buxton. Small crown Svo, ys. 6d, 

V. Military Eaw: Its Procedure and Practice. ^By 

Lieut.-Col. Sisson C. Pratt, R.A. Fifth Edition. Revised, 
Small crown Svo, 4s, 6d, 

-VI. Cavalry in Modern War. By Major-General F. Chenevk 
Trench, C.M.G. Small crown Svo, 6s. 

VII. Field Works. Their Technical Construction and Tactical 
Application. By the Editor, Col. C. B. Brack enbury, R.A. 
.. ^ Small crown Svo, in 2 parts, I2j, ^ 

BROOKE^ MaJoFy C. El— A System of Field Training. Small 
crown Svo, cloth limp, 2#. 

Campaign of Fredericksburg, Kovember— December, 1862 . 
A Study for Officers of Volunteers. By a Line Officer. With 
5 Maps and Plans. Second Edition. Crown Svo, 5^', 

fiLERYy C. Francu, Col, — Minor Tactics. With 26 Maps and Plans, 
r Eighth Emtion, Revised. Crown Svo, gs, 

e f^iRVIZEfLmBf^Col, C, F. — MBitary T^ibnnals, Se\^cl, 2 s, 6(1, 
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7 , 3 , 


^RAUFURD, 

, ing of 


• # f * • 

Caj^. H. y. — Suggestiojas ^or tfiji Military Train- 
' a Company of Inf an try . #rown Svo, & 


HAMIl^TON^Capt Ian, A.p,C. — T^e F^titi)fg of the^g?tture. is. 

Col. A— The afncer>d»Me»i^ran(jum«Beok for 
Peace and Fourth Edition, vised .throughout. 


Oblong 32m<?, red basil, with pencif, 3^. 6f?. 


By a'^avali7 


Notes on Cavalry Tactics, Organisation, etc. 

Officer, With Diagran^. Demy Svo, _ 

PARR, Col, H, Hallam, CUf^G, — The D«*ess, IJorses,^ and 
Kquipment of InfantTy and Staff Officers. Crown 
• Sva, ^ ^ 

Further Training and Equipment «of l&ounted In- 
fantry. Crown Svo, is, ^ « # , 

PATERSON, Lmtt,-Colonel William. — Notes on Military Survey- 
ing and Redonnaissance. Sixth Edition. With 16 Plates. 
Demy Svo, *]s. 6 d. * # * 

SCHAW, Col The Defence and Attack of Positions and 
Localities. Fourth Edition. Crow# Svo, 33;. ^d, • • 


STONE, Capt. F, Gleadoive, R,A. — Tactical Studies from the 
Franco-German W ar ^f 187 0 - 71 . \'^ith 22 Lithogrjy;>hic 
"Sketches and Maps. Demy Svo, iOi*. 64 - 

WILR’IN'SON, N, Spenser, Capt, 20th Lancashire R, V, — Citizen* 
Soldiers. Essays towards ?lre Improvement of the Volunteer 
Force, Crowi? Svo, 2s. C>d 7 


EDUOATiONAL. 

ABEL, Carl, P/z.Z). —LinguistiS Essays. Post Svo, pj. ^ 

Slavic and Latin. Ilchester Lectures on Comparatke Lejji- 
cography. Post Svo, 55'. ^ 

ABRAHAMS, L, B.^A Manual of Scripture History for Use 
in Jewish Schools and Families. With Map and Ap- 
pendices. Crown Svo, is, 6 d. 

ANN, F, — A Concise Grammar of the Dutch Language, with 
Selections from the best Aifthors in Prose and PSetry. After 
Dr. F. Ahn’s Method. ■ i2mo, 3^. 6 d, ^ 

practical Grammar of the German Language, irown« 
sj. ^d,. ■ 
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■ ABHf, F,' — ’co7ttihz(e<s\^ 

N^w, Practi<lar'^, and'Kas-^ Method of X^earning the 

’ . , German jLa.xiguage, First and -Second Courses in'i v.ol. 

Ke^ 

Manifal of Gerrmair and Englisli ConversationSj or Yacle 
Mecum for English Trarellers^ I2m0j is. 6 d. 

NeviT, Practic^, and Easy Method of learning ‘the 
Errnch r^angtiage. First (foufseand Second Course. i2ino, 

^ each is, 6 ci. The Two Courscf^n r vol. I2m0j 3^-^ 

ISTew/ Practical, and Easy Method,, of Learning the 
Frenc^h Language. Third ^Course, containing a French ' 
Reader^ withr Notes and Vocabulary. i2mo, ix. 6 d. 

New, Practical, f and Easy Method of Learning the 
Italian Language. First and Second Courses. i2ino, 3^-. 6 df 

e 

Ahn’s Cqurse. J.atin Grammar for Beginners. By W. Ihne, 
Ph.D. i^Gno, 3^. ♦ 

BARAFfpWSKI^ J. y.-fiAnglo-Polish Lexicon. Fcap. 8vo, 12s, 

SlownikPolsko-Angielski. (Polish -English Lexicon.) Fcap. 

SVO, I 2 J*. c ^ 

^ BJFpLLOWS-i JoJm. — French and English Dictionary ^or the 
Pocket. Containing the French-English and English-French 
divisions on the same page; conjugating all the verbs; distin- 
guishing the genders by diff^ent types ; giving'numerous aids to 
pronunciation ; indicating the liaison or no 7 t-liaiso 7 t of terminal . 
consonants ; and translating units of weight, measu-fe, and value 
b5' a series of tabKis, Second Edition. 32mo, roan, loj. ^d , ; 
morocco tuck, 12s, 6 d, 

• Tous les Verbes. Conjugations of all the Verbs in the French 
and English Languages. 32mo, 6 d. 

BOyESBN, Maria. — A Guide to^the Danish Language. De 
signed for English Students. i2ino, 5^. 

BOLIA, C.~~T^e German Caligraphist. Copies for German Hand- 
writing. Oblong 4to, is, 

BOIFFJV, M. C,, M,A , — Studies in English. For the use of Modern 
Schools. Tenth Thousand. Small crown 8vo, i^. 6 d, 

English Grammar for Beginners. Fcap, Svo, is. 

Simple English Poems. English Literature for Junior Classes. 

- In four parts. Parts I., II., and III., 6 d. each. Part IV,, is. 
Complete, 3^. 
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^ ^ ^ ^ 

BRETTE, PM., and THOMAS, 7 ?'.— Ftencji Examination ^^apers , 
set at t 5 SLe Uni'^ersil^y' of Eonaon/ ^Arranged 2.n^ Edited 
, * hy ^ the Rev. P. Ja. Ernest Brette,%.D., and Ferdinand 

•>. * Thomas, B. A. Part I. Ma^culation, ^id the Genei|^ Jfearnina- 
^ tk)n for Womeii. Crown 3 a * 6d. 

^’rencA Examin^ion* Papem sef aife^pth* Urf^^rsity of 
London. -»Key to Part I. E<^ted the Rev. P. H. E. 
Bret'Ie and F. Thomas^ Cr^j^wn Svo, 5^-. 

French Examin'S.tion Papers set at the XJnivewbity of 
London. Edite(i the Rev. P. IL &nest Brette and 
Ferdinand TnoMAS.-'i^gart II. Crown 8\*, 7^. * ^ 

BUTLER, F. — The^ Danish Teacher and Colloqtyial Phrase^ 
BCok, iSnio, hali^roan, 2s. 6d. 

J^YRJSfE, General Principles of the^Strrfcture of L^« 

gnage. 2 vols. Demy 8vo, ^s, r» ^ 

The Origin of Greek, Lalin, and Gothic Roots. D^y 
8vo, iSs. * 

CAMERINI, E> — L’Eco Italiano, A I^acti^l Guide to Italian 
Conversation. With a Vocabulary. i2mo, 4s. 6d. 

CONTOPdULOS, W.— A Lexicon of 3 Vft)dern . Greek^English 
and English-Modern Greek. 2 vols. 8vo, 27A 

F, R, Seymour .— Law in ItsSly. An Essay in the 
History of the Indo-European Sibilant^. Demy 8vo, 5^. • < 

The Italic Dialects. I. The Text of the Inscriptions. JI. An 
Italic Lexicon. Edited and^rranged by R. Seymour Conwa^\ 
8vo. ^ \In preparatmi. 

• 

LkELBRiTcH, .^.—Introduction to the Study of Language. 

- The History and Methods of Comfai-ative Philology*of the Indo- 
European Languages. 8vo, 5^. 

D^ORSEY, A, y. D . — A Practical Grammar of Portuguese 
and English. Adapted to Ollendorffs System. Fourth 
Edition. i2mo, 7^. % 

Colloquial Portuguese ; or, The Words and Phraees of Every- 
^ day Life. Fourth Edition. Crown 8vo, 3A 6d. ^ . 

DUSAR, P. Friedrich .— Grammar of the German Language. 
With Exercises. Second Edition. Crown 8vo, 4?. 6^f. 

A Grammatical Course of the German Language, Third 
Edition. Crown 8vo, 3^. 6ff. 

Education Library. Edited by Sir Philip Magnus#— 

An Introduction to the History ;-^of Educational 
Theories, . By Oscar Browning, M.A. Second 'Edition. 

^35*. 
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Ed'ctcation Libra^.'f’'— 

Industrial EJiccation. By Sir Pe'Ilip Magnus, fis. ^ 

■ OM^Greek Education* By the Rev. Prof. Mahaffy^t W,A. 

Se^.d EditionX^ 3^. ^ r 

Sclrop^. M^^ifanLent^ Including a general vievT of th^work 
of Education, Organisation, and_Disc 5 >line. r By Joseph Landon. 
Seventh Edition. 6s, ^ ^ 

EG£Jd^-^4s/av,’--Teoh.nological Dictionary in the English and 

' German La^nguages, Edited Gustav Eger. 2 vols. 

^ RoyCl Svo/^^iOl ^ 

ELLISy Sources of the'^Etruscai^ and Basque Lan- 
guages. Demy 8vo, *]s. 6d, ^ ' ' 

FiAIEDRICH, A — Regressive German Reader. With Copious 
^ Notes tp the First Part. ^ Crown 8vo, 4s, 6d, 

F^CRMBLING, Friedrich Otto, — Graduated German Reader. A ^ 
Selection from the most Popular Writers ;<'with a Vocabulary for 
the First Part. 'J^entli Edition. i2mo, 3^. 6d, 

Graduated Exercises for Translation into German. 

Consisting of E^dracts from the best English Authors; with 
r Idiomatic Notes. 'Crown 8vo, 4^. 6d* Without Notes, 4s, 

GARLANDAy Federico , — The Fortunes of Words. Letters to a 
Lady. Cro^m 8vo, ^s, * 

The Philosophy«X)f Words. A Popular Introduction to the 
, Science of Language. Crown Svo, 5^, 

GELDART, E, IL—K Guide to Modern Gre«k. f^ost Svo, yj. 6d, 

^ Key, 2s, 6d, 

COWAN, Major Walter E, — ^A. Ivanoff^s Russian GrammaF. 
{l6Ph Edition.) Tr^slated, enlarged, and arranged for use of 
Students of the Russian Language. Demy Svo, 6s, 

HjUDGSON, W, B , — ^The Education of Girls; and the Em- 
ployment of Women of the Upper Classes Edu- 
cationally considered. Se^pnd Edition. Crown Svo, 3^. 6d, 

KARCHER^. Theodore , — Questionnaire Francais. Questions on 
Fr.ench Grammar, Idiomatic Difficulties^ and Military Expres- 
sions. Fourth E^tion, Grown Svo, 4^. 6d, ; interleaved with 
writing-paper, 5^. 6d, 

LANDON, Joseph, — ^School Management ; Including a General View 
of the Work of Education, Organization, and Discipline. Seventh 
Edition. Crown Svo, 6s, 

fdMNGE, F, AJ Germania. A German Reading-Book Arranged 
Progressively. Part I. Anthology of German Prose and Poetry, 
with Vocabifeaiy and Biographical Notes. Svo, 3s. 6d, Part 11 . 
Essays on German History and Institutions, with Not^J. Svo, 
3s, 6f, Pa#;’«>L ^dll. together, Ss,6d, 
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; 1 ; • ^ ^ 

LANGE, F, K. W^— continued, * ‘ 

German Grammar»Praatice. * Crown is. 6d. 

’^Cplloguial German Grammar. Crown Svo, 4^. 

lE^FC/M, Z.— Mate^als for Transfatin% from :KS^iish*into 
French. Seventh Edition. Post 8^, ^^6^ 

Eittle French RSade? (The). Extracted •from ^'Tlie Modern 
French Reader.’’ Third fidition. Crown Svo, 2^. 

MAGNUS, Sir Philip. — Industrial Education. Crown 8^, 6^, . 

MASON, Charlotte M. — Hom4V,Educationt a CSurse df Lectures to 
Ladies. Crown Svo, ^ ^ • 

MILLHOUSE, 5i7/z?2.'L^ro^ouncing and Explanatory English 
and Italian Dictionary. 2 vols. Svo, 124 m 

^ Manual of Italian Conversation. iSmo, 2r^ ^ 

^Modern French Reader (The).* A Glossary of Idioms, Gallicisi^, 
and other Difiiculties contained in the Senior Course of the 
Modern French Reader. By Charles Qvssal. Qrown Svo, 2s. 6^. 

Modern French Reader (The). Prose. Jumor Course. Tenth 
Edition. Edited by Ch, Cassal a^. Theodore Karcher. 
Crown Svo, 2s. 6d. • « • 

Senior Course. Third Edition. Crown. Svo, 4^ 

McfdeiSa French Reader. Senior Course and Glossary combined* 6j. 

iVC/GZiVr.— Improved French and EngTish and English and 
French Pocket Dictioi^ry, 24mo, sj*. ' ♦ 

OLLENDORFF. — Metodo par^ aprender a Leer, escribxr j'hablar 
el Ingles segun el sistema de Ollendorff. Por Ramon Pft.LEN- 
ZUELA yJUAN dE LA Carre]no. Svo, 4s. 6d. Key to ditto. 
Crown Svo, 3J. * • 

Metodo para aprender a Deer, escribir y hablar el Frances, 
segun el verdadero sistema de Ollendorff. Por Teodcw 
SimonnE. Crown Svo, 6s. Key to ditto. CroTra Svo, 3^. 6d. 

OTTE, Z. C. — Dano-RorxA%gian Grammar, A Manual for 
Students of Danish based on the OUendorfEan System, Third 

^ Edition. Crown Svo, "js. 6d. Key to above. Crown-Svo, 34. 

FONSARD, Z.— Charlotte Corday. A Tragedy. Edited, -with 
English Notes and Notice on Ponsard, by Professor C. Cassal, 
LL.D. Third Edition. i2mo, 2s. 6d. 

E’Honneur et I’Argent. A Comedy. Edited, with English 
Notes and Memoir of Ponsard, by Professor C, Cassal, LL.D. 
Second Edition. i2mo, 3-*. 6d. n 

RASK, ■ Grammar of the Anglo-Saxon Tongueh^ 

from the Danish of Erasmus Rask. By Benjamin THORPjf. 
•Third Edition. Post Svo, 5^. 6d. 
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RIOZf ifc»2 Learn Russian. A for wStudent.s, 

based upon liter Oilendorfiian SystcL. With Preface bv AV. R. 
Ralston. Fourth Edition. Crown Svo, 12^. 
to the above. ^Cro’^^h Svo, 53*. ^ 

A G-r^duail^cy^.uSsian Reader. With a Vocabulary, ^ro wn 
Sv©!, los, 6d. ^ c 

ROCHE, A . — French Graramar. Adopted for the Public Schools 
tWoy the Imperial Council of Public Instruction. Crown Svo, 3A 

Prose and poet5|-y. Select Piecfe fir^m the best English Authors, 
r for Reading, Composition, as^ Translation. Second Edition. 
Fcap.'Svo, 2s, 6d. -r ^ ^ 

ROSING, S. — English-Danish Dictirnary.^ Crown Svo, Sa ' 6c/, 

SJ YCE, A. A^.~Anr Assyrian Grammar for Comparative Purpose^. 
CrownfSvo, yj*. bd ^ 

The Principles of Comparative Philology, Third Edition.^ 
Crown Svo, lOi*. 6d ^ 

SINCLAIR, A. —A'. German Vocabulary. Crown Svo, 2s, 

SMITH, M., and HO^NEMAN, H . — Norwegian Grammar. 

‘ With a Glossary for Tourists, Post Svo, 2s. 

THOMPSON, A, .^.—Dialogues, JRussian and English. Crown 
^ Svo, 5 j. 

TOSCANI, Gi(roannu-^XzSX2L'ix Conversational Course. Fourth 
r ' Edition. i2mo, 5^*, ^ ^ 

Italian Reading Course. Fcap, Svo, 6d. 

TrulSaer’s Catalogue of Dictionaries and Grammars of the 
Principal Langjaages and Dialects of the WorlH, 
Second Edition. Svo, 5^. 

Tgubner’s Collection of Simplified Grammars of the Prin- 
^ ' cipalc Asiatic and European Languages. Edited by 

Reinhold Rost, LL.D. Crown Svo. 

o 

I. Hindustani, Persian, and Arabic. By E. K. Palmer. 

^ Second Edition. 5^’. 

II, Hungarian. By I. Singer. 4^. 6d. 

III. Basque. By "W. Van Eys, 3a 6d. 

IV. Malagasy. By G. W. Parker, sx. 

y. Modern Greek. By E. M. Geldart. 2x. 6d 
VI. I^oumanian. By R. ^orceanu. 5x. 

■yil. Tibet ^ Grammar. By H. A. Jaschke. 5x* 

Vni. Danish. By E. C. Ott6, 2x. 6d. 

IX. ^TurkfSh. By J. W. Redhouset iox. 6d. 
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Trubner’s Collation of SimpliJQLed (i^aniiAars of .the Pria- ’ 
cipal Asiatic amd JEJaropean 
X. Swedish] By E. C, Otti-;. 2s. 6 d, 

XI. ' Polish^ By W. R. %ORihLL. / 33*. 6 d. 

XII.'*’* Pali. By E. MBlleii. yj. » 0 ♦ 

Xni. ^Sanskrit. By H. Edgre:^. 10:^. 6 cl 
XIV. G.ramma 4 re Al!banafse. Par P. W. yj. 

XV. Japanese. ^ B| B. H. CHAMB|:iy:AiN. 5^. 

XVI. Serbian. By R. Morfill. , 4^? 6^/. •* , 

XVII. Cuneiifiirm InscripTions, By George Bertin, 5^'. 

XVIII. Panjabi E%.nguage, By the Revr W. St. Cl^r ' 
Tisdall. yj*. 6 d. » * 

XIX. Spanish. By W. Ixarvey. 3^. 6 d? ♦ 

VAN LAUN . — Grammar of the French Language. Crown *J^o. 
Parts I. and II. Accidence and Syn^x. 45-. Part III. Exer- 
cises. 3^. ^d. ^ • 

VELASQUEZ, M., de la Cadena . — A Dictionary of the Spanish 
and English Languages. For the Use'of Young Lharners 
and Travellers. In 2 parts. I. Spanish-English. II. English - 
_ Spanish. Crown Svo> 6 s.* 

* # 

A Pronouncing Dictionary o? theJ^panish and English* 
Languages, 2 parts in one volume. Royal Svo, ;£'i 4?. ^ 

New Spanish Reader^ Passages from the most approved 
Authors, in Prose and Verse. With Vocabulary. Post Sio, 6 s. 

An Easy Introduction to Spanish Conversatipn. icmo, 
2^. 6 d. 

VELASQUEZ and SIMONNE.^-'Nevjr Method to Read, Write, 
and Speak the Spanish Language, i^apted to'Olle?t- 
dorff’s System. Post Svo, 6 s. Key. Post Svo, 4^. 

VIE YE A':-— A Hew Pocket Dictionary of the Porty.guese and 
English Languages. In 2 parts. Portuguese-English and 
English*Portuguese. 2 vols. Post Svo, loj*. ^ 

WELLER, ^.-^An Improved Dictionary. English and French, 
and French and English. Royal Svo, *]s. 6 d. 

Whitney, W* i>.—Language and the Study of Language* 
Twelve Lectures on the Principles of Linguistic Science. Fourtii^ 
Edition. Crown Svo, I0i‘.*6^f. ** 

Language and its Study, with especial deference to the Ind^- 
European Family of Languages. Lectures. Edited by ?he R<^. 

Morris, LLJD. Second Edition. Ct>»^n Svo'^Ss. 
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WHl^'NEY, of Knglish 

rGrammar,|fqr the Use of Si^oolS;. Secon<a Edition. Crown 
Svo, 3x. 6^. ^ . 

YOUMA^^^Elma ASr-Yireit JKbok of ^otany, '' D^ignecT" to 
cultivate the Oo|ervin^ Powers of Children. ^ WitJj.-. 
Engraving. <^ew and Cheaper Edition. Crown 8vOj 2s, 6d. 

r 


POETR^ 

AFAJl/S, Ei>k/?e SedTSong and Rhyme, fmm 

Chaucer to Tennyson, Witlf^ 12 Etchings. Large crown 
^ Svo, iosr 6d. ^ 

ALEXANDEFt William, D.EE, ^.isliop of Derjy. — ‘St. Augustine’s 
«». ^ Holiday, and other Poems. Crovn Svo, 6^*. . ‘ 

ARNOLD, Sir Edtvm, C.S./.—ln my Lady’s Praise. Being 
Poems ©Id |<ind *New, written to the Honour of Fanny, Lady 
Arnold. Imperial i6mo, parchment, 3J. 6d. 

'Poergs: National and Non-Oriental. With "^some New 
Pieces. Selected from the Works of Sir Edwin Arnold, C.S.I. 
Crown Svo,,^^. 6cl, ^ 

§.ee also under Oriental. 

BADDELEY, SL Clair , — Lotus Leaves, Fcap. folio, boards, Bs. 6d. 

BARNES, William . — Poems of l^ural Life, in the Dorset 
Dialect. New Edition, complete in one vol. Crown Svo, 

■ 6.. • " c 

BLUNT, T^ilfrid Scawen. — ria.& Wind and the Whirlwind, 

Demy Svo, is. 6d. 

The Lov^ Sonnets of Proteus. Fifth Edition. Elzevir Svo, 

5 ^* 

IT 

In Yipculis. With Portrait Elzevir Svo, 5^. 

^ A New Pilgrimage, and other Poems. Elzevir Svo, 5^. ' 

BRYANT, W. C^Poems. Cheap Edition, with Frontispiece. Small 
crown Svo, 3^. 6d. 

CODE, John . — A Legend of the Middle Ages, and other Songs of 
the Past and Present. Crown Svo, 4?. 

DASH, Bla7tc(f :\ — Tales of a Tennis Party* Small crown Svo, 5^', 

ITA WE,^ William . in Verse. Small crown Svo, gj. ^d. 

DS. its on, Q a. — J^ppho. Small Crown Svp, 5^. 
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DE -VERE, Atihr ^, — Poeticalt Woi*?jf:s. ^ ^ ? # 

I. The Se^ch after Proserpine, *^ tc. 6^/. 

>1. Tj^E Legends q# St. Patrick, etc. ‘•3Z 6^4 

’in. Alexander the Great, etc. 3A 6^. 

The"» Foray of <^ueen Meave,^and o^ier Legenos of .IrelancPs 
^ Hero^ Age. Small crotvm Svo, 3A ^ . 

Legends of tbe Sa^on Saints. Small ctown Svo, V- 

Legends and Records df thd Church and the Empire. 
Small crown Svo, ^s. 6d. 

DOBSONy Ausim . — Old ‘^oriid Idylls, and^otl?er Ve?ses. J£hevir 
Svo, gilt top, 6a ^ ^ 

At the Sign dlTiie ,<JLyre. Elzevir Svo, gilt tQp, 6x, 

E^pyZE, j, — Cause. Small crown Svo, 6a ♦ * 

DURANT, HRdise. — Dante. A DrssnaTic Poem. Small crown Svo, ^5^ 

\'>UTT, Torti,’—K Sheaf Gleaned in French Fields. Demy Svoj, 

lOA 6^, ^ ^ 

^Ancient Ballads and Legends of Hindustan. Witli an 
Intojductory Memoir by Edmund Go?^e. iSmo. Cloth extra, 
gilt -top, 5 a • • » 

Elegies and Memorials. By A- and L. Fcap. %o, 2s. 6d. 

ELLIOJ'T, Ehenczer, The Com Law Rhymer^-^o^vsiSn Edited by his 
son, the Rev. Edwin Elliott, of St. John’s, Antigua. 2^vols. 
Crown Svo, iSa -» ' • 

English- Verse. E^ted by W.’J. Linton and R, H. Stoddard. 
5 vqls. Crown Svo, cloth, 5A each. 

I. Chaucer to Burns. 

II. Translations. 

III. Lyrics of the Nineteenth Centurv, 

IV. Dramatic Scenes and Characters. 

V. Ballads and Romances. 

E/EE-COOE'SON, Lmit^-CoL — xBie Empire of Man. ^lall crown 
Svo, 2s. 6d. ^ - 

^ • 
GARRICK, AT. B, W, — India, A Descriptive Poeim Crown Si'o, 
7a 61 

COSSE, Edmzmd , — New Poems. Crown Svo, p. 6d, 

Firdausi in Exile, and other Poems. Second Edition. Elzevir 
Svo, gilt top, 6j. 

On Viol and Flute ; Lyrical Poems. With Frontispiece by L, , 
Alma Tadema, R.A., and Tailpiece by THORNYCj^OFT, 

Ji.A. Elzeyir Svo, 6a 



82 


A List of 


r •- f 

GRA y, Chimes, and other Poems. Small 

^ crown 8vo, ^ 

GGR!^.y^ Rev. Alfred.-— Itlie Vision of the Euchariot, and other 
Crown 8 vo,^5j. , *■ 

AXi^'rist^as FaggoP. Smajl crown Svo, 5^. ^ 

Voices from ^he J^oly Sepulchre. (Jrown Svo, 5^. 

JRARR/SOJ^, Clifford. — In Hours^ of Leisure. Second Edition. 
Crown Svo, 5^, « 

HEINE, Hemrid Love*-So£gs^ of. Englished by H. B. 

^ Bs.iGps. Pos?t Svo, parchmenf^ 3^. (>d. 

HUES, IvSji . — Heart to Heart. Small csii*=^^ Svo, 5^. 

HHLEBY, Hqtco7nhe. — Echoes from l&aples, and Other Poems. 
With Illustrations by his Wife. Crown Svo, 3J. 6^. 

f (? |r 

^EATSiJolm . — Poetical Wor^is. Edited by W. T. Arnold. Large 
crown Svo, choicely printed on hand-ni^de paper, with Portrait; 
in eau forte. Parchment or cloth, 12s. •, vellum, 15^. New 

Editio^i. iiCro\^i Svo, cloth, 3^. 6 d, 

EfNG, Mrs. Hamilton^ — The Disciples. Tenth Edition. Small 
^ '^rovm Svo, 5^. ^Elzevir Edition. Cloth extra, 6j. ? 

A Book of ^reams. Third Edition. Crown Svo, 3.?, 6^. 

The Sermon in the Hospital (from “ The Disciples ^cap. 
Svo, is, Che^ Edition for distribution ^d., or 2or. per 100. 

‘Ballads of the NTorth, jand other Poems. Crown Svo, 5^. 

ZANG, XXXII. Ballades <in Blue China. Elzevir Svo, 5^. 

Rhymes a la Mode. With Frontispiece by E, A, Abbey,* 
Second Edition. F.lzevir Svo, cloth extra, gilt top, 5^*, 9^ 

Living English Poets MDCCCLXXXII- With Frontispiece by 
Walter Crane. Second Edition. Large crown Svo. Printed 
on hssid-made paper. Parchment or cloth, 12s* ; vellum, 15^. 

LOCKER, E . — London Lyrics, Tenth Edition. With Portrait, 
E^evir Svo, cloth extra, gilt top, 5^, 

HULWORTH, Eric. — Sunshine and Shower, and other Poems. 
Small ^rown Svo, $s. 

LYALL, Sir Affred.-^-Hevses written in India, Elzevir Svo, gilt 
top, 5 j. 

MASSEY, Gerald. — My Lyrical Life. Poems Old and New. Two 
Serhs. Fcap. Svo, 5 a each. 

^MEREDITH, O^jat {TJk Earl of Lyttoyi ^. — Lucile. New Edition. 
With 32 Illustrations. i6mo, 3 a %d. Cloth extra, silt edees. 
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MORRIS, Z^TiyzV.—^ijPoetical Works of. *^ew Cheaper Ejiitibns. ^ 
> In ^ vols., 5^. each.^ ^ ^ 

\ I' contains ‘‘Songs of Two Worlds.” Thirteenth Ed^'‘^ 5 f!r 
Vol. XJ. contains “^he Epic of Hades*.” Twenty-thiri^Eciition: 

Ilk contains “Gwen” and The^ Ode oL Lifef” 'Seventh 
Edition. ’ 

Vol. IV. contains'* “ Songs Unsung” an(?“Gy( 5 a.” Fifth Edition. 
Vol. V. contains “ Songs of Bfitain.’^ Third Edition. Fcapj^vo, 5^. 

Poetical Works. Coniijlete in i vol. ^r^wn Svo, 6s. . ' 

The Epic of Hades. With i6 Autotype Illustrations, af^r the 
Drawings of the late George^]^ Chapman. 4to, ?lo^h extra, gilt . 
leaves, 21^*. 

* ^ 

The Epic of Hades. Presentation Edition, dfto, cloth extra,- 
gilt leaves, lor. 6 ci. ^ ^ 

The Lewis Morris Birthda\ Book. Edited by S. S. Cop.!2, 
MAN,' with Frgntispiece after a Design by the late George R. 
Chapman. 321110, cloth extra, gilt edge^ 2^. ,* cloth limp, u. 6di 

OWEN, John. — ^Verse Musings on Nature. i?aith and Fr^dom, 
Cro^m Svo, yr. 6d. ^ 

PFEIFFER', -Flowers of the Night. Crown Svo,15a ^ i 

PIERCE, y.— In Cloud and Sunshine. A ^"olume of Poems. 

^ ^"cap. Svo, 5«f. • 

POE, Edgar Allan. — The Raven. With Commentary by John PI. 
Ingram. Crown Svo, parchn^ent, 6s. ' 

Rare Poems of the* 16 th andl 7 tli Centuries. Edited by W. J. 

’ LiNjpON. Crown Svo, 5^. 

RCfWBOTBAM, J. Al— The Human E^ic. Canto i. Clown Svo, 
is. 6d. 

RUNEBERG, Johan Ludvig. — ^Nadeschda. A Romantic Poem 

' Nine Cantos. Translated from the Swedish by IVliss Marie A. 
Brown (Mrs. John B. Shjpley). With Illustrations. Svo. 

\In frel^aration. 

SCOXg, G. F. uS.—Sursum Corda; or, Songs and' Service. Snisdl 
, crown Svo, 5^. # 

SEARELLE, Luscomhe, — ^The Dawn of Death, Crown Svo, 4s. 6d. 

SYMONDS, John Addington. — ^VagabunduU Libellus. Crown 
Svo, 6s. 

TAYLOR, Sir N, — ^Works. Corhplete in Five Volunles. Crown 
Svo, 30^. 

Philip Van Artevelde. Fcap. Svo, 3^. 6d, 

The Virgin Wide etc. Fcap. Svo, 3J. 6d^f 
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TRENCH, Ar€hbisJiop.-^S!^OQpx%. Collected and Arranged anew. Tenth 
Edition, f.^rip. 8vo, 75. 6 df r 


Library Edition. 2 vols. Small crown^Svo, ioj.^ 

Sacred Latin 'Poeti;^. Chiefly LyriSal, Selected smd Arpnged 
r if??' Use: l^kd 'Edition, Corrected and Improved: Fca^JTSvo, 7^. 


Twilight and Candlcshades. 

Small crown 8vo, 5^. ' 


By Exur. W|th 15 Vignettes^. 


#»r <r 

TYNAN, Katheri?ie . — ^Louise de la Valliere, and other Poems. 
Small ci»*:wn Sfvo, 3r. 6^/. ^ 

^ Shajnrocks, ^ Small crowpi 8vo, ^s. 

JVADDiL, Divine Philosophy .•'^’toiall crown Svo, $s. 

^NILSON, Cr%wfor ^. — ^Pastorals and'Poems. , Crown Svo, ^s/(id. 

Words wo 3fth Birthday i^ook (The). Edited by Adelaide 'and 
Violet Wordsworth.'^ 32mo, limp cloth, is. 6d. ; cloth extra, 2s. 

Wordsworth, Selections from. By V/m. K-NIGht and other 
meiDibers of the Wordsworth Society. Large crown Svo. Printed 
on haftd-Wde paper. With Portrait. Parchment, JZr. ; vellum, 

^ r - 

y^A fS, W, A — The Wanderings of Oisiii, and* other Poems. 
Small crown Svo, ^s. 


NO>/ELS AND TALES. 

BANNS, Mrs. G. Z.— Gpd’s Providence House. Crown Svo, 6 s. 

'^BILLER, Banma. — Dili. The Story of a Neglected Girl. Translated 
from the German by A. B. Daisy Rost. Crown Svo, 6 s. 

CABLE^ G. if:— S trange True Stories of Louisiana. Svo, 
^ js. 6 d. 

CAIRE, Mom. — The Wing of AzraeL Crown Svo, 6 s. 

COLERIDGE, Hon. Stephen. Sanctity of Confession. A 
Romance. Crown Svo, 5^. 

CRAWFURD, Ostvald. — Sylvia Arden. With Frontispiece. Crown 
Svo, IJ-. 

DERING^Ross George. — Giraldl ; or, The Curse of Love. A Tale of 
the Sec^. 2 vols. Crown Svo, I2J. 

EB'ERS, Georg. — Margery. A Tale of Old Nuremberg. Translatecj 

' from th%perman by Clara Bell,^ ? vols. Sj*. ; p^per, 51, 
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^ ^ ^ ^ 
ECKSTEIN'^ -£r«j/<»-Nero. A Romance. T^isanslated from the German 

. ♦ by Clara Bell and Mar-/ J. Safford. -izvols. Paper, 

FLArg^EE, % i*.— Andrewlina. Crown Svo, cloth, Ij. 

covers, IJ, -* * , 

Wiiading Way. Oown 8vo. 

FFAiVCIS, Fmnces,-~-^os^VLito, A Tale:*of th^ Mexican** Frontier. 
Crown Svo, 3^. 6d, ^ ^ 

OALDOS, B. Perez , — LeoiT Roche. A Romance. From the Spanish 
by Clara Bell. 2 x^ls? i6mo, cloth, %s.^; 

GARDINER, Eindu , — His Herita,ge. With Frontisp^ce. Grown 
Svo, 6s. ^,^tm ^ 

GRAY, 3faxweIl.—The Repiboach of Annesley. ^With Fronti^ 
^ piece. Crown Svo, 6s. ^ 

Silence of Dean Maitland. Wit?i Frontispiece. ^rownSvo, os. 

(Prey, Rowland. ^In i^unny Switzerland. A Tale of Six Weeks. 
Second Edition. Small crown Svo, Ks. 

iLindenbluxnen and other Stories. Small crown Svo; 

. By Virtue of his Office. Crown Svo, %. , “ 

Jacob’s Letter, and other Stories. Crown Svo, 6s. 
HARJi-lS^Emily Marlon . — Lady Dobbs, A Novel? In 2 vols. zij*. 
HUNTER, Hay, and WHYTE, WallerT—M^ Ducats, and My 
Daughter- With Frontispiece. Crown Svo, 6s. ' 

INGELOW, y^n . — Ofi the SRelli^. A Novel. With Frontispiece, 
Crown Svo, '6 j,* 7 

ZAJ/G, Andrew.-^px the Wrong Paradise, and other Stories, 
Crown 8vo, ,6.r. 

MACDONALD, G.— Donal Grant. A Novel, With Frontispiece. 
Crown Svo, 6j, » ' 

Home Again. With Frontispiece. Crown Svo, 6s. 

Castld Warlock. A Novel. With Frontispiece. CrcHvn Svo, 6 j, 

Malcolm. With Portrait of the Author engraved on Sted. 

Crown Svo, 6s, ^ 

The Marquis of Lossie. With Frontispfece, Crown Svo, 6s. 
St. George and St. Michael. With Frontispiece. Crown Svo, 6s. 
What’s Mine’s Mine. With Frontispiece. Crow^n Svo, 6s, 

Annals of a Quiet Neighbourhood. With Frontispiece, 
Crown Svo, 6s. ^ 

The Seaboard Parish : a Sequel to ‘‘Annals of a Quiet Neighs 
b(?urhood.” With frontispiece. Crown SvOj^s. 
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MACDONALD^ G,--co}^pmed. ^ 

IkATilfred. Cifci)ermede« An ATf^.obiographicai Stoiy.^ With 
■air^rontispiece. Crown Svo, 6s. 

ThoiAAS WingfoldjTiu^&te. With Jgrontispiece. ^Crown Svo, 
\6sP <r ^ 

*■ T- ■ 

Paul Faber, ^-Surgeon. With F?ontisp?^ce. Crown Svo, 6^. ^ 
The Elect Eady. WiCh Frontispiece. Crown Svo, 6^, 

* MALET^ Zt/sas.— Colonel Enderby’s Wife. A Novel. With 
Fr(pntispi€;:e.^ ^rown Svo, 6s. 

A Counsel of Perfectio^p^ With Frontispiece. Crown Svo, 6s. 

MULHOLLAI^D^ Rosa . — Marcella Gi^ficeT'^n Irish Novel Crown ^ 
^ Svo, ^ 

A FairCEmigrant. With Frontispiece. Crown Svo, 6^. 

^GLEj Anna C . — A Eost Eove. Small crown Svo, 2 s. .6d. 

'PONTOPIDD^N, Henrik. — The Apothecary*s Daughters, 
Translatecf from' the Danish by Gordius Nielsen. Crowrf Svo, 
y. 6d. 

ROSIJZ^ON", Siry. C.— The Dead Sailor, and other Stories, Crown 
Svo, 5^. 

<r r 

. SAVILE, Amss.^E^ yiaXolx VdaVn 2 vols. 2is. 

SEVERNE^ Florence^'Xlxe Pillar House. With Frontispiece. 

^ ' Crown Svo, 6^. ^ 

SHAWi Flora L . — Castle Blair# a Story of.<¥outhful Days. Crown 
Svo, 3 s. 6d, 

STRETTPN, IIesha.^i:h:^nglx a Needle’s Eye. A Story. With 
' Frontispiece. Crown Svo, 6s, 

TASMA.—K Sydney Sovereign, and other Tales. Crown Svo, 
clothj, 6s. 

Uncle Piper of Piper’s Hill. An Australian Novel Third 
Edition. Crown Svo, 6s. 

InJier Earliest Youth. 3 vols. Crown Svo, 31J. 6d. ^ 

dAVZORy ColrMeadaivsy C.S.Z, J/.Al/.A,— Seeta. A Novel With 
Frontispiece. Crown Svo, 6s. 

Tippoo Sultaun : a Tale of the hlysore War. With Frontisj^iece. 
Crown Svo, 6s. 

Ralph Darnell. With Frontispiece. Crown Svo, 6s. 

A Noble Queen- With Frontispiece. Crown Svo, 6s. 

The Confessions of a Thug. With Frontispiece. Crown Svo, 6^. 
Tarsr; a Maferatta Tale. With Fronti^iece. Crown 8^0, 6s. 
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X - ^ ^ Cf : r?— ■ 

TOORGEYNJEF^^ Ivan . — The UrSori^nate' One. \ A Hovel. - 
^ Translate*^ from th^Russ^n by A. T^o^ipson. ’Crcjvn 

TRE>BERNE, Mrs . — A Summerlin ^ Dutch Counlr/^'Hwse, 

^ Q'own Svo, 6 s.'* ^ ' 

Within Sound, of the Sga. With Frontispi^E fcrowi)^^\'o, 6i. 


BOOKS FOR^HE YOUNG. 

Brave Men’s Fodrsfeps-i A Book of Example and ^necdote for 

’* Young People. By the Editor of “Men who lijve Risen.” 

^ 4 Illustrations by C. Doyle. Ninth Edition, Crown Svo, 2 s. 6 d. 

^COXREAD, Ethel.-^'Bivds and »Bahies. Y^ith 33 Illustrations. 
Second Editiop. Imp. i6mo, cloth, is, 

DAVIES, G. C/mV^/Z/^n—Rambles and^ Adventures of our 
* School Field Club. With4 Illustration^ New and Cheaper 
Ecjition. Crown Svo, 3^. 6 d. ^ 

EDMONDS, Well-Spent Dives^: a Series of M^dei-n bio- 

graphies, New and Cheaper Edition. Cjrown Svo, 3^. 6 d. 

M^ KENNA, S. y.— PlucRy F’eUows. A Book for Boys. ^With 
6 Illustrations. Fifth Edition. Crowr^ Svo, 3^. 6 d. ** 

MALE T, Lucas.^l^mie Peter. A Christmas Morality for Children gi 
any .^e. With numerous Illustrations. Fourth Thousand. $s. 

REANEY, Mrs. G. .S’.— Waking and Working ; or, From Girlhood 
to Womanhood. New and Cheaper Edition, With a Frontis- 
piece, Crown Svo, 3^. 6 d. ^ 

Blessing and Blessed : a Sketch of Girl Life. New and 
Cheaper Edition. Crown Svo, 3J. 6 d. , 

Rose Gurney’s Discovery. A Story for Girl^. Dedicated to 
their Mothers. Crown 8«o, 3^. 6 d. 

English Girls ; their Place and Power. With Preface by the 
• Rev. R. W. Dale. Fifth Edition. Fcap. Svo, 7 .S. 6 d.'- 

Just Anyone, and other Stories. Three Illustrations. Pvoyal 
i6mo, is. 6 d. 

Sunbeam Willie, and other Stories. Three Illustrations. Royal 
i6mo, is. 6 d. 

Sunshine Jenny, and othe| Stories. Three Illustrations. Royal^ 
i6mo, Is. 6 d. 

STORE, Francis, and TURNER, Canterbury Chimed; 

or, Chaucer Tales re-told to Children. ^ With 6 Illustrations fre^n 
the Ellesmere M^uscript. Third Edhion.,^Fcap. ^o, 3^. 6 d. ^ 
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STRETTON, D^id/XJoyd’s I-ast Wi^. 

^ tions, Nev^!Si^ition. 'JK.oyal*i6mOjp-2J'. 6^?. 

Christy’s Inheritance. 
Ijlusij^ated. Royal 6<^. 


With 4 Illustra- 

»> 

A London Styiry, 


periodicals. 

’^Amateur Mechanical Society^ J ournplw^lrregular. 

Anthropological Institute of GreSt Britain and Ireland 
(Journal ol), — Quarterly, 5^. ^ 

Architect (American) and Building News. — Contains General 
^ ' Architectural News, Articles on Interior Decoration, Sanitary 
, Engineering, Construction, Building Materials, etc. 4 full-page 
lilustraftion^ acc<f«npany each Number. Weekly, Annual S^b- 
scription, Post free. 

Bibliotheca Sacra. — Quarterly, 3^. 6c/. Annual SubscQption, 14^. 
Post free. 

British Archaeological Association (Journal of).— Quarterly, %s. 

British Chess Magaame.-^-Monthly, %d, ^ 

British Homoeopathic Societ;y (Annals of).— Half-yearly, 2s, 6d, 

Browning Society’s Papers. — Ipregular. ^ 

Calcutta Review. — Quarterly, dr. Annual Subscription^ 24J. Post 
free. f- 

Cambridge Philological Society (Proceedings of).— Irregular. 

_gngUshwoman’s Review. — Social and Industrial Questions* 
Monthly, 6d, 

Geological Magazine, or Monthly Jk)umal of Geology, is. 6d, Annual 
Subscription, iSs. Post free. 

Index M'edicus . — A Monthly Classified Record of the Current Madical 
LiteratiFe of the World. Annual Subscription, 50J. Post free. 

Indian Antiquary.— A Journal of Oriental Research in Archceology, 
History, Literature, Languages, Philosophy, Religion, Folk-Lore, 
etc. Annual Subscription, £2. Post free. 

Indian Evangelical Review. — Annual Subscription, lOi-. 

Indian Magazine, Monthly, 6dr 

library Journal:. — Official Organ of the Library Associations of 
* America and of the United Kingdom. Monthly, 2s. 6d. Annual 
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S^lar^ wind, cooling my brotlit 

blow?ffe to an ague, when thought 
What harm a wind too ^eat ngight do at sea. 

.^I should not see the sandy hour-glas^run 
But I should Ihii^k of shallows ajg-d ®f flats, 

And' see my \«ealthy Andrew, dock’d in sand, 

Vajling her high-top low^han her riljg^ 

To kissgher burial. Should I go tf church 
And seokthe Jholy edifice of stone. 

And HBDt bethink me sWai^t of dangerous rocks, 
Wliich touching but my gentle vessel’s side, 

Would scatter all her spices on the stream, 

Enrob^ the roaring waters with my silks. 

And, in a word, but even now worth this, 

And now. worth nothing? Shall I have the thought 
!ro think on this, and shall I lack the thought 
That such^ tiling bechanc’d Avould make me sad ? 
But tell not me : I knpw Antonio 
Is sad to think u^on his merchandise. 

Ant, Believe me, no : I«thank my fortune for it,- 
My ventures are not in one bettom trusted^ 

Nor to one place ; nor is my whole estate 
Ugon the fortune ofi^is present year : 

Therefore my merchandise makes me not sad. 

Satar, Why, then you are in love. 

Ant^ Fie, fie I 

Salar, Not in love neither ? Then let us say you 
are sad, 

because you are not merry ; and ’twere as easy 
For you^to laugh, and leap, and say you are merry, 
Because you are not sad. Now, by two-headed 
Janus, 

Nature hath fram'd strange fellows in her time : 

Some that will evermore peep 'through their eyes 
And iaugh like parrots at a bag-piper ; 

And other erf" such vinegar aspect 
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